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PREFACE 



Near-rings are one of the generalized structures of rings. The study and research on 
near-rings is very systematic and continuous. Near-ring newsletters containing 
complete and updated bibliography on the subject are published periodically by a 
team of mathematicians (Editors: Yuen Fong, Alan Oswald, Gunter Pilz and K. C. 
Smith) with financial assistance from the National Cheng Kung University, Taiwan. 
These newsletters give an overall picture of the research carried out and the recent 
advancements and new concepts in the field. Conferences devoted solely to near-rings 
are held once every two years. There are about half a dozen books on near-rings apart 
from the conference proceedings. Above all there is a online searchable database and 
bibliography on near-rings. As a result the author feels it is very essential to have a 
book on Smarandache near-rings where the Smarandache analogues of the near-ring 
concepts are developed. The reader is expected to have a good background both in 
algebra and in near-rings; for, several results are to be proved by the reader as an 
exercise. 

This book is organized into ten chapters: chapter one recalls some of the basic notions 
on groups, semigroups, groupoids semirings and lattices. The basic notions on near- 
rings are dealt in chapter two. In chapter three several definitions from available 
researchers are restated with the main motivation of constructing their Smarandache 
analogues. The main concern of this book is the study of Smarandache analogue 
properties of near-rings and Smarandache near-rings; so it does not promise to cover 
all concepts or the proofs of all results. Chapter four introduces the concept of S-near- 
rings and some of its basic properties. In chapter five all associative Smarandache 
near-rings built using group near-rings/semi near-rings and semigroup near-rings and 
semigroup seminear-rings are discussed. This alone has helped the author to build 
several new and innovative classes of near-rings and seminear-rings, both 
commutative and non-commutative, finite and infinite; using the vast classes of 
groups and semigroups. It has become important to mention here that the study of 
near-rings or seminear-rings using groups or semigroup is void except for a less than 
half a dozen papers. So when Smarandache notions are introduced the study in this 
direction would certainly be perused by innovative researchers/students. 

Chapter six introduces and studies the concepts about seminear-rings and 
Smarandache seminear-rings. It is worthwhile to mention here that even the study of 
seminear-rings seems to be very meagre. The two applications of seminear-rings in 
case of group automatons and Balanced Incomplete Block Designs (BIBD) are given 
in chapter seven and the corresponding applications of the Smarandache structures are 
introduced. One of the major contribution is that by defining Smarandache planar 
near-rings we see for a given S-planar near-ring we can have several BIBD's which is 
impossible in case of planar near-rings. So, the introduction of several BIBD's from a 
single S-planar near-ring will lead to several error-correcting codes. Codes using 
BIBD may be having common properties that will certainly be of immense use to a 
coding theorist. 



5 




The study of non-associative structures in algebraic structures has become a separate 
entity; for, in the case of groups, their corresponding non-associative structure i.e. 
loops is dealt with separately. Similarly there is vast amount of research on the non- 
associative structures of semigroups i.e. groupoids and that of rings i.e. non- 
associative rings. However it is unfortunate that we do not have a parallel notions or 
study of non-associative near-rings. The only known concept is loop near-rings where 
the additive group structures of a near-ring is replaced by a loop. Though this study 
was started in 1978, further development and research is very little. Further, this 
definition is not in similar lines with rings. So in chapter eight we have defined non- 
associative near-rings and given methods of building non-associative near-rings and 
seminear-rings using loops and groupoids which we call as groupoid near-rings, near 
loop rings, groupoid seminear-rings and loop seminear-ring. For all these concepts a 
Smarandache analogue is defined and several Smarandache properties are introduced 
and studied. The ninth chapter deals with fuzzy concepts in near-rings and gives 5 
new unconventional class of fuzzy near-rings; we also define their Smarandache 
analogues. The final chapter gives 145 suggested problems that will be of interest to 
researchers. It is worthwhile to mention that in the course of this book we have 
introduced over 260 Smarandache notions pertaining to near-ring theory. 

My first thanks are due to Dr. Minh Perez, whose constant encouragement and 
intellectual support has made me to write this book. 

I am indebted to my devoted husband Dr. Kandasamy and my very understanding 
children Meena and Kama without whose active support this book would have been 
impossible. 

I humbly dedicate this book to the heroic social revolutionary Chhatrapathi Shahuji 
Maharaj, King of Kolhapur state, who, a century ago, began the policy of affirmative 
action in India, thereby giving greater opportunities for the socially dispriveleged and 
traditionally discriminated oppressed castes. His life is an inspiration to all of us, and 
his deeds are benchmarks in the history of the struggle against the caste system. 
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Chapter One 

PREREQUISITES 



In this chapter we just recall the definition of groups, groupoids, loops, semigroups, 
semirings and lattices. We only give the basic definitions and some of its properties 
essential for the study of this book. We at the outset expect the reader to have a good 
knowledge in algebra and in near-rings. This chapter has five sections. In the first 
section we recall the definition of groups and some of its basic properties. In section 
two we define groupoids and loops and introduce a new class of loops and groupoids 
built using the modulo integers Z n . Section three is devoted for giving the notions 
about semigroups and its substructures. In section four we recall the definition of 
semirings and its properties. In the final section we define lattices and give some 
properties about them. 



1.1 Groups with examples 

In this section we just recapitulate the definition of groups and some of its properties 
as the concept of groups is made use of in studying several properties of near-rings. 

Definition 1 . 1 . 1 : Let G be a non-empty set. G is said to form a group if in G there is 
defined a binary operation, called the product and denoted by \ ’ such that 

1. a, b € G implies a . b e G. 

2. a, b, c € G implies that a . (b . c) = (a . b) . c. 

3. There exists an element e e G such that a . e = e . a = a for all a e G. 

4. For every a € G there exists an element a 1 € G such that a . cF 1 = cF 1 . a = e. 

A group G is said to be abelian (or commutative) if for every a, b e G, a . b = 

b . a. A group which is not abelian is called naturally enough non-abelian or non- 

commutative. 

The number of elements in a group G is called the order of G and it is denoted by 
o(G) or |G|. When the number of elements in G is finite we say G is a finite group, 
otherwise the group is said to be an infinite group. 

Definition 1 . 1 . 2 : A non-empty subset H of a group G is said to be a subgroup of G if 
under the product in G, H itself forms a group. 

Example 1.1.1 : Let G = Q \ {0} be the set of rationals barring 0. G is an abelian group 
under multiplication and is of infinite order. 

Example 1.1.2: Let S = {1, -1}, S is a group under multiplication. S is a finite group 
of order 2. 
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Example 1.1.3: Let X = {1, 2 n} be set with n elements. Denote by S n the set of 
all one to one mappings of the set X to itself. Define a binary operation on S n as the 
composition of maps. S n is a group of finite order. |S n | = n! and S n is a non- 
commutative group. 

Throughout this paper S n will be called the symmetric group of degree n or a 
permutation group on n elements. A n is a subgroup of S n which will be called as the 
alternating group and its order is n!/2. 

Definition 1 . 1 . 3 : A subgroup N of a group G is said to be a normal subgroup of G if 
for every g € G and n € N, gng 1 € N or equivalently if by gNg 1 we mean the set of 
all gng -1 , n e N then N is a normal subgroup of G if and only if gNgf ! a N for 
every g € G. 

N is a normal subgroup of G if and only if gNg = N for every g e G. 

Definition 1.1.4: Let G be a group, we say G is cyclic if G is generated by a single 
element from G. 

Example 1.1.4: Let G = Z 5 \ {0} be the set of integers modulo 5. G is a cyclic group. 
For 3 e G generates G. G = {3, 3 2 , 3 3 , 3 4 } = {3, 4, 2, 1}, 3 2 s 4 (mod 5), 3 3 = 2 (mod 
5) and 3 4 = 1 (mod 5). So G is a cyclic group of order 4. 

It is obvious that all cyclic groups are abelian. 

Definition 1.1.5: Let G and H be two groups. A map (j> from G to H is a group 
homomorphism if for all a, b € G we have (j> (ab) = (j> (a) <j> (b). 

The concept of isomorphism, epimorphism and automorphism can be defined in a 
similar way for groups. 

1.2 Definition of Groupoids and Loops with examples 

In this section we introduce the notion of half-groupoids, groupoids and loops. Further 
we include here the loops and groupoids built, using the modulo integers Z n . We 
illustrate these with examples. 

Definition 1.2.1: A half-groupoid G is a system consisting of a non-empty set G and 
a binary operation '. ' on G such that, for a, b e G, a . b may be in G or may not be in 
G if a . b e G we say the product under '. ' is defined in G, otherwise the product 
under '. ' is undefined in G. 

Trivially all groupoids are half-groupoids. 

Example 1.2.1: Let G = {0, 1, 4, 3, 2}. Clearly 3 . 4 , 2 . 4, 3 . 2 are some elements not 
defined in G where is the usual multiplication. 
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Definition 1.2.2: Let A be a non-empty set, A is said to be a groupoid if on A is 
defined a binary operation such that for all a, b e A; a * b € A and in general a * 
(b * c) ^ (a * b) * c for a, b, c e A. 

A groupoid A can be finite or infinite according as the number of elements in A are 
finite or infinite respectively. If a groupoid A has finite number of elements we say A 
is of finite order and denote it by o(A) or \A\. 

Example 1.2.2 : The following table A = {a, b, c, d, e} gives a groupoid under the 
operation 



* 


a 


b 


c 


d 


e 


a 


a 


c 


b 


d 


a 


b 


c 


d 


e 


a 


b 


c 


b 


b 


c 


b 


b 


d 


d 


e 


e 


d 


a 


e 


e 


a 


e 


a 


d 



Clearly (A, *) is a groupoid and the operation is non-associative and A is of finite 
order. 

If a groupoid (A, *) contains an element i, called the identity such that a * i = i * a 
= a for all ae A, then we say A is a groupoid with identity. If in particular a * b = b * 
a for all a, b e A we say the groupoid is commutative. 

Now we proceed on to define the new classes of groupoid using Z n . 

Definition 1.2.3: Let Z n = { 0 , 1 , 2, ..., n - 1 }, n a positive integer. Define an 
operation ’*’ on Z n by a * b = ta + ub (mod n) where t, u € Z n 1 {0} with (t, u) = 1 for 
all a, b € Z n . Clearly {Z n , (t, u)j is a groupoid. 

Now for any fixed n and for varying t, u e Z n \{0} with (t, n) = 1 we get a class of 
groupoids. This class of groupoids is called as the new class of groupoids built using 
Z n . For instance for the set Z 5 alone we can have 10 groupoids. Thus the number of 
groupoids in the class of groupoids built using Z 5 is 10. 

Example 1.2.3 : Let (Z 5 , *) be a groupoid given by the following table: 



* 


0 


1 


2 


3 


4 


0 


0 


4 


3 


2 


1 


1 


3 


2 


1 


0 


4 


2 


1 


0 


4 


3 


2 


3 


4 


3 


2 


1 


0 


4 


2 


1 


0 


4 


3 



Here t = 3 and u = 4, a * b = 3a + 4b (mod 5). Clearly this is a non-commutative 
groupoid with no identity element having just five elements. We can also define 
groupoids using Z n where (t, u) = d, d > 1, t, u e Z n \ {0}. 
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Now the groupoids in which (t, u) = d or t, u e Z n \ {0} from a generalized new class 
of groupoids which contain the above-mentioned class. They have more number of 
elements in them. Just for comparison using Z 5 we have, if we assume (t, u) = d we 
have in this class 12 groupoids and if just t, u e Z n \{0} with no condition on t and u 
we have the number of groupoids in this new class of groupoids using Z 5 to be 16. 

Now we proceed on to define Smarandache groupoid (S-groupoid). 

Definition 1.2.4: A Smarandache groupoid (S-groupoid) G is a groupoid which has 
a proper subset S, S cr G such that S under the operations of G is a semigroup. 



Example 1.2.4: Let (G, *) be a groupoid given by the following table: 



* 


0 


1 


2 


3 


4 


5 


0 


0 


3 


0 


3 


0 


3 


1 


1 


4 


1 


4 


1 


4 


2 


2 


5 


2 


5 


2 


5 


3 


3 


0 


3 


0 


3 


0 


4 


4 


1 


4 


1 


4 


1 


5 


5 


2 


5 


2 


5 


2 



Clearly (G, *) is a S-groupoid for it has A = {2, 5} to be a semigroup. 

Definition 1.2.5: Let (G, *) be any group. A proper subset P of G is said to be a 
subgroupoid of G if (P, *) is a groupoid. 

Similarly (P, *) will be a Smarandache subgroupoid (S-subgroupoid) of G if (P, *) is 
a S-groupoid under the operation of * ; i.e. P has a proper subset which is a 
semigroup under the operation 

Now we proceed on to define free groupoid and Smarandache free groupoid as the 
notion of these concepts will be used in the construction of Smarandache semi- 
automaton and Smarandache automaton. 

Definition 1.2.6: Let S be a non-empty set. Generate a free groupoid using S and 
denote it by (S). Clearly the free semigroup generated by the set S is properly 
contained in (S); as in (S), we may or may not have the associative law to be true. 

Note : If S = {a, b, c, ...} we see even (ab)c =£ a(bc) in general for all a, b, c e (S). 
Thus unlike a free semigroup where the operations is assumed to be associative, in 
case of free groupoids we do not even assume the associativity while placing them in 
juxtaposition. 

Theorem [98]: Every free groupoid is a S-free groupoid. 

Proof: Obvious from the fact that the set S which generates the free groupoid will 
certainly contain the free semigroup generated by S. Hence the claim. 
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Now we proceed on to define loops and give the major important identities. 

Definition 1.2.7: (L, *) is said to be a loop where, L is a non-empty set and ' a 
binary operation called product defined on L satisfying the following conditions: 

1. For a, b e L we have a *b € L. 

2. There exists an element e € L such that a * e = e * a = a for all a € L. e is 
called the identity element of L. 

3. For every ordered pair (a, b) € L xL there exists a unique pair (x, y) € L xL 
such that ax = b and ya = b. 

We say L is a commutative loop if a * h = b * a for all a, b € L, otherwise L is non- 
commutative. 

The number of elements in a loop is the order of the loop denoted by o(L) or \L\; if\L\ 
< °o it is finite, otherwise infinite. 

Example 1.2.5: (L, *) is a loop given by the following table: 



* 


e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a i 


a i 


e 


a 3 


a 5 


a 2 


a 4 


a 2 


a 2 


a 5 


e 


a 4 


a l 


a 3 


a 3 


a 3 


a 4 


a i 


e 


a 5 


a 2 


a 4 


a 4 


a 3 


a 5 


a 2 


e 


a l 


a 5 


a 5 


a 2 


a 4 


a l 


a 3 


e 



It is easily verified this loop is non-commutative and is of finite order. 

Definition 1.2.8: Let (L, *) be a loop. A proper subset P of L is said to be a subloop 
of L if (P, *) is a loop. 

Definition 1.2.9: A loop L is said to be a Moufang loop if it satisfies any one of the 
following identities: 

1. (xy) (zx) = (x(yz)) x. 

2. ((xy)z)y = x(y (zy)). 

3. x(y(xz)) = ( (xy)x)z for all x, y, z € L. 

Definition 1.2.10: Let L be a loop. L is called a Bruck loop if (x(yx)J z = (x(y(xz)) 
and (xyf 1 = x^y 1 for all x,y,z € L. 

Definition 1.2.11: A loop (L, *) is called a Bol loop if ((xy)z)y = x((yz)y) for all x, y, 
Z € L. 

Definition 1.2.12: A loop L is said to be right alternative if (xy) y = x (yy) for x, y € 
L and L is left alternative if (xx) y = x(xy) for all x, y € L. L is said to be an 
alternative loop if it is both right and left alternative loop. 
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Definition 1 . 2 . 13 : A loop (L, .) is called a weak inverse property loop (WIP-loop) if 
(xy) z = e imply x(yz) = e for all x, y, z € L. 

Definition 1 . 2 . 14 : A loop L is said to be semialternative if (x, y, z) = (y, z, x) for all 
x, y, z € L where (x, y, z) denotes the associator of elemen ts x, y, z € L. 

We mainly introduce these concepts as we are interested in defining non-associative 
near-ring in chapter six and the concept of loops and groupoids will play a major role 
in that chapter. 

Now we just proceed on to define Smarandache loops and conclude this section. 

Definition 1 . 2 . 15 : The Smarandache loop (S-loop) is defined to be a loop L such 
that a proper subset A of L is a subgroup with respect to the same induced operation 
that is (j) ^A a L. 

Example 1.2.6 : The loop (L, *) given by the following table is a S-loop. 



* 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


a i 


a i 


e 


a 4 


a 7 


a 3 


a 6 


a 2 


a 5 


a 2 


a 2 


a 6 


e 


a 5 


a l 


a 4 


a 7 


a 3 


a 3 


a 3 


a 4 


a 7 


e 


a 6 


a 2 


a 5 


a l 


a 4 


a 4 


a 2 


a 5 


a i 


e 


a 7 


a 3 


a 6 


a 5 


a 5 


a 7 


a 3 


a 6 


a 2 


e 


a l 


a 4 


a 6 


a 6 


a 5 


a l 


a 4 


a 7 


a 3 


e 


a 2 


a 7 


a 7 


a 3 


a 6 


a 2 


a 5 


a l 


a 4 


e 



The subset Hj = {e, a;} for all a; e L is a subgroup of L, hence L is S-loop. 

Now we just recall the new class of loops constructed using Z n . 

Definition 1.2.16: Let L n ( m ) = {e, 1 , 2 , 3 , .... n } be the set where n > 3 , n is odd and 
m is a positive integer such that ( m , n) = 1 and (m - 1, n) = 1 with m < n. Define on 
L n ( m ) a binary operation '. ' as follows: 

i) e . i = i . e = i for all i € L n (m). 

ii) i . i = i = e for all i € L n (m). 

Hi) i .j = t where t = (mj - (m - l)i) (mod n ) for all i, j € L n ( m ), i ^ j, i ^ e and 
j*e. 

Clearly L n (m) is a loop. Let L n denote the new class of loops, L n (m) for a fixed n and 
varying m satisfying the conditions; m < n, (m, n) = 1 and (m - 1, n) = 1, that is L n = 
{L n (m) / n > 3, n odd, m < n, (m, n) = 1, (m — 1 , n) = 1 } . 
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We see each loop in this new class is of even order. For in L5 we have only 3 loops 
given by L 5 (2), L 5 (3) and L 5 (4) none of them are groups. Just for illustrative purpose 
we give the loop L 5 (3). The loop L 5 (3) in L 5 is given by the following table: 





e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


4 


2 


5 


3 


2 


2 


4 


e 


5 


3 


1 


3 


3 


2 


5 


e 


1 


4 


4 


4 


5 


3 


1 


e 


2 


5 


5 


3 


1 


4 


2 


e 



This loop is commutative and is of order 6. 

1 .3 Semigroups 

In this section we recall the concept of semigroups, Smarandache semigroups and 
some of its basic properties as this concept would be used to construct semigroup 
near-rings; a class of near-rings having a variety of properties. 

Definition 1 . 3 . 1 : Let S be a non-empty set. S is said to be a semigroup if on S is 
defined a binary operation ‘ ’ such that for all a, b € S, a . b € S and (a . b) . c = a . 
(b . c) for all a, b, c e S. 

A semigroup S is said to be commutative if a . b = b . a for all a, b e S. A semigroup 
in which ab # ba for at least a pair is said to be a non-commutative semigroup. 

A semigroup which has an identity element e e S is called a monoid, if e is such that a 
. e = e . a = a for all a € S. A semigroup S with finite number of elements is called a 
finite semigroup and its order is finite and it is denoted by o(S) = \S\. If\S\ is infinite 
we say S is a semigroup of infinite order. 

Definition 1 . 3 . 2 : Let (S, .) be a semigroup. P a non-empty proper subset of S is said 
to be a subsemigroup if (P, .) is a semigroup. 

Definition 1 . 3 . 3 : Let (S, .) be a semigroup. A non-empty subset IofS is said to be a 
right ideal (left ideal) of S if s e S and a € I then as € I (s a € I). An ideal is thus 
simultaneously a left and a right ideal ofS. 

Example 1.3.1 : Let Z 9 = {0, 1, 2 ,..., 8} be the integers modulo 9. Z 9 is a semigroup 
under multiplication modulo 9. P = {0, 3, 6} is an ideal of Z 9 . 

Definition 1 . 3 . 4 : Let S be a semigroup, with 0, an element 0 ^ a e S is said to be a 
zero divisor in S if there exists b # 0 in S such that a.b = 0. 

2 

Definition 1 . 3 . 5 : Let S be a semigroup an element x € S is called an idempotent ifx 
= x. 
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Definition 1 . 3 . 6 : Let S be a semigroup with unit 1. We say an element x € S is said 
to be invertible if there exist y € S such that xy = 1. 

Now we proceed on to define the concept of Smarandache semigroup. 

Definition 1 . 3 . 7 : A Smarandache semigroup (S-semigroup) is defined to be a 
semigroup A such that a proper subset of A is a group with respect to the operation of 
the semigroup A. 

Example 1.3.2: Let Zi 2 = {0, 1, 2 11} be the semigroup under multiplication 

modulo 12. Z 12 is a S-semigroup for {4, 8 } = P is a group under the operations of Z 12 . 

Example 1.3.3: Let Z 4 = {0, 1, 2, 3} is a semigroup under multiplication modulo 4. Z 4 
is a S-semigroup for P = {1, 3} is a group. 

Definition 1 . 3 . 8 : Let S be a S-semigroup. A proper subset P of S is said to be a 
Smarandache subsemigroup (S-subsemigroup) if P is itself a S-semigroup under the 
operations of S. 

Example 1.3.4: Let Z 24 = {0, 1, 2 ,..., 23} be the S-semigroup under multiplication 
modulo 24. P = {0, 2, 4 ,..., 22} is a S-subsemigroup of Z 24 as A = { 8 , 16} is a 
subgroup in P. Hence the claim. 



1.4 Semirings 

In this section we give the definition of semirings. As books on semirings is very rare 
we felt it would be appropriate to give this concept as it would be used in defining 
Smarandache seminear-rings and its Smarandache analogue. 

Definition 1.4.1: Let (S, +, .) be a non-empty set on which is defined two binary 
operation '+ ’ and ’ satisfying the following conditions: 

1. (S, +) is an additive abelian group with the identity zero. 

2. (S, .) is a semigroup. 

3. a. (b + c)=a.b + a.c and (a + c).b = a.b + c.b for all a, b, c € S. We 
call (S, +, .) a semiring. 

The semiring S is commutative if a . b = b . a for all a, b e S. The semiring in which 
ab # ba for some a, b e S, we say S is a non-commutative semiring. The semiring has 
unit if e € S is such that a . e = e . a = a for all a € S. 

The semiring S is said to be a strict semiring if a + b = 0 implies a = b = 0 for all a, b 
eS. 

The semiring has zero divisors if a . b = 0 without a or b being equal to zero i.e. a, b 
€ S \ {0}. A commutative semiring with unit which is strict and does not contain zero 
divisors is called a semifield. 
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Example 1.4.1 : S = Z + u {0} the set of positive integers with 0 is a semifield under 
usual addition '+' and usual multiplication 

Example 1.4.2: Let S = Z + u {0}; take P = S x S; clearly P is a semiring which is not 
a semifield under componentwise addition and multiplication. 

Definition 1.4.2: Let (S, +, .) be a semiring. A proper subset P of S is said to be a 
subsemiring if (P, +, .) is itself a semiring. 

Definition 1.4.3: Let S be a semiring, S is said to be a Smarandache semiring (S- 
semiring) if S has a proper subset B which is a semifield with respect to the 
operations of S. 

Definition 1.4.4: Let S be a semiring. A non-empty proper subset A ofS is said to be 
a Smarandache subsemiring (S-subsemiring) if A is a S-semiring i.e. A has a proper 
subset P such that P is a semifield under the operations of S. 

Example 1.4.3: Let Z°[x] be the polynomial semiring. Z° = Z + u {0}. Z° [x] is a S- 
semiring and Z° is a S-subsemiring. 

Example 1.4.4: Q° = Q + u {0} is a S-semiring under usual addition '+' and 
multiplication 

Definition 1.4.5: Let S be a S-semiring. We say S is Smarandache commutative 
semiring (S-commutative semiring) if S has a S-subsemiring A where A is a 
commutative semiring. 

For more about semirings and S-semirings please refer [100, 101]. 



1 .5 Lattices and its properties 

This section is devoted to the introduction of lattices and some of its basic properties 
as the concept of lattices is very much used in near-rings. 

Definition 1.5.1: Let A and B be two non-empty sets. A relation R from A to B is a 
subset of A x B. Relations from A to A are called relation on A, for short. If (a, b) eR 
then we write aRb and say that ‘a is in relation to b ’. Also if a is not in relation to b 
we write a R b. 

A relation R on a nonempty set A may have some of the following properties: 

R is reflexive if for all a in A we have aRa. 

R is symmetric if for all a and b in A aRb implies bRa. R is transitive if for all a, b, c 
in A aRb and bRc imply aRc. 
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A relation R on A is an equivalence relation, if R is reflexive, symmetric and 
transitive. In case [a]: {b e A / aRbj is called the equivalence class of a, for any a e 
A. 

Definition 1.5.2: A relation R on a set A is called partial order (relation) if R is 
reflexive, anti-symmetric and transitive. 

In this case (A, R) is called a partial ordered set or a poset. 

Definition 1.5.3: A partial order relation ‘< ’ on A is called a total order (or linear 
order) if for each a, b € A either a < b or b < a; (A, < ) is then called a chain or a 
totally ordered set. 

Definition 1.5.4: Let (A, <) be a poset and B c A. 

a) a € A is called an upper bound ofB <A> V b e B, b < a. 

b) a e A is called a lower bound of B <=> V b e B a < b. 

c) The greatest amongst the lower bounds whenever it exists, is called the 
infimum of B and is denoted by inf B. 

d) The least upper bound of B whenever it exists is called the supremum ofB and 
is denoted by sup B. 

Definition 1.5.5: A poset (L, <) is called lattice ordered if for every pair of elements 
x, y in L the sup (x, y) and inf (x, y) exists. 

Remark . 

i) Every ordered set is lattice ordered. 

ii) If a lattice ordered set (L, <) the following statement are equivalent for all x and y 
in L 



a) x < y. 

b) sup (x, y) = y. 

c) inf (x, y) = x . 

Definition 1.5.6: An algebraic lattice (L, n, u) is a non-empty set L with two binary 
operations n (meet) and u (join) (also called intersection or product and union or 
sum respectively) which satisfy the following conditions for all x, y, z e L. 

Li x ny = y nx; and x uy = y u x 

L2 x n(y nz) = (x n y) nz and x u(y uz) = (x uy) uz 

Li x n (x uy) = x and x u(x ny) = x 

Two application ofL j namely x nx = x n(x nx) =x lead to idempotent law. viz. x n 

x = x and x ux = x. 

Definition 1.5.7: A nonempty subset S of a lattice L is called the sublattice ofLifS 
is a lattice with respect to the restriction of u and n of L on to S. 
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Definition 1.5.8: A lattice L is called modular if for all x, y, z € L x <z implies x u 
(y nz) = (x uy) nz this equation is known as the modular equation. 

Example 1.5.1: The lattice given by the following figure: 




Figure 1.5.1 



is called the pentagon lattice which is the smallest non-modular lattice. 
Example 1.5.2 : The lattice given by the following figure is a modular lattice. 
This lattice will be called as the diamond lattice in this book. 




Figure 1.5.2 



Definition 1.5.9: A lattice L is distributive if either of the following conditions hold 
for all x, y, z in L 



x u(y nz) = (x uy) n (x uz) or 
x n(y uz) = (x ny) u(x nz). 

These equations are known as distributive equations. 

Remark: 



1 . The pentagon lattice is non-distributive. 

2. All distributive lattices are modular. 

3. The diamond lattice is non-distributive but modular. It is the smallest non- 
distributive lattice which is modular. 
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Definition 1 . 5 . 10 : A lattice in which every pair of elements is comparable i.e. if a, b 
€ L we have a < b or b < a then we call such lattices as chain lattices. All chain 
lattices are distributive. 

Definition 1 . 5 . 11 : Let L be a lattice with 0 and 1. Let x e L we say x has a 
complement y in L if x n y = 0 and x u y = 1. A lattice L with 0 and 1 is called 
complemented if for each x € L there is at least one element y in L such that x n y 
= 0 and x uy = 1; y is called a complement ofx. 

Definition 1 . 5 . 12 : A complemented distributive lattice is a Boolean algebra. 
Example 1.5.3 : The following lattice is a Boolean algebra. 




Remark -. We have defined in the section 1.4 the concept of semirings and we see all 
Boolean algebras are semirings. In fact all distributive lattices are semirings. 
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Chapter Two 



NEAR-RINGS AND ITS PROPERTIES 



This chapter has five sections; in the first section we just recall the definition of near- 
rings and give some examples. Section two is devoted to the introduction of N-groups, 
homomorphism and ideal like substructures. Direct products, and subdirect products 
in near-rings are introduced in section three. Section four is utilized in giving 
properties about ideals in near-rings. The fifth section is devoted to the recollection of 
modularity in near-rings. Near-polynomial rings are introduced in section six and the 
final section is devoted to introduce near-matrix rings. We have only recalled the 
definitions of these concepts and as we expect the reader to be well versed in the 
theory of near-rings the results and properties about near-rings should be known to the 
reader. Secondly as our main purpose is the study of Smarandache near-ring and 
Smarandache property in near-rings we do not even give problems for the reader in 
these sections. 



2.1 Definition of Near-ring and some of its basic properties 

In this section we just recall the definition of near-ring and illustrate it with examples. 
Several of its basic properties like homomorphism, direct products, N-groups etc are 
given in this section mainly to make it self contained. Certainly this does not mean 
that all properties about near-rings are given but we demand the reader to be well 
versed in near-ring theory. Most of the results given here are from the book of G.Pilz 
[61] who can be called as the father of near-rings. 

Definition 2.1.1: A near-ring is a set N together with two binary operations '+ ’ and 
’ such that 

a. (N, +) is a group (not necessarily abelian). 

b. (N, .) is a semigroup. 

c. For all nj, ri2, n 3, € N ; (ni + nf . = nj . n$ + • w ? (right distributive law). 

This near-ring will be termed as right near-ring. Ifni ( n 2 + ) — «/ ■ «2 + w/ . « ? 

instead of condition (c) the set N satisfies, then we call N a left near-ring. 

In this text by a near-ring we will mean only a right near-ring. This convention will be 
strictly followed unless otherwise stated explicitly. Further we will write ab for a . b 
just for simplicity of notation. 

Example 2.1.1 : Z be the set of positive and negative integers with 0. (Z, +) is a group. 
Define V on Z by a . b = a for all a, b e Z. Clearly (Z, +, .) is a near-ring. 

Example 2.1.2 : Let Z i2 = {0, 1, 2 ,..., 11}. (Z 12 , +) is a group under ‘+’ modulo 12. 
Define V on Z i2 by a . b = a for all a e Z 12 . Clearly (Z 12 , +, .) is a near-ring. 
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Example 2.1.3: Let M 2 x 2 = {( a ij) / Z ; Z is treated as a near-ring}. M 2x 2 under the 
operation of '+' and matrix multiplication is defined by the following: 



fi b^ 


f ^ 




+ b a + b A 


v c d/ 


h V 




v c + d c + d , 



because we use the multiplication in Z i.e. a.b = a. So 



fi b^ 


^e f ^ 




ae + bg af + bh 




+ b a + b A 


v c d y 


vg h ; 




ce + dg cf + dh 




v c + d c + d , 



It is easily verified M 2x2 is a near-ring. 

Definition 2.1.2: (N, +, .) is a near-ring. A} or o(N) denotes the order of the near- 
ring N i.e. the number of elements in N. If\N\ < °o we say the near-ring is finite if\N\ 
= oo we call N to be an infinite near-ring. A non-empty set R is said to be a ring if on 
R is defined two binary operations '+ ' and '. ’ such that 

i) (R, +) is an abelian group. 

ii) (R, .) is a semigroup. 

iii) a. (b + c)=a.b + a.c and (a + b) . c = a . c + b . c for all a, b, c € R. 

If a . b = b . a for all a, b € Rwe say R is a commutative ring. If 1 e R is such that 1 . 
a = a . 1 = a for all a € R; then R is a ring with unit. IfR 1 {0} is an abelian group 
under '. ’ we say R is a field. Thus every ring is a field. 

The following concepts are defined in near-rings as in rings : Left (right) identities, 
left (right) zero divisors, left (right) invertible elements, left (right) cancellable 
elements, idempotents and nilpotent elements. 

Remark : Every ring is a near-ring. 

Notation : Let N be a near-ring, d e N is called distributive if for all n, nj eN we have 
d(n + ni) = dn + dn^ N d = {d e N / d is distributive} 

Definition 2.1.3: Let N be a near-ring. If (N, +) is abelian , we call N an abelian 
near-ring. If (N, .) is commutative we call N itself a commutative near-ring. IfN = N d , 
N is said to be distributive. If all non-zero elements of N are left (right) cancelable, we 

say that N fulfills the left (right) cancellation law. N is an integral domain if N has no 

% 

non-zero divisors of zero. IfN = N \ {0} is a group N is called a near-field. A near- 
ring, which is not, a ring will be referred to as non-ring. Similarly a non-field is a nf 
which is not a field. A near ring with the property that N d generates (N, +) is called a 
distributively generated near-ring. 

Example 2.1.4: (Z 2 , +, .) be the set. Z 2 = {0, 1} under '+’ usual addition V defined as 
1.1 = 1 = 1.0 and 0.0 = 0.1 = 0 is a near-field. 

Throughout this book p will denote the class of all near-rings. 
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2.2 N-groups, Homomorphism and ideal-like subsets 

In this section we recall the definition of N-groups, N-homomorphism and ideals in a 
near-ring and illustrate with examples. For more about these concepts the reader is 
requested to refer [61]. 

Definition 2.2.1: Let (P, +) be a group with 0 and let N be a near-ring. Let p ; N x 
P —> P; (P, p) is called an N-group if for all p € P and for all n, «/, e N we have (n + 

p 

nj) p = up + njp and (mu) p = n(njp). N stands for N-groups. 

Definition 2.2.2: A subgroup M of a near-ring N with M.M cr M is called a subnear- 
ring of N. A subgroup S of N P with NS a S is a N-subgroup of P. 

Example 2.2. P. Let (Z, +, .) be the near-ring. (2Z, +, .) is a subnear-ring. 

Example 2.2.2\ Let (R, +, .) be a near-ring. R denote the set of reals. R is a N-group. 
Q the set of rationals is a N-subgroup of R. 

Definition 2.2.3: Let N and Nj be two near-rings. P and Pi be two N-groups. 

a. h : N —>Ni is called a near-ring homomorphism if for all m, n e N 
h(m + n) = h(m) + h(n) and h(mn) = h(m) h(n). 

b. h : P —> Pi is called N-homomorphism if for all p, q € P and for all n e N 
h(p + q) = h(p) + h(q) and h(np) = nh(p). 

Definition 2.2.4: Let N be a near-ring and P a N-group. A normal subgroup I of (N, 
+) is called an ideal ofN if 

i. IN i=I. 

ii. 1/ n, n i eN and for all i el, n(n i + i) - nn ; € I. 

Normal subgroup T of (N, +) with (i) is called right ideals of N while normal 
subgroup L of (N, +) with (ii) are called left ideals. A normal subgroup S of P is 
called ideal of N P if for all s € P; s/ € S and for all n e N, n(s + sf) - ns € S. Factor 
near-ring N/I and factor N-groups P / S are defined as in case of rings. 

Definition 2.2.5: A subnear-ring M of N is called invariant if MN = M and NM <= 
M. 

It is pertinent to note that subnear-rings and ideals coincide in case of rings but does 

p 

not in case of near-rings. A near-ring is simple if it has no ideals. N is called N- 
simple if it has no N-subgroups except 0 and P. 

Definition 2.2.6: A minimal ideal N is an ideal which is minimal in the set of all 
non-zero ideals. Similarly, one defines minimal right ideals, left ideals, N-subgroups. 
Dually, one gets the concept of maximal ideals etc. 
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Definition 2.2.7: Let X, Y be subsets of N P . 

(X: Y) = {n sN/nY czX}. 

(0 : X) is called the annihilator ofX. 

We denote it by (X : Y) N as N is the related near-ring, hf is faithful if (0:P) = {0}. 

2.3 Products, Direct sums and subdirect products in near-rings 

In this section we recall the concepts of products, direct sums and subdirect products 
in near-rings and illustrate them with examples. 

Definition 2.3.1: Let {Nj be a family of near-rings (i e I, I an indexing set). 
Nj x...xN r = N i with the component wise defined operations '+ ’ and '. ’, N is 

isl 

called the direct product of the near-rings Nj. 

Example 2.3.1: Let Z 2 = {0, 1} be the near- field. Z be the near-ring. N = Z x Z 2 is a 
direct product of near-rings. Here N = {(z, p)/zeZ and p e Z 2 } is a near-ring under 
component wise addition *+’ and 

Definition 2.3.2: The subnear-ring of N j consisting of those elemen ts where all 

i'e/ 

components except a finite number of them equal to zero is called the external direct 
sum 0 N i of the N, ’s. More generally, every subnear-ring N of N i where all 

iel iel 

projection maps ni (i e I) are surjective (in other words for all i € I and for all i n e 
Nj, iij is the i th component of some element of N) is called the subdirect product of the 
Nfs. 

Definition 2.3.3: Let N be a near-ring and S a subsemigroup of (N, +). A near-ring 
N s is called a near-ring of left (right) quotients of N with respect to S if 

a. N s has identity. 

b. N is embeddable in N s , by a homomorphism, h. 

c. For all s e S; h(s ) is invertible in (N s , .). 

d. For all q e N s there exists s e S and there exist n e N such that q = h(n) 
h(s)' 1 (q = h(s)' 1 h(n)). 

Definition 2.3.4: The near-ring N is said to fulfil the left (right) ore condition (ore 
(1)) with respect to a given subsemigroup S of (N, .) if for (s, n) e S x N there exists 
ns i = sni (sqn = n ]S). 



Definition 2.3.5: If S = {s e N / s is cancellable} then N s (if it exists) is called the 
left (right) quotient near-ring ofN. 
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Notation : Let V denote the set of all variety of near-rings (example - all near-rings, all 
abelian near-rings, all near-rings with unity, or all distributive near-rings). Let X be 
any non-empty subset. 

Definition 2.3.6: A near-ring F x e V is called a free near-ring in V over X if there 
exists f : X —>F (where X is any non-empty set) for all N € V and for all g : X —>N 
there exists a homomorphism h e Horn (F x N): h of = g. 




N 



Figure 2.3.1 

Definition 2.3.7: Let V = {set of all near-rings}, we simply speak about free near- 
ring on X A near-ring is called free if it is free over some set X. 

On similar lines one can define free N-groups. For more about these properties refer 
[61]. 

Finally it is interesting to note that if G is a group. M(G) be the set of all self maps of 
G and define operations on M(G) as additions of maps ‘+’ and compositions of maps 
‘o’ clearly (M(G), +, o) is a near-ring. 



2.4 Ideals in Near-rings 

Here we just recall the definitions related to ideals in near-rings. All proofs and 
theorems related to them are left as exercise for the reader to study and refer. 

Definition 2.4.1: Let N be a near-ring. {Ifk ek be the collection of all ideals of the 
near-ring N. Then the following are equivalent : 

a. The set of all finite sums of the elements of the f s. 

b. The set of all finite sums of elements of different f ’s. 

c. The sum of the normal subgroups (f, +). 

d. The subgroup of (N, +) generated by JJ I k . 

k&K 

e. The normal subgroups of (N, +) generated by Uh • 

keK 

f The ideal of N generated by JJ I k . 

ksK 
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The set (a) - (f) above is called the sum of ideals f (k € K ) and denoted by Z 'k ( f° r 

keK 

k = {1, 2, ...} also by Ij + P ...). 

Definition 2.4.2: Let {1 \}k e k be the ideals of the near-ring N. Their sum ^ I k is 

keK 

called an (internal) direct sum if each element of Z I k has a unique representation 

keK 

as a finite sum of elements of different f 's. 

In this case we write for the sum Z * h (or // + f + h ...). 

kel 



Definition 2.4.3: Let I be an ideal of the near-ring N. I is called a direct summand of 
N if there exists an ideal J in N such that N = I +J. 

Definition 2.4.4: A finite sequence N = No Ni u Nj cd ... ^>N n = {0} of subnear- 
rings Ni of N is called a normal sequence of N if and only if for all i e {1, 2, ..., n} N, 
is an ideal ofNj.j. 

In the special case that all N; is an ideal of N call the normal sequence an invariant 
sequence, n is called the length of the sequence and N ; _i / N; are called the factors of 
the finite sequence. Furthermore properties can be had from [61]. As in case of rings 
in case of near-rings also D.C.C and A.C.C can be defined. 

Definition 2.4.5: Let N be a near-ring (N p a N-group). N is called decomposable if it 
is the direct sum of nontrivial ideals or if it has nontrivial direct summand, otherwise 
indecomposable. N is completely reducible if it is the direct sum of simple ideals. 

Example 2.4.1: The ring Z is indecomposable but is not simple. There exists nice 
relationship between completely reducible and ACCI and DCCI. 

Notation : If S and T are ideals of N then ST = {st / s e S and teT}. For n e N we 
can define S n in a similar way when S is an ideal of N. 

Definition 2.4.6: Let P be an ideal of the near-ring N. P is called a prime ideal if for 
all ideals I and J of N ; IJ crP implies I a P or J a P. 

Definition 2.4.7: N is called a prime near-ring, if {0} is a prime ideal. 

Definition 2.4.8: Let M a N, N a near-ring. M is called a m - system if for all a, b € 
M there exists ai € (a) and bi e (b): a/ b) € M. 

Definition 2.4.9: Let S be an ideal in N, S is semiprime if and only if for all ideals I 
of N P c: S implies I a S. 

Definition 2.4.10: N is called a semiprime near-ring if {0} is a semiprime ideal. 
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Definition 2.4.11: Let I be an ideal of N; the prime radical of I denoted by P(I) = 



rv- 

I^P 



Definition 2.4.12: n e N is nilpotent if n = 0 for some k > 0, k an integer. S c^N is 
nilpotent if S k = {0}. S <^N is called nil if all s e? S is nilpotent. 

2.5 Modularity in near-rings 

In this section we recall the concept of modularity, quasi regularity, idempotents and 
centralizer in near-ring. We give only the basic definitions. 

Definition 2.5.1: Let L be a left ideal in a near-ring N. L is called modular if and 
only if there exists e e N and for all n <e N, n - ne € L. In this case we also say that L 
is modular by e and that e is a right identity modulo L since for all n € N; ne = n 
(mod L). 

Results : 

1. Each modular left ideal L =£ N is contained in a maximal one. 

2. If N = Li + Lt where Li, L 2 are modular left ideals, then Li n L 2 is again 
modular. 

Notation: For z e N, denote the left ideal generated by the set {n- nz / n e N} by L z . 
Note that for Lz = N, z = 0. 

Definition 2.5.2: ze N is called quasi regular if z e L : , S a N is called quasi regular 
if and only if for all s e S, s is quasi regular . 

Result : Each nil ideal I of a near-ring N is quasi regular. 

Definition 2.5.3: Let E be the set of idempotents in N. A set E of idempotents is 
called orthogonal if for all e,f € E, e ^f implies ef = 0. 

Definition 2.5.4: An idempotent e e N is called central if it is in the center of (N, .) 
i.e. if for all n € N; en = ne. 

Definition 2.5.5: A ring R is called biregular if each principal ideal is generated by 
an idempotent. 

Definition 2.5.6: A near-ring is said to be biregular if there exists some set E of 
central idempotents with 

a. For all e € N, Ne is an ideal of N. 

b. For all n e N there exist e e E; Ne = (n) (principal ideal generated by n). 

c. For all e,f € E, e + /=/ + e. 

d. For all e, f e E, ef € E and e + /- ef € E. 
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[63] showed that each commutative biregular near-ring is isomorphic to a subdirect 
product of fields and hence is a biregular ring. 

Definition 2.5.7: Let I be an ideal of N. The intersection of all prime ideals P which 
con tain I is called the prime radical of I. 

We have just recalled some of the definitions, which we are interested in developing 
to Smarandache notions. We do not claim to have exhausted all the Smarandache 
notions about near-ring as in certain places we are not in a position to define 
Smarandache analogue. We have developed only those concepts which has interested 
us. The innovative reader can develop Smarandache notions for other concepts about 
near-rings which we have not dealt in this book. 



2.6 Near Polynomial rings 

In this section we define a new notion called near polynomial rings which are near- 
rings only when the near-ring N is of the special form, otherwise the near polynomial 
ring will fail to be a near-ring. 

Throughout this section (N, +, .) will be a near-ring satisfying the following postulates 
(where N is a non-empty set). 

1 . (N, +) is a group with 0 as the additive identity. 

2. For all m, n e N we define m.n = m. Hence (N, .) is a semigroup. 

3. 1 gN is such that 1.x = 1 for all x eN 

4. (a + b)c = ac + be is the only distributive law satisfied by N for all a, b, c e N. 

Clearly N is a near-ring. We use only this near-ring to built near polynomial rings. 

Definition 2.6.1: Let (N, +, .) be a near-ring and x an indeterminate. N(x) will be 
called the near polynomial ring where 



N(x)=\^T j n i x‘ /n, <e N 

In N(x) two polynomials p(x), q(x) will be equal; where 
p(x) =Po+PlX+ ... +p n x n 

q(x) = qo + qjx + ... + q nt x"‘ if and only if p, = q t and m = n, for each i. 

The addition of polynomials is given by 

p(x) + q(x) = (po + qo) + (pi + qi) x + ... + p n x (q nt x m ) if n > m (if m > n). Thus 
(N(x), +) is a group with 0 = 0 + Ox + ... + Ox" + ... which acts as the 0 polynomial. 
For p(x), q(x) € N(x) define ’ as p(x).q(x) = p(x). (N(x), .) is a semigroup. Clearly 
(p(x) + q(x)) r(x) = p(x) r(x) + q(x) r(x). Thus (N(x), +, .) is a near-ring called the 
near polynomial ring. 
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Definition 2.6.2: Let N(x) be a near polynomial ring. For 0 ^ j(x) = ao + ajx + ... 
a m x m where a m ^ 0; in N we define degree of fix) to be m, thus deg f(x) is the index of 
the highest non-zero coefficient of fix). 

deg [fix) g(x)J = deg fix). 

This is the marked difference between the polynomial ring and the near polynomial 
ring. 

Example 2.6.1: Let Z 3 [x] be the near polynomial ring of degree less than or equal to 
2. That is Z 3 [x] = {0, 1, 2, x, 2x, x + 2, x + 1, 2x + 1 2x + 2, x 2 , 2x 2 , x 2 + 2, x 2 + 1, x 2 
+ x, x + 2x 2 , x + x 2 + 1, x + 2x 2 + 1, 2x + x" + 1 2 + x + x 2 , 2x + 2x 2 + 2, 2x + 2 + x 2 , 
2x" + 2x + 1, x + 2x 2 + 2, 2 + 2x 2 , 2x" + 2x, 2x 2 + 1 2x + x 2 }. Z 3 [x] is a near 
polynomial ring with 27 elements in it. 

Example 2.6.2: Let Z 2 = {0, 1} be the near-ring. Z 2 [x] is a near polynomial ring. Thus 
we get a class of near polynomial rings using Z n , Q or R but only restriction is a.b = a 
for all a, b e Z n (or Q or R). 

Thus this gives us a new class of near-rings which will certainly have more interesting 
properties. 



2.7 Near Matrix rings 

In this section we introduce a new class of near-rings called near matrix ring. We will 
show near matrix rings are also near-rings. To build near matrix rings we take only 
near-rings N, defined in the earlier section i.e. in section 2.6 in which we have a.b = a 
for all a, b e N and (a + b).c = a.c + b.c is the distributive law satisfied by N. We 
define near matrix rings as follows: 



Definition 2.7.1: Let N be a near-ring. Consider the set of all n x n matrices with 
entries from N is denoted by M nxn . Let M M nxn then 



M = (a,) = 



... a„ 



we define '+ ’ on M nm as in case of rings. The product of two n x n matrices A and B 
in M nxn is defined as follows A = (afi and B = (bfi 



an . 


•• a in 




b„ . 


1 

s: 




P,i ■ 


•• Pin 


a 21 


.. a 2n 




b 2 , . 


•• b 2n 


= 


P12 ■ 


•• Pin 


fin! • 


•• a nn_ 




1 

s 


.. b 

nn _ 




_ P„i • 


P nn _ 
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where 



‘ 12 



l ln 



Pin = «/; + a 1 



Pnl = «„/ + a„2 + ••• 



v = a , + a ■, + ... + a 

± nn nl n2 nn 

It is easily verified (M nxn , +, .) is a near-ring called the near matrix ring. 

Now let 

'7 0 ... 0 

0 1 ... 0 

I nxn ■ 

0 0 ... 1 

I nxn A ^I n xn and A I nxn ^ A for A e M nxn also AB # A for A, B € M nxn . 

Example 2. 7.1: Let M 2 x 2 = I (a jj) / ay e Z}. Z is a near-ring with usual addition but a . 



b = a for all a, b e Z. This near-ring M 2 x 2 has zero divisors for take A = 



1 -1 



-5 5 

Clearly AB = (0) for all B e M^- This new class of near-rings will prove to be useful 
in our study of Smarandache-near-rings. This near-ring has I nxn such that I nxn x A =£ 
I nxn for all A G Mnxn- I n f & Ct 



(I 1 ... i\ 

1 1 ... 1 

V 1 1 ... f 



for all A g M nxn - These near-rings enjoy several interesting properties and is a class 
of near-rings different from the usual near-rings. 
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Chapter Three 

SPECIAL CLASSES OF NEAR- 
RINGS AND THEIR 
GENERALIZATIONS 



This chapter has 5 sections. As the name of the chapter suggests it deals with the 
introduction of several properties of near-rings, seminear-rings. We do not promise to 
prove any of the properties about these near-rings or seminear-rings. We in fact recall 
the definition of group near-rings and give the classical problems to be solved about 
these structures. 

In fact till date no one has introduced or studied the concept of semigroup near-ring. 
In this chapter we define and introduce those concepts. Section one recalls the 
definition of several properties about near-rings. Section two is solely devoted to the 
introduction and study of the concepts like group near-rings, semigroup near-rings, 
group seminear-rings and semigroup seminear-rings. Section three is completely used 
to define a new concept called near loop-rings. Loop near-rings have been already 
studied in [64] but the structure of loop near-rings is constructed by replacing a group 
by a loop in the definition of near-ring, so this study is interesting as it gives a class of 
non-associative near-rings and its generalizations. The fourth section is a still 
generalization of section three for it introduces a new class of non-associative near- 
rings using groupoids over near-rings which the author chooses to call as groupoid 
near-rings. The study of this structure gives a non-abstract class of non-associative 
near-rings. The final section gives many special properties in near-rings and concepts 
related to near-rings. 



3.1 IFP-near-rings 

In this section we just recall the definition of IFP-near-rings as given by [61] and give 
some of the basic properties enjoyed by these near-rings. 

Definition 3.1.1: Let N be a near-ring. N is said to fulfil the insertion of factors 
properly (IFP) provided that for all a, b, n e N we have ab = 0 implies a n b = 0. N 
has strong IFP property if every homomorphic image of N has the IFP. 

Theorem 3.1.1: N has the strong IFP if and only if for all I in N and for all a, b, n e 
N. ab € I implies an b € I. 

Proof. The proof is straightforward, hence omitted. 

Theorem 3.1.2: The following assertions are equivalent 

a) N has the IFP property. 

b) for all n e N (0:n) is an ideal ofN. 

c) for all S cz N; (0:S) is an ideal ofN. 
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Proof. Left for the reader to prove. 

Definition 3 . 1 . 2 : Let p be a prime. A near-ring N is called a p-near-ring provided 
that for all x € N, f = x and px = 0. 

Definition 3 . 1 . 3 : A near-ring N is Boolean if and only if for all x € N, x = x. 

Definition 3 . 1 . 4 : Let (G, +) be a group. Define on G by a * b = 0 for all a, b € 
G. Then ( G, +, *) is a IFP near-ring. 

Definition 3 . 1 . 5 : Let (G, +) be a group. Define on G by a * b = a if b & 0, a * b = 
0 if b = 0. Then ( G, +, *) is a IFP near-ring. 

Now we get loop near-rings which are IFP as follows: 

Definition 3 . 1 . 6 : Let (L, +) be a loop. Define * on L by a * b = 0 for all a, b € L; 
then (L, +, *) is a IFP-loop near-ring. 

Definition 3 . 1 . 7 : Let (L, +) be a loop. Define * on L by a *b = 0 if b^O and a * b 
= 0 if b = 0. Now (L, +, *) is a IFP-loop near-ring. 

Definition [ 80 ]: A right ideal I of a near-ring N is called right quasi reflexive if 
whenever A and B are ideals of N with A.B c: I then b (b' + a) - bb' € I for all a € A 
and for all b, b' e B. 

Definition [ 80 ]: A near-ring N is strongly sub commutative if every right ideal of it is 
right quasi reflexive; any near-ring in this class of rings is therefore right quasi 
reflexive. 

Example 3.1.1: The class of semiprime and prime near-rings are strongly 
snhcommntative. 

Theorem [ 80 ]: Let N be a strongly commutative near-ring and e be an idempotent in 
N. If eN is a right ideal of N, then eN is a ideal of N. 

Proof. Since N is strongly snhcommntative near-ring, eN is right quasi reflexive ideal 
of N. Now by definition we see eN is an ideal of N as eN.N c eN we must have Ne.N 
c eN. 

Theorem [ 80 ]: Let N be a strongly subcommutative near-ring and e a non-zero 
idempotent in N. If eN is a minimal right ideal ofN then eNe is a division subnear- 
ring of N. 

Proof. Straightforward. 

Result 1801: If eN is a minimal right ideal with e a central idempotent in N then 
1) eN is a division near-ring. 
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2) If the right annihilator of e in N is zero then N is a division near-ring. 

Definition [80]: Let N be a near-ring. S a subnormal subgroup of (N,+). S is called 
a quasi ideal ofN ifSN c:NS crS where by NS we mean elements of the form fn(n' + 
s) - nn ' / for all s e S and for all n, n' e N} = NS. 

Theorem [80]: Let N be any strongly subcommutative near-ring and e a non-zero 
idempotent in N. If eNe is a minimal quasi ideal of N then eN is a minimal quasi 
reflexive ideal of N. 

Proof. Left for the reader as an exercise. 

Definition [8]: A left near -ring N is said to satisfy left self-distributive identity if abc 
= abac for a, b, c e N. 

Definition [8]: A near-ring N is said to be 

left permutable if abc = bac, 
right permutable if abc = acb 
medial if abed = acbd 
right self-distributive abc = aebe 



for all a , b, c, d € N. 

Definition [19]: Let (S, +, .) be a ring and M a right S-module. Let R = S x M and 
define (a, s) 0 ([3, t) = (afi s/3 + t). Then (R, +, 0) is a left near-ring, the abstract 
affine near-ring inducted by S and M. If S is a right self-distributive near-ring and 
MS 2 = 0 then R is a right self-distributive near-ring. If MS = 0 and S is a medial, left 
permutable or left-self distributive then (R, 0) is a medial left-permutable or left-self 
distributive respectively. 

Example 3.1.2: Let (G, +) be a group and let h be any idempotent endomorphism on 
(G, +), define a <8> b = h(b) for each a, b e G. Then (G, +, ®) is both a right self- 
distributive and a left self-distributive near-ring. 

Example 3.1.3: Let F be a free near-ring and J the ideal of F generated as an ideal by 
{abc - abac / a, b, c e F} then F/J is a left-self distributive near-ring. 

Theorem 3.1.3: Let R be a left-distributive near-ring such that a, b,c € R and X is a 
non-empty subset of R. abc = aba c = ab n c for n > 1. Hence a 3 = a is an idempotent 
for n > 3 and if abc = 0 then bac = 0. 

Proof: By the very definition, the result follows. 

Several results can be got in this direction [8]. 

Definition 3.1.8: A near-ring R is defined to be equiprime if for all 0 ^a € R and x, 
y € R, arx = ary for all r € R implies x = y. If P is an ideal of R, P is called an 
equiprime ideal of R if R/P is an equiprime near-ring. It can be proved if P is an ideal 
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of r if and only if for all a e R P, x, v s P, arx - ary e P for all r e R implies x - y e 
P. 

Defintion [10]: An infra near-ring (INR) is a triple (N, +, .) where 

i) (N, +) is a group. 

ii) (N, . ) is a semigroup. 

iii) (x + y)z = xz-Oz + yz for all x, y, z e N. 

Definition [10]: Let I be a left-ideal of N. Suppose that I satisfies the following 
conditions: 

i) a, x, y e N, anx -any e I for all n e N implies x-y e I. 

ii) I is left invariant. 

iii) ON u I. 

Then I is called an equiprime left-ideal ofN. We call an idempotent e of a near-ring to 
be central if it is in the center of (N, .) i.e. for all n e N, ne = ex. 

Definition 3.1.9: Let N be a near-ring. N is said to be partially ordered by < if 

a) < makes (N, +) into a partially (fully ordered group). 

b) V n, n e N, n > 0 and n ' > 0 implies nn ' > 0. 

Definition [87]: Let N be a near-ring. Let 1 1 , P I m be the collection of all right 
ideals of N. We say N is a n-ideal near-ring (n an integer less than or equal to m) if 
for every n right ideals I /, /? , /„ of N and for every n elements X], X 2 , ..., X n in N 1 
(Ij ul 2 u ... u If we have (Xj up ul 2 ... ul n )= (X 2 ulj up u ... ul n )= ... = 
( X n up u ... u I n ) where ( ) denotes the right ideal generated by X, up u ... ul n ; 1 
< i <n. 

Example 3.1.4: Let Zg = {0, 1, 2 7} be the group under addition and 

multiplication as 

0.0 =0.1 =0.2 = ... = 0.7 = 0 

1.0 = 1.1 = 1.2 = ... = 1.7= 1 

7.0 =7.1 = 7.2 = ... = 7.7 = 7. 

Ii = {2, 4, 6, 0} and L = {0, 4} are the only ideals of Z%. Clearly Zg is a 2-ideal near- 
ring. 

Example 3.1.5: Let Z\ 2 = {0, 1,2, . . ., 11}. Define usual '+' on Z 12 and by a.b = a for 
all a, b e Z 12 . Clearly (Z 12 , +, .) is a near-ring, i! = {0, 6}, I 2 = {0, 4, 8}, I3 = {0, 3, 6, 
9}, I4 = {0, 2, 4, 6, 8, 10} be the set of all ideals of Zi 2 . Z [2 is not a 2-ideal near-ring 
for we take Ii and I 2 and 3,2 e Z 12 \ (IiU I 2 ), (3 u Ij) = I 3 and <2 u I 2 ) = I 4 . But it is 
easily verified Z\ 2 is a 3 -ideal near-ring and 4-ideal near-ring. 
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Example 3.1.6 : Let Z 7 = {0, 1, 2, 3 6}. Clearly (Z 7 , +, .) is a near-ring which is 

not an n-ideal near-ring for any positive integer n. 

Theorem 3.1.4: Let N be a near-ring. Let I/, f, ..., I m be the collection of all right 
ideals of N. Iff r> f = {0} for i ^ j for all 1 < i, j <n. Then N is a n-ideal near-ring n < 

177 . 

Proof: Let Ii I m be the set of right ideals of N. If L; n Lj = {0} if i ^ j for all 1 < i, j 
< n. Let X! X m e N \ {Ii u I 2 u ... u I m }. Then (Xi ulj ul 2 u ... ul m ) = <X 2 
ul! u ... ul m > = ... =<X m Ulj u ... uI m ) = N. 

Theorem [87]: Let N be a near-ring. Let f, f, ..., I m be the collection of all right 
ideals ofN. N is not an n-ideal near-ring (n < m), iff UI 2 u ... u f n cz f where f is 
a proper right ideal of N. 

Proof. Let Ij, ..., I m be any arbitrary collection of right ideals of N. Take X e Ij [ \ (Ii 
u . . . u I n ) and Y eN\(IiU..,uI n u Ik) then (Xuf ul 2 u ... ul n ) = lk and (Y 
uliU ... ul n >*l k , hence N is not a n-ideal near-ring. 

The concept of T-near-ring, a generalization of ring was introduced by Nobusawa [56] 
and generalized by [3]. A generalization of both the concepts of near-ring and the T- 
ring, namely T-near-ring was introduced by [67] and later studied by [9]. 

Definition [67]: Let (M, +) be a group (not necessarily abelian) and r be a non- 
empty set. Then M is said to be a r-near-ring if there exists a mapping M x r x M —> 
(the images of (a, a, b) is denoted by aab) satisfying the following conditions : 

a. (a + b)ac = aac + bac and 

b. (aab) pc = aa(bfc) 

for all a, b, c € M and a, fi e F M is said to be a zero symmetric r near-ring if aaO 
= 0 for all a e M and a e r where 0 denotes the additive identity in M. 

Example [67]: Let (G, +) be a group and X be a non-empty set. Let M = {f / f: X —> 
G}. Then M is a group under pointwise addition. If G is non-abelian, then (M, +) is 
non-abelian. To see this let a, b e T such that a + b =£ b + a. Now define f a , fb from x 
to G by f a (x) = b for all xeX, f a , f b e M and f a + fb * fb + f a - Thus if G is non- 
abelian then M is also non-abelian. 

Let T be a set of all mappings of G into X. If fj, f 2 e M and gef then, obviously 
figf 2 g M for all f b f 2 , f 3 g M and gi, g 2 g M it is clear that 



i) (figif2)g2f3 = figi(f2g2f3) an d 

ii) (fi + f 2 )gif 3 = figifj + f2gif3- 

But f| g 1 (f 2 + f 3 ) need not be equal to figif 2 + figif 3 . To see this fix 0 =£ z g M and u 
g X. Define G M : G — > X by g |a (x) = p for all x g G and f z : X — > G by f z (x) = z for all 
x g X. Now for any two elements f 2 , f 3 g M, consider f z g |a (f 2 + f 3 ) and f z g^f 2 + f z g M f 3 . 
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For all x e X [f z g M (f 2 + f 3 )](x) = t;[g M (f 2 (x) + f 3 (x))] = f z (p) = z and [f z g^f 2 + f z g|/ 3 ](x) 
= f z g,jf 2 (x) + f z g,jf 3 (x) = f z (p) + f z (p) = z + z. Since z^ Owe have z ^ z + z and hence 
l'/g M (f 2 + f 3 ) *■ fzg ^2 + fzg^f?- Now we have the following: 

If (G, +) is non-abelian and X is a non-empty set then M = {f / f: X — > G} is a non- 
abelian group under pointwise addition and there exists a mapping MxT x M — > M 
where T = {g / g: G -» X} satisfying the following conditions: 

i) (figif 3 )g 2 f 3 = figi(f 2 g 2 f 3 ) and 

ii) (fi + f 2 ) gif 3 = figif 3 + f 2 gif 3 . 

for all f|, f 2 , f 3 e M and for all gi, g 2 e T. Therefore M is a T-near-ring. 

Definition [67]: Let M be a r-near-ring. Then a normal subgroup I of (M, +) is 
called 

i) a left ideal if a a (b + i) - a a b € I for all a, b e M, a e rand i e I. 

ii) a right ideal ifiaa € I for all a e M, i € I and 
Hi) an ideal if it is both a left and a right ideal. 

Definition [67]: An ideal A of M is said to be prime if 'B and C are ideals of M such 
that B rC cA implies B c A or C czA. 

Definition [67]: Let Mi and M2 be F-near-rings. A group homomorphism f of (Mi, 
+) into (M2, +) is called a F-homomorphism if f(x ay) = f(x) a f(y) for all x, y e M 
and a e F We say f is a r -isomorphism iff is one to one and onto. 

For an ideal I of a T-near-ring the quotient T-near-ring M/I is defined as usual: 

Theorem [67]: Let I be an ideal of M and f the canonical group epimorphism from 
M onto M/I. Then f is a F-homomorphism of M onto M/I with kernel I. Conversely if f 
is a F-epimorhism of Mi onto M2 and I is the kernel of f then Mfl is isomorphic to 
M 2 . 

Proof. Left for the reader to prove. 

There is yet another theorem the proof of which is left as an exercise to the reader. 

Theorem [67]: Let f be a r-homomorphism of Mi onto M2 with ker f = I and T* a 
non-empty subset of M2. Then T* is an ideal of M2 if and only iff(T*) = T is an ideal 
of Mi containing I. In this case we have MfT, MfT* and (M]/I)(T/I) are F- 
isomorphic. 

Example [67]: Let G be a non-trivial group and X be a non-empty set. If M is the set 
of all mappings from X into G and T be the set of all mappings from G into X, then M 
is a T -near-ring. Let y be a non-zero fixed element of G. Define <|) : X — > G by <j)(x) = 
y for every x e X. Then 0 # <j> e M, where 0 is the additive identity in M and 4>g0 = <]) 
^ 0 for any gef. Therefore M is a T -near-ring which is not zero-symmetric. 
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Problems: 



1 . Give an example of a IFP-near-ring. 

2. Give an example of a finite loop near-ring. 

3. Let Z p be the near-field. L a loop say L = L 7 (3). Find zero-divisors of the near 
loop ring Z p Ly(3). What is the major difference between a loop near-ring and a 
near loop ring. 

4. Can Z 30 have quasi-ideals? 

5. Show (Z u , +, .) is not a n-ideal near-ring. 

6 . Will (Zi 5 , +, .) be a n-ideal near-ring for some suitable integer n? 

7. Prove Z p when p is a prime is never a n-ideal near-ring. 

8 . Prove if R is a Boolean near-ring, the following are equivalent 

i) R is LSD. 

ii) R is left-permutable. 

iii) R is medial. 

iv) R is self-distributive. 

9. Prove if the near-ring R is self-distributive and if R is simple, then R" = 0 and 
R + is a simple group. 



3.2 Group near-rings and its generalizations 

In this section we introduce the concept of group near-rings analogous to group rings 
where rings are replaced by near-rings. Such study was started only in the year 1992. 
When group near-rings find so much of place why group near-rings never grew into a 
theory is really incomprehensible. As there are several books on group rings there is 
not even a single book on group near-rings neither is the study become very popular. 
One of the reasons for it may be the following [61] concentrates only on the study of 
ideals, distributivity and idempotents. Apart from this one fails to study the 
isomorphism problem or semisimplicity problem or other famous problems about 
group near-rings. 

Just for the sake of completeness we recall the definition of group near-rings and 
develop the subject analogous to group rings. 

Definition 3.2.1: Let G be any group under multiplication. N a near-ring with 1 
which is assumed to be commutative or a near-field. The group near-ring NG consists 
of all finite formal sums of the form Z a t g, where i runs over a finite index and a t e N 
and gi e G; satisfying the following conditions. 

1. I a t gj = Z fi gi <h> a; = pi where pi € N. 

2. Z a f gj + I pi gi = Z( cii + Pi) gi . 

3- OCj gi = gi CCj . 

4. (Zoii gj) (Z pj hj) = Z and g, hj = k and = Za, pj . 

whenever the elements afs and pfs are distributive, if they are not distributive we 
assume ( Zatgi = (cc/gi + ... + a,,g n ) and Z pjhj = (pi hi + ... + p m h,J) Zaj 
gi Z fi hj = ai gi (pi hi +... + p m hj + a 2 g 2 (Pi h, + ... + p m hj + ... + a n g n (p, hi 
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+ ... + p m h m ) - aj (Pi gi h] + ... + p m gj h m ) + a 2 (P 2 g 2 h 2 + ... + p m g 2 hj + ... 
+ oc lt (pi g n hi + ... + p m g n h n J . 

This will be defined in this text in two ways: 

1. 1 0 Cj gj I pj hj = I a 1 gi or 

2. a, (gi ht + ... + gi hj + ... + a n (g h hi + ... + gn hj. 

Here ’or’ in the mutually exclusive sense. We assume 1 . g = gforg € G. 

Example 3.2.1 : Let G = <g / g n = 1) and Z 2 = {0, 1} be the near-field. The group near- 
ring; Z 2 G = jl,g,g 2 ,..., g-'^o^g 1 where a ; e {0,1} 

Example 3.2.2: Let G = (g / g 2 = 1) and Z 2 = {0, 1}. The group near-ring Z 2 G = {0, 1, 
g, 1 + g}- 

Study of zero divisor, units, idempotents, nilpotent elements happen to be an 
interesting feature but to the best of my knowledge there are only 5 papers on group 
near-rings where the study is made only relative to ideals, modules, direct 
decomposition and pseudo distributivity. The literature was got from the international 
near-ring community on searchable database [104]. Thus the author concludes if the 
study is taken online with the development and research as for the group ring, the 
group near-ring certainly will have more interesting results. 

Definition 3.2.2: Let G be a group and N a near-ring. NG the group near-ring 

1. has zero divisors if aP = 0 if a, P e NG 1 {0}. 

2. a = afar a € NG \{0, 1} will be called idempotents ofNG. 

3. aP = I where a, P € NG \ {1} will be called units ofNG. 

4. a" = 0 where a e NG 1 (O' will be called as nilpotent elements ofNG. 

We know if G is a finite group the group ring KG is artinian. We propose the 
analogous problems; when is NG artinian given G is a finite group and N a near-ring? 
Such study is classically important as near-rings are the generalizations of rings it is 
all the more relevant. Analogous to the classical theorem on group rings which says if 
K is a field of characteristic 0, then KG is semiprime for any group G; what is the 
analogous question and solution in case of group near-ring? Now the study of the 
question: If Z m be a near-ring and G be a group with no elements of order m, m a 
prime. Can we say the group near-ring Z m G has no nonzero nil ideals? 

In case of group rings we have Z p G has no non-zero nil ideals if G has no elements of 
order p. 

Example 3.2.3: Let Z 3 = {0, 1, 2} be a near-ring under usual ‘+’ modulo 3 and V 
defined by a . b = a for all a, b e Z 3 . G = (g / g =1) be any group. The group near- 
ring Z 3 G = {0, 1, 2, g, 2g, 1 + g, 1 + 2g, 2 + g}. Does Z 3 G have units, zero divisors or 
idempotents? 
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Is the group near-ring Z 3 G a p-near-ring? These two questions are left for the reader 
as exercise. 

The concept of modular group near-ring is briefly described here following the 
definition of [39], Let Z p G be the group near-ring of a group G of prime order p over 
the near-ring Z p . We define the mod p-envelop of G denoted by G* = 1 + U where U 
= {I a; g; / 1 cq = 0}; G* may be a group or a semigroup. 

Example 3.2.4: Let G = <g / g“ = 1) be a group of order two, Z 2 = [0, 1] be the near- 
ring with 2 elements and Z 2 G be the group near-ring. G* = 1 + U = 1 + {0, 1 + g} = 
{l,g},soG = G*. 

Example 3.2.5: Let G = (g / g =1) and Z 3 = {0, 1, 2} be the near-ring. For the group 
near-ring Z 3 G the mod p-envelop of G is G* = {1, g, 2 + 2g, 1 + g} is a semigroup 
under multiplication. 

Example 3.2.6: Let G = (g / g" = 1) be a group and Z p = {0, 1, 2, 3 ,..., p - 1} be a 
near-ring. Find G* for the group near-ring Z p G. 

What is the order of G*? Is G* a semigroup? 

It is still more surprising to see that the notion of semigroup near-rings have not even 
been introduced, we on the contrary see that semigroup rings have become a very 
developed concept. Now semigroup near-rings are constructed in an analogous way as 
group near-rings. If we replace the group by a semigroup in the definition of group 
near-rings we get semigroup near-rings. 

All this study is significant as the class of semigroup near-rings is a more generalized 
concept than that of the group near-rings or to be more precise the class of group near- 
rings is strictly and completely contained in the class of semigroup near-rings. 

We proceed on to study some famous and important concepts about semigroup near- 
rings and at the same time we bring to the notice of the reader that a varied and a vast 
research can be carried out in this direction. Further we suggest several problems for 
the reader to solve in chapter ten. 

The study and characterization of zero divisors, units, idempotents, nilpotents in 
semigroup near-rings happens to be a routine one left for the reader to develop by 
putting conditions on both the semigroups and near-rings. We first give the condition 
for a semigroup near-ring to be a p-near-ring, secondly for it to be a Marot near-ring 
and finally for it to be the mod p-envelop of a semigroup S when Z p is the integral 
near-ring of order p. 

Throughout this section we assume Z p to be a near-ring of the form Z p where Z p is a 
group under ‘+’ modulo p and multiplication defined by a . b = a for all a, b e Z p . 
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Theorem 3.2.1: Let S be a semigroup with identity 1. If the semigroup near-ring NS 
is a p-near-ring then S is a commutative semigroup with x p = x for every x € S and N 
is a p-near ring without identity. 

Proof. Given NS the semigroup near-ring is a p-near-ring. As 1 e S we have N. 1 c 
NS so N is also a p-near-ring. Let n ^ 0 be in N and s e S, ns e NS; (ns) p = n p s p = ns p 
= ns (given) forcing s p = s. Since N is commutative we see S is also commutative. 

Theorem 3.2.2: Let N be a finite p-near-field and S a commutative semigroup such 
that s p = s for every s in S and s . si = 0 if s ^ sj, for all s, sj e S with multiplicative 
identity 1, then NS is a p-near-ring. 

Proof. A finite p-near-field is isomorphic to the field Z p so we have N = Z p ; hence Z p 
S is a p-near-ring. For if a = I a; S; e Z p S we have a p = a (using the fact ai P = a,i for 
all cii e Z p and s p = s for all s in S and S is a commutative semigroup with 1 . 

Theorem 3.2.3: Let N be a finite near field. The semigroup near-ring NS is a p-near- 
ring if and only if N is a p-near-ring and S is a commutative semigroup with identity 
in which every s e S; = s and ssj = 0 if s ^ sifor all s, sj e S. 

Proof. It is left for the reader to prove using the results given in the earlier theorems. 

Theorem 3.2.4: Let S be a commutative idempotent semigroup in which xy = 0 if x ^ 
y and Z p be the near-field of integers modulo p, p a prime. Then the semigroup near- 
ring Z p S is a p-near-ring. 

Proof. Obvious from the fact x p = x for every x e S. So Z p S is a p-near-ring. 

Finally it is left for the reader to prove. 

Theorem 3.2.5: Let N be a Boolean near-ring and S is an idempotent semigroup with 
identity in which x.y = 0 if x &y. Then the semigroup near-ring NS is a Boolean near- 
ring. 

Recall by a regular element of a near-ring N, we mean a nonzero divisor in N. An 
ideal containing regular elements is called regular. A commutative near-ring with 
identity is called a Marot near-ring if each regular ideal of N is generated by a regular 
element of N. 

Clearly every near-field is a Marot near-ring. 

Theorem 3.2.6: Let S be an ordered semigroup without divisors of zero and with no 
elements of finite order and N be a near-field. The semigroup near-ring NS is a Marot 
near-ring. 

Proof. The proof follows from the fact that the semigroup near-ring NS has no zero 
divisors; using the fact S is ordered and has no elements of finite order and N is a 
near-field. 
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Theorem 3.2.7: Suppose NS is a Marot semigroup near-ring with nontrivial divisors 
of zero then 

1 . N has divisors of zero. 

2. S has divisors of zero. 

3. S has elements of finite order. 

4. N has divisors of zero and S has divisors of zero and elements of finite 
order. 

Proof. Given the semigroup near-ring is a Marot near-ring, so both N and S are 
commutative asNc NS and S c NS, N and S can have divisors of zero or S can have 
elements of finite order which obviously contribute to divisors of zero. 

Theorem 3.2.8: Let N be a commutative Marot near-ring and N \ {0} = Nj. S be a 
commutative semigroup with identity, having no divisors of zero and 0 p S. Then NS 
is a Marot semigroup near-ring. 

Proof. NS is a commutative near-ring as N and S are given to be commutative. To 
prove NS is a Marot near-ring we need to only prove that every regular ideal is 
generated by a regular element of NS; to prove this we have to prove. 

i. If a regular ideal I is generated by a regular element, I contains no 
proper divisors of zero. 

ii. If a regular ideal I is generated by a divisor of zero then I cannot 
contain regular elements. 

Proof of i. Let I be generated by the regular element a. Let p^O e I such that PA, = 0 
(A. =£ 0). Now 



P = ^as i5 PA. = 0 = ^as ; A, = a^A-Sj = 0 

i 

a contradiction to our assumption a is regular .’. P g I with PA, = 0. 

Proof of ii. Let I be generated by a divisor of zero say P (P =£ 0, A, ^ 0) with PA, = 0. 
Let a e I be a regular element 

a^p5;; aL = ^pL5i =0. 



A contradiction .'. a <£ I. Hence the theorem. 

The following result is obvious and is left as an exercise for the reader. 

Theorem 3.2.9: If NS is a Marot semigroup near-ring then N is a commutative near- 
ring and S is a commutative semigroup. 

Theorem 3.2.10: Let N be a near-field. If NS is a Marot semigroup near-ring with 
divisors of zero then S is a commutative semigroup with divisors of zero or S has 
elements of finite order. 
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Proof. Straightforward and hence left for the reader to prove. 

The study of mod p-envelop of group of order p and K a field of characteristic p have 
been studied by [39]. Such study for group near-rings have not been carried out by 
any researcher. Here we just mention about this analysis and leave the rest for the 
reader to prove. We study this presently for the semigroup near-rings Z p S; where Z p is 
the integral near-ring and the mod p envelope of the semigroup S is denoted by S*. 

Definition 3.2.3: Let Z p S denote the integral semigroup near-ring of the semigroup 
S over the near-ring Z p . Let U = {Z at Sj / Z a,- = 0} then 1 + U = S* is called the mod 
p envelope of the semigroup S over the integral near-ring Z p . 

Example 3.2.7: Let S = {s / s = s} be a semigroup and Z2 = {0, 1} be the integral 
near-ring with usual '+’ and in which ‘.’is defined by a.b = a V a, b e Z 2 . Z 2 S = {0, 1, 

0. s, l.s, 1+ O.s, ...}; U = {0, Os, 1 + l.s, 1 + O.s + Is}; S* = 1 + U = {1, 1 + Os, l.s, O.s 
+ l.s}. S* can be easily verified to be a semigroup under multiplication and |S*| = 4. It 
is left for the reader to verity the following example. 

Example 3.2.8: Let Z 2 = {0, 1} and S = {a, b, ab / a = a, b“ = b and ab = ba} be the 
semigroup. The semigroup near-ring Z 2 S have its mod p envelope to be a semigroup 
S*, where |S*| = 2 6 . 

We only propose several problems for the reader. Now the study of the following 
classical problems would certainly be of interest to any researcher. Now suppose 
given two semigroup near-rings NS and N1S1, when are they isomorphic. This 
problem for the case of group rings remains open. The study of such structures will 
give many concrete examples of near-rings with varied and similar properties. 

Problems: 

1. Find for the group near-ring Z 2 S3, the zero divisors, units and idempotents? Does 
Z7S3 have right ideals? 

2. For the group near-ring Z70S3 find 

1 . ideals. 

2. subnear-rings. 

3. right ideals which are not ideals. 

3. Find the order of the semigroup near-ring Z 2 S(3). Does Z?S(3) have ideals? 

4. Is Z7S5 = Z 5 S 3 ? Justify your answer! Obtain a nontrivial homomorphism between 
these two group near-rings. 

5. Does the group near-ring ZG, (where (Z, +, V) is a near-ring in which a.b = a for 
all a, b e Z. G a finite group) have 

1 . Zero divisors? 

2. idempotents? 

3. semi-idempotents? 

4. units? 

Find them when G = S4. 



40 




3.3 Loop near-rings and its generalization 

In this section we introduce the concept of non-associative near-rings and define two 
new classes of near-rings using groupoids and loops. They form a nice class of near- 
rings satisfying certain special properties as well as satisfying some famous identities 
like Moufang. Bol, alternative etc. But the study of loop near rings was existent even 
from the year 1978 [64]. 

Here we bring in the notions of bipotent loop near-ring, regular loop near-ring and 
several of the properties enjoyed by them. 

Study is also done about groupoid near-rings and half groupoid near-rings. Two types 
of loop near-rings are studied: we use loop near-rings analogous to group rings, which 
we denote by near loop rings. Another type of loop near-rings are got when we 
replace the group in the near-ring by a loop and the semigroup remains so. 

Definition [75]: The system N = (N, +, 0 ) is called a right loop-half groupoid 

near-ring provided. 

1 . (N, +, 0 ) is a loop. 

2 . (N, .) is a half groupoid. 

3 . (n1.n2j.n3 = ni (ri2.n3) for all nj, 112, 113 eN for which 111.112, 112013, (1i1.n2j.n3 and n\. 
(n 2 .n 3 ) £ N. 

4 . (nj + 112) 113 = H].n3 + ri2.n3for all nj, 112, 113 e N for which (rij + nz)n3, 112.113 € N; 
we just denote 111.113 by 111113. If instead of ( 4 ) N satisfies 111(112 + 113) = 111112 + «/«.? 
for eveiy n 1, 112, 113 £ N then we say N is a left loop-half groupoid near-ring. 

For any a belonging to the additive loop L we shall denote the unique left and right 
inverse of a by a / and a r respectively. 

Definition [75]: A right loop near-ring N is a system (N, +, .) of double composition 
'+ ’ and ’ such that 

1 . (N, +j is a loop. 

2 . (N, .) is a semigroup. 

3 . The multiplication ‘ ’ is right distributive over addition + i.e. for all ni, 112, 113 £ 

N; (ni + n2).n3 = + 112.113; here after by convention by a loop near-ring we 

mean only a right loop near-ring. 

Result 1751 : A loop-half groupoid near-ring N is a loop near-ring if and only if (N, .) 
is a groupoid. 

Example 3 . 3 . 1 : Every near ring is a loop near-ring. 

Example 3 . 3 . 2 : Let (G, +, 0 ) be an additive loop where 0 is the identity element of 
G. Let A be a proper subset of G. Define a.b = a for all a e G and be A. Then (G, ‘+’, 
V, 0 ) is a loop half groupoid near-ring. 
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Definition [63]: Let (G, +, 0 ) be a loop and A a subset of G. A set S of 
endomorphism of G is called a A centralize of G provided. 

1. The zero endomorphism 0 e S. 

2. S / 0 (component of 0 in S) is a group of automorphism of G. 

3. (f> (A) c A far all <f> e S. 

4. (j>, y/ e S and (j>(co) = y/(co) for some 0 ^ co € A imply (j) = yz 

Definition [63]: Let (G, +, 0 ) be a loop. Let A be a subset of G and S a A - 
centralizer of G. A mapping T of G into itself is called a A -transformation of G over S 
provided T [(/) ( co) / = ([> [T ( co ) / for all co e A and (j> e S. It is interesting to note that if 
0 € A and T is a A -transformation of G over S then T fixes 0 i.e. 

T(0) = (0). 

We shall denote the set of all A-transformations of G over S by N (S, A). Further we 
see for any endomorphism </>of a loop G, [(/> (g) ],. = (j) (g r ) for all g € G. 

Result [631: Let (G, +, 0) be a loop. A a subset of G containing 0 and S a A - 
centralizer of G. Then N (S, A) is a loop-half groupoid near-ring under addition and 
composition of mappings but N (S, A) is not a loop near-ring. 

Definition [63]: A non-empty subset M of a loop near-ring (N, '+ 0) is said to 

be a subloop near-ring ofNif and only if (M, '+ 0) is a loop near-ring. 

Definition [63]: A loop near-ring; N is said to be zero symmetric if and only if nO = 
0 for every n e N where ‘0 ’ is the additive identity. Zero symmetric loop near-ring 
will be denoted by Nq. 

Definition [63]: A loop near-ring is said to be a near-ring if the additive loop of the 
loop near-ring is an additive group. 

Definition [63]: An element a of a loop near-ring N is said to be a left (right) zero 
divisor in N, if there exists an element b # 0 in N such that ab = 0 (ba = 0). An 
element which is both a left and a right zero divisor in N is called a two sided zero 
divisor or simply a zero divisor in N. 

Definition [63]: A map 9 from a loop near-ring N into a loop near-ring Nj is called 
a homomorphism if 



9 (ni + n 2 ) = 9 (tii) + 9 (n 2 ), 

9 (n i n 2 ) = 9 (n i) 9 (n 2 ) for evety n n 2 e N. 

Definition [37]: Let N be a loop near-ring. An additive subloop A of N is a N- 
subloop (right N -subloop) ifNA c^A (AN <^A) where NA = {na / n eN, a € A}. 

Definition [63] : A non-empty subset I of N is called left ideal in N if 
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1. (I, +) is a normal subloop of (N, +). 

2. n (tii + i) + n,n / e I for each i € I and n, nj e N, where n r denotes the unique 
right inverse of n. 

Definition [37]: A non-empty subset I of N is called an ideal in N if 

1. I is a left ideal. 

2. IN cl 

Definition [38]: A loop near-ring N is said to be left bipotent if Na = Na for every 
a in N. 



Example [38]: Let Nj = {0, 1, 2, 3}, N 2 = {0, 1, 2, 3, 4} and N 3 = {0, 1, 2, 3, 4, 5, 6} 
with additions defined as modulo 4, 5 and 7 respectively and multiplication by the 
following tables: 



(Ni, .) 





0 


1 


2 


3 


0 


0 


0 


0 


0 


1 


0 


3 


0 


1 


2 


0 


2 


0 


2 


3 


0 


1 


0 


3 



(N 2 , •) 



and (N 3 , .) is given by 
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1 
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0 


0 


0 
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0 
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0 


0 


4 


1 
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2 


0 
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3 


2 


0 


3 


0 


0 


2 


3 


0 


4 


0 


0 


1 


4 


0 





0 


1 


2 


3 


4 


5 


6 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


4 


4 


2 


1 


2 


0 


2 


4 


1 


1 


4 


2 


3 


0 


3 


6 


5 


5 


6 


3 


4 


0 


4 


1 


2 


2 


1 


4 


5 


0 


5 


3 


6 


6 


3 


5 


6 


0 


6 


5 


3 


3 


5 


6 



Clearly Ni, N 2 , N 3 are left bipotent near-rings, hence left bipotent loop near-rings 
further we see in general a left bipotent loop near-ring need not be a left bipotent near- 
ring by the following example [38]. 

Example [38]: Consider the set N = {e, a, b, c, d} define addition ‘+’ as follows: 
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Let the multiplication be defined by x.y = x for every x, y e N. Since a + (b + d) =£ (a 
+ b) + d; (N, +) is a loop and not a group. One can easily see that Na~ = N for every a 
e N. Thus N is a left bipotent loop near-ring which is not a left bipotent near-ring. 



Definition [37, 38]: A loop near-ring N is said to be a s-loop near-ring if a € Na for 
every a in N. 

Example [37, 38]: The following loop near ring (N, +, .) given by the following table 
where N = {0, a, b, c} is s-loop near-ring. 



+ 
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a 


b 


c 


0 


0 


a 


b 


c 


a 


a 


0 


c 


b 


b 


b 


c 


0 


a 


c 


c 


b 


a 


0 





0 


a 


b 


c 


0 


0 


0 


0 


0 


a 


0 


a 


b 


c 


b 


0 


b 


0 


0 


c 


0 


c 


b 


c 



Definition [38]: A loop near-ring N is said to be regular if for each a in N there 
exists x in N such that a = axa. 

Theorem [38]: Let N be a s-loop near-ring, then N is regular if and only if for each 
a 0) in N there is an idempotent ‘e ’ such that Na = Ne. 

Proof Proof is left for the reader. 

Definition [38]: A loop near-ring N is said to be strictly duo (duo) if every N- 
subloop (left ideal) is also a right N-subloop (right ideal). 

Definition [38]: For any subset A of a loop near-ring N we 

define y[~A = {x &N / x" e A for some n } . 

Definition [38]: A loop near-ring N is called irreducible (simple) if it contains only 
the trivial N-subloops (ideals) (0) and N itself 

Definition [38]: A loop near-ring N is called a loop near-field if it contains an 
identity and each non-zero element has a multiplicative inverse. 
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Definition [38]: An ideal (P ^ N) is called strictly prime (prime) if for any two N- 
subloops (ideals) A and B of N such that AB a P then A <^P or B c P. 

Definition [38]: A left ideal B of a loop near-ring N is called strictly essential ifBn 
K ^ (01 for any zero N-subloop K of N. An element x in N is said to be singular if 
there exists a nonzero strictly essential left ideal A in N such that Ax = {0}. 

Definition [38]: An elemen t x of a loop near-ring N is said to be central if xy = yx 
for ally € N. 

Result : If N 1 is a homomorphic image of a regular loop near-ring N whose 
idempotents are central then the idempotents of N 1 are also central. 

Definition [38]: A nonzero loop near-ring N is said to be subdirectly irreducible if 
the intersection of all the non-zero ideals ofNis non-zero. 

Now the study of loop rings was existent soon after the definition of group rings. 
Loop rings are nothing but loops over rings analogous to group rings which are 
groups over rings. But the study of “Loop near-rings” i.e. loops over near-rings was 
non-existent till 1990. The author was the first one to study this concept [78]. As loop 
near-ring was not a loop over near-ring but in the definition of near-rings the additive 
group was replaced by a additive loop, so the author cannot call the study of loops 
over near-rings as loop near-rings so has decided to call these structure as near-loop 
rings which are loops over near-rings. Before we proceed on to define near loop rings 
we just give the definition of non-associative near-ring. 

Definition [78]: Let (N, +, .) be a nonempty set. N is said to be a non-associative 
right near-ring if the following conditions are true. 

1. (N, +) is a group with identity 0. 

2. (N, .) is a non-associative semigroup (i.e. a groupoid). 

3. (a + b)c = ac + be for all a, b, c € N. 

If (N, +, .) has an element 1 such that a.l = l.a = a for all a € N, we call N a non- 
associative right near-ring with unit. 

If (N, .) is a loop; barring the zero element from N, we call N a non-associative 
division right near-ring. IfN 1 {0} is a commutative loop under the operation ’ we 
call N a non-associative near-field. 

We say (N, +, .) is a non-associative left-near ring if instead of 3 we have a(b + c) = a 
. b + a . c for all a, b, c € N. We study in this text only non-associative right near-ring 
which we simply term as non-associative near-rings. 

Definition [78]: Let (L, ., 1) be a loop and N a near-ring with a multiplicative 
identity. The loop over near-ring, that is the near loop ring denoted by NL with 
identity is a non-associative near-ring consisting of all finite formal sums of the form 
a = I a (m)m; m L and a (m) e N. 
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(where supp a = {m / a(m) & 0}, the support of a is finite) satisfying the following 
operational rules. 

1. I a(m) m = I p(m) m <=> a (m) = p(m) for all m € L. 

2. I a(m) m + I p(m) m = I ( a(m) + p (m)) m; m e L; a (m), p(m) e N. 

3. (I a(m) m) (I p(m) n) = I y(k) k; m, n, k e L where y(k) = I a(m) p(n); mn = k 

€ L (whenever they are distributive, otherwise it is assumed to be in NL). 

4. n (I a(m) m) = In a (m) m for all n e N and m € L. 

5. a (m) m = m a (m) for all a (m) e N and m e L. 

Dropping the zero components of the formal sum we may write a = X oq mp i = 1 , 2 
n. Thus m — > m . 1 is an embedding of N in NL. After the identification of N with 
N . 1 we shall assume that N is contained NL. It is easily verified NL is a near-ring 
and it is a non-associative near-ring. Throughout this section N is right near-ring with 
identity 1. 

Result [78/ : Let L be a Moufang loop. N a near-ring with identity. Then the near loop 
ring NL is a N-group. 

Proof Left for the reader to prove. 

Theorem [78]: Let L be a Moufang loop and N a near-ring; NL the loop near-ring. 
The set of all ideals, (N-subgroups) of an N-group of NL forms a inductive Moore 
systems of NL. 

Theorem [78]: Let N be a commutative near-ring without divisors of zero and L a 
Moufang loop with no elements of finite order. Then the near loop ring NL contains 
nontrivial associative near domains. 

Proof. Left for the reader to prove. 

We now proceed to define Marot loop near-rings. 

Definition [83]: By a regular element of a near-ring N we mean a non-zero divisor 
in N. An ideal containing regular elements is called a regular ideal. A commutative 
near-ring with identity is called a Marot near-ring if each regular ideal of N is 
generated by a regular element of N. 

Example 3.3.3: Every near-field is a Marot near-ring. 

Definition [83]: We call a commutative near loop ring NL with identity to be a 
Marot near-ring if each regular ideal of NL is generated by a regular element of NL; 
by a regular element we mean a nonzero divisor in NL. 

Theorem [83]: Let N be a near-field and L a commutative ordered loop without 
elements of finite order then the near loop ring NL is a Marot near loop ring. 
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Proof. To prove NL is a Marot near loop ring it is sufficient if we prove NL has no 
zero divisors i.e. all elements in NL will be regular elements. To this end we make use 
of the following facts: 

1 . N is a near- field so mn = 0 if and only if m = 0 or n = 0. 

2. L is ordered and has no elements of finite order. We prove this by assuming NL 
has zero divisors and arrive at a contradiction. Let 



« = Z n igi and(3 = ^m j h j (n„ m, e N \ {0}) 

w j=l 

belong to NL; with gi < g 2 < . . . < g n and hi < hi < . . . < h m suppose a|3 = EnigiEnijhj = 
Zninij gjhj = 0; now n;mj ^ 0 for all 1 < i < n and 1 < j < m with gihj to be the smallest 
element and g n h m to be the largest element. So a|3 = 0 is impossible as ninii =£ 0 and 
n n m m =£ 0. Thus a|3 = 0 is impossible, hence NL has no zero divisors so all elements in 
NL are regular, thus NL is a Marot near loop ring. 

The reader is requested to develop more properties for Marot near-rings. 

Theorem [82]: Let L be a loop and N a near-ring, NL the near loop ring (loop L over 
the near-ring N). IfM is an invariant subnear-ring then the near loop ring ML is 
an invariant subloop near-ring. 

Proof. Follows from the fact M c N, MN c M and NM <z M. Hence ML. NL cz ML 
and NL. ML c ML. 

Theorem [78]: Let N be a near-ring and L a disassociative loop then the near loop 
ring NL has proper near-ring. 

Proof. Follows from the fact L is diassociative; hence has subgroups and the group 
near-rings are near-rings. 

Now using the definition of [63] and [64] we take the near-ring to be the non- 
associative near-ring with respect to ‘+’ given by them. Now using this loop near-ring 
as a near-ring we take loop L under multiplication and form the loop-loop near-ring. 

Definition [91]: Let L be a loop (under multiplication) N a loop near-ring which is 
taken as a loop near-field. The loop - loop near-ring NL of the loop L over the loop 
near-ring N with identity is not even an associative loop but a doubly non-associative 
near-ring as (NL, '+ ) is non-associative with respect to both '+ ’ and ‘ ’. NL 

consists of all finite formal sums of the form a \a(m )m; a(m) e N such that 

meL 

support a = (m / a(m) & 0} is a finite set, satisfying the following operational rules: 



1. ^ a( m )m = 'Yffi m )m <=> a (m) = (i (m) for all m e L (we assume in the finite 

ms L meL 

formal sums the coefficien t of each element in L occurs only once in the summation). 
(For otherwise (ag + bg) + eg ^ag + (bg + eg) if (a + b) + c ^ a + (b + cf). 
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2. ^a( m )m + y^P( m )m = yfa(m) + P( m ))m . 

m&L meL meL 



3. (Z a(m)m) (Z P(n)n) = Zy(k) k; y(k) = Z a(m) p(n); mn = k; only when a(m)'s are 
distributive in N if a(m) 's are not distributive in N we assume the product is in NL. 

4. nZa(m) m = Zna(m)m if and only if n e N d . Dropping the zero components of the 
formal sum we may write a = Zayn Thus n —> n.l m . l m is the identity > of the loop 
L. So N.l = N so N.l = N cy NL. The element 1.1m acts as the identity element of 
NL. 

This new concept has lead to define a new algebraic structure called Lield. Please 

refer [91] for more properties. 

Definition [91 ]:A nonempty set ( L , 0, '+ ) is called a Lield if 

1. L is an abelian loop under '+ ’ with 0 acting as the identity. 

2. L is commutative loop with respect to ; 1 acts as the multiplicative identity 

3. The distributive laws a (b + c) = ab + ac , (a + b) c = ac + be for all a, b, c e L 
holds good. 

NL defined above will be a Lield only if L is a commutative loop and NL has no zero 

divisors and NL = Nd. 

Near domains are defined in a different way by [42]. 

Definition [42]: The algebraic structure (D, '+ ‘ ’ 0, 1) is called a near domain if 

it satisfies the following axioms: 

1. (D, +, 0) is a loop. 

2. a + b = 0 => b + a = 0 for all a, b e D. 

3. (D*, 1) is a group where D* = D \ {0}. 

4. O.a = a.O = Ofor all a e D. 

5. a (b + c) = ab + be for all a, b, c € D. 

6. For every pair a, b € D there exist d a y € D* such that for every x e D, a + (b + x) 
= (a + b) + d a bX. 



For more about near domains refer [42]. 

Using this we define loop near domains which are analogous to groups over rings. 

Definition [78]: Let L be a finite loop under '+ ’ and D be a near domain, the loop 
near domain DL contains elements generated by dpi t where d, € D and ny € L where 
we admit only finite formal sums satisfying the following conditions: 

1. (DL, 0, '+’) is a loop under 

2. dpij . djiiij = dfij mpij where we assume mpij € DL as an element and dfij = d^ dj, 
dj, dk e D. 
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3. We assume (ny . ny ) . nik = m t (ny . ni/j where just the elements m, ny m k are 
juxtaposed; mi , ny , m k € L. 

4. We assume only finite sequence of elements of the form m l , m 2 m k € DL. 

5. nyny = nymjfor all ny, ny € L. 

J J 1 1 J 1 1 

6. nij ny ... m k = m j m 2 ... m k if and only if ny = ny for i = 1, 2, 3, ..., k. 

7. Since L is a loop under '+’ and D is also a loop under DL inherits the 
operation of '+ ' and ‘0 ’ serves as the additive identity of the loop DL. 

8. Since 1 € D we have only l.L a DL so L is a subset of DL and l.nij = m ( . / = m, 
for all i € L. 

Here the study, under what conditions will DL contain a near domain is an interesting 

one. 

Definition 3.3.1: We call an additive loop L to be conditionally associative if 

1. L is closed under some product operation ‘ 

2. For every pair a, b e L there exists d a j, <e L \ {0} such that for every x e L; a + (b 
+ x) = (a + b) + d a .b-x. 



Example 3.3.4 : Near domains are trivially conditionally associative loops. The 
following theorem is left for the reader as an exercise. 

Theorem 3.3.1: Let L be a conditionally associative loop and D a near domain. The 
loop near domain DL is a conditionally associative loop. 

When we take for the near-ring the Boolean near-ring we can define the loop Boolean 
near-ring analogous to the loop near-ring. We just by default of notion call loops over 
Boolean near-rings as loop Boolean near-rings. 

Theorem 3.3.2: Let N be a Boolean near-ring and L a loop. The loop Boolean near- 
ring is not a Boolean near-ring. 

Proof. Straightforward, hence left for the reader as an exercise. 

Theorem 3.3.3: Let N be a Boolean near-ring such that x.y = 0 for all x, y e N , x & 
y and L a finite loop. The loop Boolean near-ring NL has nontrivial idempotents. 

Proof. Let |L| = n and L = {mi = 1, m 2 ,..., m n }. Suppose a = ^c^mi with a,; e N 

rrtj eL 

2 

with a;’s distinct in N then, a" = a is a nontrivial idempotent of NL. 

Theorem 3.3.4: Let L be a finite loop and Z 2 = (0, 1) be the Boolean near-ring. The 
loop Boolean near-ring Z 2 L has nontrivial subnear-rings which are Boolean near- 
rings. 

Proof. |L| = n with L = {1, m 2 ,..., m n }, n odd. Take S = {0, 1 + m 2 + ... + m n }. S is a 
Boolean subnear-ring of NL. 
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Example 3.3.5: Let Z p = {0, 1, . . p-1}, be a near ring and p be a prime. Z p is a group 
under usual addition, '+' modulo p. 



0.0 


= 0.1 = • 


o 

ll 

I 

a 

o 

II 


1.0 


= 1.1 = • 


•• = l.p-1 = 1 


1 . 
o 


= P-1.1 = • 


•• = p-l.p-1 = p-1 



is a near-ring. L any loop. Z p L is a near loop ring which is a non-associative ring. 

Example 3.3.6: Let Z 2 = (0, 1) be a near-ring and L be a loop given by the following 
table: 





1 


a 


b 


c 


d 


e 


1 


1 


a 


b 


c 


d 


e 


a 


a 


1 


e 


b 


c 


d 


b 


b 


c 


d 


a 


e 


1 


c 


c 


d 


1 


e 


a 


b 


d 


d 


e 


c 


1 


b 


a 


e 


e 


b 


a 


d 


1 


c 



Z 2 L is a near loop ring; (1 + a) e Z 2 L is a zero divisor which can be easily verified. 

(l + a)(l+a + b + c + d + e) = 0 but (1 + a + b + c + d + e) (1 + a) ^ 0; as Z 2 is not 
left distributive. (1 + a + b + c + d + e) 2 = 0. 

Example 3.3.7: Let Z 2 = (0, 1) be the near-ring and L be a loop given by the 
following table: 





1 


a 


b 


c 


d 


1 


1 


a 


b 


c 


d 


a 


a 


1 


c 


d 


b 


b 


b 


d 


a 


1 


c 


c 


c 


b 


d 


a 


1 


d 


d 


c 


1 


b 


a 



2 

Z 2 L the near loop ring is a non-associative ring. (1+a + b + c + d) = l+ a + b + c + 
d is an idempotent of Z 2 L. 

In view of the two examples we give the following theorem: 

Theorem 3 . 3 . 5 : Let Z 2 = {0, 1} be the near-ring. L be a loop of finite order. The near 
loop ring has atleast nontrivial idempotent if\L\ is odd and has zero divisors in \L\ is 
even. 
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Proof. Let |L| = n + 1 with L = {1, mi, m n }. Choose a = ^m i if |L| is odd then 

ntjeL 

2 2 

we get a = a and if |L| is even we get a = 0; hence the claim. 



Certainly the near loop ring ZiL may have more idempotents and zero divisors than 
the ones mentioned in the theorems. Now we proceed on to define a new concept 
called modular near loop rings; modular group rings of a finite p-group was studied 
by [39], 

Definition [39]: Let Z P G be the group ring of a finite group G over the field Z p or 
the ring of integer Z n . The mod p envelop of G is defined to be set G = 1 + U where 

U = {l a i g i /La,. =0 where a, e Z p 

Example 3.3.8: Let Zj = {0, 1 } be the prime field of characteristic 2 and G = {g / g = 
1} be the group. The group ring ZoG has G = 1 + U where U = {0, 1 + g, 1 + g , g + 
g 2 }- 

Thus G* = 1 + U = {1, g, g 2 , 1 + g + g 2 } is the mod p envelop of G. 

We proceed on to define this concept in case of near loop rings. 



Definition 3.3.2: Let L be a loop of finite order and Z p be the near-ring. Z p L be the 
near loop ring of the loop L over the near-ring Z p . The mod p envelop of the loop, L * 
= 1 + U where U = { la m t / Za t = 0, a t € Z p }. 



Example 3.3.9: Let L be a loop given by the following table with 5 elements. 





1 


a 


b 


c 


d 


1 


1 


a 


b 


c 


d 


a 


a 


1 


c 


d 


b 


b 


b 


d 


a 


1 


c 


c 


c 


b 


d 


a 


1 


d 


d 


c 


1 


b 


a 



Zt = {0, 1} be the near-ring. ZiL be the near loop ring. 

L — 1 + U — 1 + {0, 1 + a, 1 + b, 1 + c, 1 + d, a + b, a + c, a + d, b + c, b + d, c + d, 1 
+ a + b + c, 1 + a + b + d, 1+a + d + c, 1+b + c + d, a + b + c + d} = {l,a, b, c, d, 1 
+ a + b, 1+a + c, 1+a + d, 1+b + c, 1+b + d, 1 + c + d, a + b + c, a + b + d, a + c + 
d, b + c + d, 1 + a + b + c + d}. L* is not a loop; L* is a groupoid. It is easily verified 
L* is closed under the product. 

In view of this we have the following result; the proof of which is left for the reader as 
an exercise. 

Theorem 3.3.6: Let L be a loop of odd order n and Zi = {0, 1 } be the near-ring. Z?L 
be the near loop ring. Then L is a groupoid with 1 and \L*\ = 
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All near-rings N in the following definitions are assumed to be non-associative for 
otherwise all identities will be trivially true. 

Definition 3.3.3: Let N be a non-associative near-ring we call N a moufang near- 
ring if it satisfies any one of the following identities. 

i. (xy) (zx) = (x (yz)) x. 

H- ((xy) z) y = x (y (zy)). 

iii. x (y (xz)) = ((xy) x) z for all x, y, z in N. 

Definition 3.3.4: We call a non-associative near-field N to be a Bruck near-ring if 

(x (yx)) z = x (y (xz)) 

and (xyf 1 = x~ l y~ ! for all x,y,z€ N. 

Definition 3.3.5: Let N be a non-associative near-ring. N is said to be a Bol near- 
ring if ((xy) z) y = x ((yz) y) for all x, y, z in N. 

Definition 3.3.6: We say the non-associative near-ring N to be right alternative 
near-ring if (xy) y = x (yy) for all x, y in N and left alternative if x (xy) = (xx) y. N is 
alternative ifNis simultaneously right and left alternative. 

Definition 3.3.7: A non-associative near-ring N is said to have weak inverse 
property (WIP) if (xy) z = 1 implies x (yz) = 1 for all x, y, z in N. 

Theorem 3.3.7: Let L n (2) be the loop n > 3 and n odd and N any near-ring. The loop 
near-ring NL 2(2) is a right alternative near-ring. 

Proof. Left for the reader to prove. 

Theorem 3.3.8: Let L„(n-1) be the power associative loop and N any near-ring. NL n 
(n-1) is a left alternative near-ring. 

Proof. Left as an exercise to the reader to prove. 

Theorem 3.3.9: Let L n (m) be any loop in L n . NL n (m) for no near-ring N is a 
alternative near-ring. 

Proof. Straightforward by definition. 

Theorem 3.3.10: L n (m) € L n ; NL n (m) for no L n (m) is a Moufang near-ring. 

Proof. Left for the reader to prove. 

Theorem 3.3.11: Let N be a near-ring. L n (m) e L n be any loop. The near loop ring 
NL n (m) is never a Bol near-ring. 

Proof. Follows from the fact L n (m) are never Bol loops. 
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Now we proceed on to define the concept of quasi regular elements in near loop rings. 



Theorem 3.3.12: Let L be a loop and N any near-field. NL the near loop ring. Every 
element of the form 1 ±mj, ny e L is quasi regular in the near loop ring NL. 

Proof. Let x = 1 ± nij choose y = ± m; such that m; mj = 1 . Then y (1-x) = ± m; (1 - 1 
+ , nij ) = 1 (Choose -mj if x = 1 + nt; and m, if x = 1 - m; ), hence x is quasi regular in 
NL. 

Theorem 3.3.13: Let N be a near-field and L = {1, m 2 m n } be a loop. NL the 
near loop ring. Elements in L can never be quasi regular. 

Proof. Suppose m; e L be quasi regular then it implies a = lajiu, e NL is such that a 
(1 - mj) = 1 but a (1 - mj) = a - a = 0. Hence the claim. 

Several interesting results can be obtained in this direction. It is left for the reader to 
prove or disprove if L = {mi = 1, m 2 , ..., m n } be loop of finite order and N a near- 
field. a = La; m; e NL is quasi regular if and only if Ea; is quasi regular in N. (Hint: 
m; runs over all elements of L and aj =£ 0 for i = 1, . . ., n.). 

Problems : 

1. Let N be the near-ring (Z 8 , +, .) i.e. (Z 8 , +) an additive group modulo 8 a.b = a 
for all a e N. Let L be the loop given by the following table: 





e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


at 


a i 


e 


a 3 


a 5 


a 2 


a 4 


a 2 


a 2 


a 5 


e 


a 4 


a l 


a 3 


a 3 


a 3 


a 4 


a i 


e 


a 5 


a 2 


a 4 


a 4 


a 3 


a 5 


a 2 


e 


a l 


a 5 


a 5 


a 2 


a 4 


a l 


a 3 


e 



a. Define the near loop ring Z 8 L. 

b. How many elements does Z 8 L have? Find zero divisors in Z 8 L. 

c. Does Z 8 L have subnear loop rings? 

d. Can Z 8 L have subnear-rings which are associative near-rings? 

2. Replace Z 8 in problem (1) by the loop near-ring given by the following table 
for ‘+’ and V respectively 



+ 


0 


a 


b 


c 


0 


0 


a 


b 


c 


a 


a 


0 


c 


b 


b 


b 


c 


0 


a 


c 


c 


b 


a 


0 
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0 


a 


b 


c 


0 


0 


0 


0 


0 


a 


0 


a 


b 


c 


b 


0 


b 


0 


0 


c 


0 


c 


b 


c 



Let (N, ‘+’, V) be the loop near-ring for the same loop L given in problem 1 . 
Find the loop near-ring. Find the difference between the near loop ring Z X L 
and NL. 

3 . Find whether NL given in Problem 2 is a s-loop near-ring. 

4 . Prove Z2L5 ( 2 ) is an alternative near loop ring. 

5 . Find the mod p envelope of Z9 L 7 ( 3 ). 

6. Find zero divisors, units and idempotents of the near loop ring Z3L9(5). 

7 . Find quasi regular elements in Z]2L 5 (3). 

8. Find the smallest Lield? 

9 . Is NL given in problem 2 left bipotent? Justify your claim. 

3.4 Groupoid Near-rings and its Properties 

In this section we introduce a new type of non-associative near-rings using a groupoid 
and a near-ring and obtain several nice properties about these near-rings. The 
generalization of this is nothing but groupoids over seminear-rings these groupoid 
near-rings would be a larger class of non-associative near-rings which will contain the 
class of seminear-rings. In fact this class will be a class of non-associative seminear- 
rings. Throughout this section we assume N to be a right seminear-ring with 1 and G a 
groupoid; G may have one of may not have one. 

Definition 3.4.1: Let N be a seminear-ring with 1 and G any groupoid. The 
groupoid seminear-ring NG of the groupoid G over the seminear-ring N consists of 
all finite formal sums of the form I a, g t ; a t e N; g, e G (i - running over a finite 
index) satisfying the following properties: 

1. We assume NG consists of all elements of the groupoid G i.e. G cr N by the 
assumption l.g = g = g.l where 1 e N and g € N. 

2. We have 

I a n gj = If gj <h> a, = ffor all i. 

3. I a n gi + I fgt = I(cci + p) gj. 

4. gj I aj hj = I a j gj hj (Clearly it can be checked NG is a semigroup under '+ ' (NG, 
.) is a groupoid). 

5. (la, g) (I f Ilf = I f Sk where /t* = la, Pj and gj hj= Sk if the elements a, 
distributes over f otherwise we see (aj gj + ... + a n gj I f hj = «/ g/ I f hj + 
... + a n g n I fj hj (under assumption all our near-rings and seminear-rings are 
right distributive). 

= N ZPj gi hj + ... + a n I pj g n hj 
= alP/Sjj + ... + a„ I pj s nj , gj hj = Sy € G. 
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6. gj a = a gifor all a € N and g t € G. 

Thus (NG, +, .) is a noil-associative seminear-ring. This is the only brown method to 
us by which we get non-associative seminear -rings. 

Since the seminear-rings happens to be non-associative we can define analogously the 
identities enjoyed by non-associative structures like Moufang, Bol, right (left) 
alternative, WIP. 

All other properties which are true in case of seminear-rings will continue to be true 
even in case of non-associative seminear-rings as in places where we have used 
product of 3 elements, except in the definition of IFP and regular elements. 

Example 3.4.1 : Let Z 4 = {0, 1, 2, 3} define ‘x’ and V on Z 4 as ‘x’ is the usual 
multiplication modulo 4, V is a.b = a for all a e Z 4 . Clearly (Z 4 , x, .) is a right 
seminear-ring which is associative. G be a groupoid given by the following table: 





a 0 


a l 


a 2 


a 3 


a 4 


a 5 


a 0 


a 0 


a 3 


a 0 


a 3 


a 0 


a 3 


a l 


a 2 


a 5 


a 2 


a 5 


a 2 


a 5 


a 2 


a 4 


a l 


a 4 


a l 


a 4 


a l 


a 3 


a 0 


a 3 


a 0 


a 3 


a 0 


a 3 


a 4 


a 2 


a 5 


a 2 


a 5 


a 2 


a 5 


a 5 


a 4 


a l 


a 4 


a l 


a 4 


a l 



Z 4 G is a groupoid seminear-ring which is a non-associative seminear-ring. Just we 
will call a non-associative seminear-ring N to be a Bol seminear-ring if ((xy)z)y = 
x(yz)y) for all x,y,ze N. 

Let 

a = 2ai+3a 3 + a 0 

P = 3a5 + 2a 3 + 2a 4 

ot P = (2ai + 3a 3 + ao) (3as + 2a2 + 2a 4 ) 

~ 2a 3 [ 3a 5 + 2&2 + 2a 4 ] + 3a 3 [3a 3 + 2a 3 + 2a 4 ] + ao [3a 3 + 2a2 + 2a 4 ] 

= 2 [3aia5 + 2aia2 + 2aja 4 ] + 3 [3a 3 a 3 + 2a 3 a2 + 2a 3 a 4 ] + 1 [aoa 3 + 2aoa 3 + 

2aoa 4 ] 

2 [3a 5 ] + 3 [3a 3 ] + 1 [3a 3 ] 

= 2a 5 + 3a 3 + a 3 

= 2a 5 + 3a 3 . 



This example clearly illustrates how the product operation is performed in Z 4 G. 

The above groupoid G is a Bol groupoid. It can be easily verified by the reader. 

Example 3.4.2: Let Z6 = {0, 1, 2, 3, 4, 5} with ‘x’ and V the usual multiplication 
modulo 6 and V is a.b = a for all a, b in be the seminear-ring. G be a groupoid 
given by the following table: 
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Xl 


X2 


X 3 


Xl 


Xl 


X 3 


X2 


X2 


X2 


Xl 


x 3 


X 3 


X3 


X2 


Xl 



2 

Z 6 G is a groupoid seminear-ring if a = 3xi + 2x 2 we see o' = 3x 3 + 2x 2 . a = xj + x 2 + 
x 3 is such that a = (xi + x 2 + x 3 ) = xi + x 2 + x 3 = a. Now as we have constructed 
seminear-rings which are non-associative we can obtain zero divisor, idempotents, 
units from these groupoid seminear-rings. 

Thus finding these special elements in groupoid seminear-rings happens to be a very 
interesting problem. 



Example 3.4.3: Let Z 4 = {0, 1, 2, 3} be a seminear-ring and G be a groupoid given by 
the following table: 





a 0 


a l 


a 2 


a 3 


a 0 


a 0 


a 2 


a 0 


a 2 


ai 


a l 


a 3 


a l 


a 3 


a 2 


a 2 


a 0 


a 2 


a 0 


a 3 


a 3 


a l 


a 3 


a l 



Z 4 G be the groupoid seminear-ring. Let a = 2 (ao + ai + a 2 + a 3 ) and (3 = (ao + + a 2 

+ a 3 ); it is easily verified that a(3 = 0. I = Z 4 H where H = {ao, a 2 } is not a left ideal of 
the seminear-ring. Recall in a seminear-ring N, I is a left ideal in N if 

1 . (I, +) is a subsemigroup of (N, +). 

2. n (n 1 + i) + nn 1 e I (for each i e I and n, n! e N). But this seminear-ring 
Z 4 G has several subsemigroups. 

Just like groupoids can be used to built automaton we see using group automaton we 
can construct syntactic near-rings. Chapter seven is completely reserved for dealing 
with the probable applications of Smarandache near-rings and Smarandache seminear- 
rings both associative and non-associative. 

The study of the groupoid seminear-rings when we take the groupoid from the new 
class of groupoids and seminear-ring as Z n , n non-prime or Z + u {0} happens to be a 
very concrete study. We see there are a lot of openings to find under what conditions 
these groupoid seminear-rings happen to be Bol, Moufang, right (left) alternative or 
WIP. 

Such study is at a very dormant stage as this is the first place we have made the 
definition non-associative seminear-rings to be satisfying several of these identities. 
Before we propose problems we make some more new definitions. 
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Definition 3.4.2: Let N be a non-associative seminear-ring. We say N is a weak Bol 
seminear-ring if N has a proper subseminear-ring M which is non-associative and all 
elements of M satisfies the Bol identity. 

Note : N need not be a Bol seminear-ring still N can be a weak Bol seminear-ring i.e. 
all elements of N need not satisfy Bol identity. 

Definition 3.4.3: Let N be a non-associative seminear-ring. If every subseminear- 
ring M of N which is also a non-associative subseminear-ring satisfies the Bol identity 
or is a Bol subseminear-ring then we say N is a strong Bol seminear-ring. 

Theorem 3.4.1: Let N be a strong Bol seminear-ring then N is a weak Bol seminear- 
ring. 

Proof. Obvious by the very definition. The reader is requested to give an example of a 
weak Bol seminear-ring which is not a strong Bol seminear-ring. 

Remark : In a similar way as we have defined weak and strong Bol seminear-rings we 
can define weak Moufang seminear-rings, strong Moufang seminear-ring, weak 
alternative seminear-rings and strong alternative seminear-rings and so on. The reader 
is requested to develop these ideas and characterize these groupoid seminear-rings. 
We just define P-seminear-rings where N is a non-associative seminear-rings. 

Definition 3.4.4: Let N be a non-associative seminear-ring; we say N is a P- 
seminear-ring if (x.y). x = x. (y.x) for all x, y e N. 

One can define P-weak seminear-ring and P-strong seminear-ring and obtain 
interesting results about them. Thus using groupoids and seminear-rings we can 
construct a class of non-associative seminear-rings. 

Apart from these class of non-associative seminear-rings the author is not in a position 
to get any non-associative seminear-rings. 

Problems: 



1. Let (Zg, ‘x’, .) be a seminear-ring. G be a groupoid given by the following table: 





a 0 


a l 


a 2 


a 3 


a 0 


a 0 


a 3 


a 2 


a l 


a l 


a 2 


a l 


a 0 


a 3 


a 2 


a 0 


a 3 


a 2 


a l 


a 3 


a 2 


a l 


a 0 


a 3 



Find for the groupoid seminear-ring ZgG 

a. Subseminear-rings. 

b. left ideals. 

c. ideals. 

d. Does this seminear-ring satisfy any of the well known identies. 
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2. Let {Z 3 , +, be a near-ring and G be the grouped given in problem 1 . 

Is Z 3 G a non-associative seminear-ring which is not a near-ring? Justify your 
answer? 

3. What is the order of the smallest non-associative seminear-ring? 

4. Is the order of the smallest associative seminear-ring 4? Justify your answer. 

5. Give an example of a strong moufang seminear-ring. 

6 . Does there exist a Bol seminear-ring? 

7. Give an example of a weak alternative seminear-ring. 

8 . Does there exists a P seminear-ring? 

9. From the groupoids built using Z n and using an appropriate Z m ; is it possible to 
find an example of strong Bol seminear-ring, strong WIP seminear-ring? 

10. Find all ideals in the groupoid seminear-ring Z°G where the groupoid G is given 
in problem 1 . 



3.5 Special properties of Near-rings 

This section has very unique feature, for here we just recall several definitions of 
different authors and have listed them. The main purpose of this book is to study and 
introduce as many as Smarandache concepts in near-rings; so we avoid dealing with 
near-rings; whereever it is a dire necessity we give the definitions. This section gives 
the definitions from several authors. 

Definition [22]: Let N be a zero symmetric left near-ring. A mapping F : N —> N is 
said to be commuting on the subset S of N if [x, F(x ) / = 0 for all x e S, where [x, y] = 
xy - yx. 



A mapping D : N —> N is called a multiplicative derivation if D(xy) = x D(y) + D(x)y 
for all x, y € N; if D is also additive, D is called a derivation. 

Several interesting properties can be derived in case of S-near-ring and all the more 
on non-associative near-rings. 

Definition [5]: Near-rings here are left near-rings. A near-ring N is weakly divisible 
if for all x,y € N there exists z € N, such that xz = y or yz = x. 

For more about these near-rings please refer [5], 

Definition [14]: The right near-ring N is called strongly prime if for each a e N \ 
{0} there exists a finite subset F such that aFx ^ {0} for all x e N \ {0} [respectively 
such that afx = afy for allf € F implies x = y] . 

Definition [51]: Let S be a non-empty subset of a right near-ring N and define the 
left and right polar subsets of N, respectively by L(S) = fx / xNs = (0) V s € S} and 
R(S) = {y / sNy = (0) Vs e S} IfPifN) is the set of left polar subsets of N and Pr(N) 
is the set of nonempty right polar subsets of N, then P//N) and Pr(N) are complete 
bounded lattices. 
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Definition [4]: A generalized p-near-field (gp near-field) is a near-ring with 1 in 
which for each x there is an n = n(x) with x' ,<x> = 1. N is called an gp-near-ring if it 
has nonzero nilpotent elements and its one sided proper non-nil ideals are gp-near- 
fields. 

Definition [43]: If R is a ring and M is an R-module then there is exactly one way to 
extend the module multiplication ‘o ’ in (N, +) = (R, +) (D (M, +) to get an abstract 
affine near-ring namely (r, m) o (s, n) = (rs, rn + m). 

Definition [69]: Let N be a near-ring, S a non-empty subset of an N-group V. An N- 
subgroup H of V centralizes S if (h + u) a = ha + ua for all h e H, u e S and a € N. 

Definition [69]: An involution in a near-ring N (with identity) is a proper unit A that 
satisfies A = I. If N is generated by some single involution then N is an involution 
near-ring. 

Definition [18]: A group semiautomaton is an ordered triple S = (G, I, 8) where G 
is a group, I is a set of inputs and 8 : G x I —> G is a transition function. The syntactic 
near-ring of S denoted by N (S) is a subnear-ring of M(G) generated by the maps f 
where afi = 8 (a, x) together with the identity map of G. 

Definition [102]: A 6-symmetric near-ring N is called reliable if whenever 9 : 1 —>N 
is an epimorphism and I is an ideal of a near-ring A then for (x, y € I, a e A); x - y e 
Ker 9 implies ax- ay € Ker 9. 

Definition [30]: Let N be a near-ring one can define an equivalence relation on N 
by a =b if and only if na = nb for all n N. 

N is called planar if there are more than three equivalence classes and every equation 
of the form xa = xb + c has a unique solution x when a A b. 

A planar near-ring can be used to construct balanced incomplete block designs 
(BIBD) of high efficiency. By taking either rows or columns of the incidence matrix 
of such a BIBD one can obtain error correcting codes with several nice features. 

Definition [49]: An I-E group is a group which satisfies 1(G) = E(G) where 1(G) is 
the near-ring generated by all the inner automorphisms of G and E(G) is the near- 
ring generated by all the endomorphisms of G. The authors show that a semidirect 
product G = H.K of I-E groups where (\H\, \K\) = 1 and H is normal in G in an I-E- 
group if and only if projection of G onto K is in 1(G). 

Definition [50]: A group G written additively is an I-E group if 1(G) = E(G). Here 
1(G) and E(G) are near-rings additively generated by the inner automorphisms and 
the endomorphisms of G respectively. 

Definition [73]: Let G = S OZbe the direct sum of a simple non-abelian group S of 
order n, and a cyclic group Z of order q, where S contains a cyclic group of order q. 
Let E(G) be the near-ring generated by all the endomorphism of G. Let N = {a e 
E(G) / Ga ci S, Sa = {0}} Then N is an ideal of order n Uq ' 1> . 
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Definition [20]: S is a unitary non-associative zero symmetric right near-ring. L 
denotes the set of all elements in S without left inverses. U = S \ L and (A, B, C) = 
{(ab) c- a (be) / a £ A, b € B, c £ C} where (A, B, C) £ {L, S, UJ. 

Definition [27]: Let (G, +) be a group written additively not necessarily abelian, 
with identity element denoted by 0. Let T a G \ {0} and define . r by a. r b = a if b 
£ T; a fi b = 0 ifb 0 T. Then {G, +, r } is a right zero symmetric near-ring. 

Several interesting results have been carried out in this direction. 

Definition [15]: Let N be a near-ring and let No be a subset of N such that No 
generates N and NNo cyNoi suppose that Ao is a subset of No then, NAo <^Ao and Ao 
No c: A a. Then Ao is called the a -subset of N and the subnear-ring generated by Ao is 
called a a -subnear-ring N. A class B of near-rings is called cr - hereditary ofN € B. 
A a - subnear-ring E of N is a called essential in N if 0 0 A is an ideal of N implies E 
nA 0 O. 

Definition [34] : A subset S of a near-ring N is integral if S has no nonzero divisors 
of zero. IfH is an integral subset of N with the further property that N~ <^H then N is 
said to be an H- integral near-ring. 

Definition [13]: Let N be a right near-ring and G a N-group. G is called equiprime 
if NG 0 O, NO = 0 and if for each a £ N and g, g 1 e G with Ga 0 0; ang = ang 1 for all 
n £ N implies g = g 1 . The equiprime ideals of N are precisely the annihilators of 
equiprime N-groups. 

Definition [27|: A semiautomaton S = (Q, X, 8) with state set Q, input monoid X and 
state transition function 8 : Q x X —> Q is called a group semiautomaton if Q is an 
additive group. S is called additive if there is some xo e X with 8 (q, x) = 8 (q, xq) + 8 
(0, x) and 8 (q - q 1 , xq) = 8 (q xq) - 8 (q 1 , xo) for all q, q 1 £ Q and x £ X. Then there is 
some homomorphism 



ys : Q —> Q and some map 
a : X —>Q with (j> (xq) = 0 

and 8 (q, x) = y/ (q) + a (x). Let 8 x for a fixed x £ X be the map Q —> Q, q —> 8 (q, x) 
then {8 X / x £ X} generates a subnear-ring N(P) of the near-ring (m(Q), +, .) of all 
mappings on Q. The near-ring N(P) is called the syntactic near-ring of P. 

Definition [13]: Let N be a right near-ring and A an ideal or a left ideal of N. We 
define three properties as follows: 

a. A is equiprime if for any a, x, y £ N such that anx - any £ A for all n £ 
N, we have a £ A or x-y £ A. 

b. A is strongly semiprime if for each a £ AM A there exists a finite subset F 
of N such that ifx, y £ N and afic - afy £ A for allf£F then x-y £ A. 

c. A is completely equiprime if a £ N\ A and ax -ay £ A imply x-y £ A. 
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Definition [55]: A right near-ring N is a left infra near-ring if (N, +, .) is a triple 
where N is a non-empty set + and . are binary operations satisfying 

1. (N, +) is a group. 

2. (N, .) is a semigroup. 

3. For all x, y, z in N, x.(y + z) = x.y - x. 0 + x.z. 

Definition [41]: A near-ring M which satisfies the property, A an ideal of B, B an 
ideal of N and B / A = M implies A is an ideal of N for all near -rings N and subnear- 
ring A and B of N are called F near-ring. 

Definition [20]: The authors consider a left zero symmetrical near-ring R and 
subsemigroup S of R under multiplication. Let D be the normal subgroup ofR under 
addition generated by the set of differences { -(xs + ys) + (x + y)s / x, y e R; s e S}. 
Call D the defect of distributivity. D is a minimal defect if D is either {0} or minimal 
as a normal subgroup of R under addition. 

Definition [23]: The author defines weak-weakly regular near-ring. A near-ring N is 
left weak-weakly regular if eveiy x e N is of the form x = ux for some u in the 
principal ideal generated by x and is left weakly regular if every a € N is in the 
product of {Na} * {Na} = {finite sums lx * / x & y\ e Na}. 

Definition [60]: A composition near-ring is a quadruple {C, +, 0, .) where (C, +,.) 
and (C, +, o) are near-rings such that (a.b) o c = (a o b) .c for all a, b, c e C. 

Definition 3.5.1: A nonzero ideal H of G is said to be uniform if for each pair of 
ideals Ki and AT of G such that K / nK 2 = (0); Kj a II, K 2 a II implies Kj = (0) or 

K 2 = (0). 



Definition 3.5.2: An ideal H of G is said to have finite Goldie dimension (written as 
FGD) if H does not contain an infinite number of non-zero ideals of G whose sum is 
direct. 

Theorem [67]: Let G be a N-group with FGD then every nonzero ideal of G contains 
a uniform ideal. 

The proof is left for the reader. Now we proceed on to introduce a new notion called 
normal near-rings. 

Definition 3.5.3: Let N be a near-ring; an element a e N is called normal element of 
N if aN = Na. If aN = Na for every a e N then N is called a normal near-ring. Let 
n(N) denote the set of all normal elements of N. N is a normal near-ring if and only if 
nt.X) = N. 

Theorem 3.5.1: Let N be a near-ring we can have n(N) = f 

Proof. Take Z m = {0, 1, 2, ..., m-1} the set of integers modulo m. {Z m , +, .} is a near- 
ring under addition ‘+’modulo m and defined by a.b = a for all a, b e Z m , n(N) = <j>. 
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Definition 3.5.4: Let N be a near-ring. A subnear-ring S of N is called a normal 
subnear-ring with respect to a non-empty subset T of N if is = st for every t e T. In 
particular we have nS = Sn for every n e N we say S is a normal subnear-ring of N. 

Definition 3.5.5: Let N be a near-ring , a subsemigroup S of N is called a normal 
subsemigroup of S if nS = Sn for all n € N. 

Proposition 3.5.1: Let N be a near-ring and S be a normal subsemigroup of (N, .) 
then N satisfies the left ore condition with respect to S of (N, .) 

Proof N is said to fulfill the left ore condition with respect to a given subsemigroup S 
of (N, .) if for all (s, n)eSxN there exists (si, nj) e S xN; nsi = snj. Now if S is a 
normal subsemigroup then we have nS = Sn that is nsi = s^n for n e N; hence N 
satisfies the left ore condition with respect to normal subsemigroup S of (N, .). 

Definition 3.5.6: Let N be a near-ring a subnear-ring M of N is invariant with 
respect to an element a € N \ M if a M a M and Ma a M and strictly invariant with 
respect to a if aM = M and Ma = M. 

Theorem 3.5.2: A subnear-ring M of N is invariant with respect to every element a of 
N; then M is invariant subnear-ring of N. 

Proof Straightforward; left for the reader to prove. 

Theorem 3.5.3: Let N be a near-ring. A subnear-ring M is strictly invariant with 
respect to every element T in a subset in N. Then M is a normal subnear-ring with 
respect to T. 

Proof. Left for the reader to prove. 

Definition 3.5.7: A commutative near-ring N with identity is called a Marot near- 
ring if each regular ideal of N is generated by regular elements, where by regular 
ideal we mean an ideal with regular elements and a non-zero divisor of a near-ring N. 

Example 3.5.1: All near- fields are Marot near-rings. 

Theorem 3.5.4: Let G be a torsion free abelian group and N a near-field. The group 
near-ring is a Marot near-ring. 

Proof: Straightforward, hence left for the reader to prove. A near-ring N is Boolean if 
and only if for all x e N, x" = x. A near-ring N is a p-near-ring if and only if for all x 
e N; x p = x and px = 0. 

Theorem 3.5.5: Let N be a near-ring which is Boolean and is such that x.y = 0 for 
every distinct pair of elements x, y e N and S a semigroup. The semigroup near-ring 
NS is a Boolean near-ring if and only S is a semigroup such that in S for any a it aj e 
S, Ui & aj we have a, aj = 0 and a t aj = a t if a t = aj. 
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Proof. Left as an exercise for the reader to prove. It is important to note that if we 
replace the semigroup by a group and even if N is a Boolean near-ring with x = x and 
xy = 0 if x ^ y for all x, y e N; NG the group near-ring is never a Boolean near-ring 
as in G we can never have g 2 = g. 

Theorem 3.5.6: Let G be a group of finite order say n, n-odd Zi = {0, 1} be the near- 
ring. Then the group near-ring Z 2 G has nontrivial subBoolean near-rings. 

Proof. Clearly S = {0, (1 + g 2 + . . . + g n )} is a nontrivial Boolean near-ring. 

Definition [66]: Let K and I be ideals of a N -group G, K is said to be the 
complement of I if the following two conditions are true. 

1. Knl=(0)and 

2. Ki is an ideal of G such that K cKj, Kj imply Kjnl^O. 

Theorem [66]: Let G be a N-group. Fix an ideal I of G, by Zorn ’s lemma, the set of 
all ideals H of N satisfying H r I = (0) contains a maximal element say K. Again by 
Zorn ’s lemma the set of all ideals X of G satisfying I crX and X n K = (0) contains a 
maximal element say K° then we have 

a. K is complement of I, 

b. K° is a complement of K; 

c. K + I and K + K° are essential ideals and 

d. I is essential in K°. 

Proof: The proof can be had from [66] . 

Definitions [66]: 

a. A subset S of the N-group G is said to be small in G if S + K = G 
and K is an ideal of G imply K = G. 

b. G is said to be hollow if every proper ideal of G is small in G and 

c. G is said to have finite spanning dimension (FSD in short) if for 
any decreasing sequence of N-subgroups. 

Xq xoX] uXj u ... of G such that X, an ideal ofX^i ; there exists an integer k such 
that Xj is small in G for all j > k. 

Definition [65]: Suppose H and K are two N-subgroups of G. Then K is said to be 
supplement for If if II + K = G and H + Kj ^ G for any proper ideal Kj of K. 

Theorem [65]: Let H be a non-small N-subgroup of G. If every proper ideal of H is 
small in G then H is hollow. 

Proof. Left for the reader to refer [65] 

Theorem [65]: If G has FSD, then every non-small N-subgroup H of G contains a 
hollow N-subgroup which is non-small in G. 
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Several more results can be had from [65]. Now we proceed on to define a new class 
of near-rings called near semilattices [85]. 

Definition [85]: Let L be a lattice with 0 and 1. The new product is defined on L x p 
L as 

1. aj, a, bj, b <e L we have (a, b) u(aj, b/J = (a/ uaj, bubf 

2. (a,b) n (aj, bj) = (a nbi, b naj) (‘u’ and W can also be inter changed). 
Clearly (0, 0) and (1, 1) are the least and the greatest elements of L x p L. 
Obviously L x p L is not a lattice; we call this structures (L x p L, u, n) a near- 
semi lattice. 

Definition [85] : Let L be a lattice, if we define a new product on L x q L as 

1. L x n L = {(a, b) / a, b e L}. 

2. For (a, b), (c, d) € L x n L (a, b) u(c, d) = (a ud, b uc). 

3. (a, b) n (c, d) = (a n d, b n c). 

then we call L x 9 L a quasi near semilattice. For this also (0, 0) acts as the least 
element and (1, 1) acts as the greatest element. If lattice L is distributive we get a near 
semilattice to be a seminear-ring. 

Example 3.5.2 : Let L = {0, 1} be the two element lattice L x p L = {(0,0) (1, 0) (0, 1), 
(1, 1)}. Clearly L x p L is a semilattice with respect to n (or ‘u’) but not even a 
semilattice under ‘u’ (or n) L x p L = {(0, 0), (1, 0), (0, 1), (1, 1)} is the quasi near- 
semilattice. 

Theorem [85]: Let L x p L, L x q L be the near semilattice and quasi near semilattice 
where L has 0 and 1. Then L x p L and L x q L have nontrivial idempotents. 

Proof. Obvious from the fact (x, x) under the operation u, n are idempotents. It is 
very important to note no other elements other than elements of the form (x, x) are the 
only idempotents. 

Example [85]: Let L = {0, 1}; L x p L, be the near semilattice {L x p L, u, n} has the 
following diagram: 




Figure 3.5.1 
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Definition [85]: Let L and L 1 be any two lattices L x p L and L 1 x„ L 1 be near 

l i F ^ 

semilattices. A map 0 from L x p L to L x p L is called a near semilattice 
homomorphism if 

0 ((a, b) u(c, d)) = 0 (a 1 b 1 ) u 0(c d 1 ) and 

0 ((a, b) n (c, d)) = 0 (a 1 b 1 ) n 0 (c 1 d 1 ) 

for all (a, b), (c, d) € L x p L and (a 1 , b 1 ), (c , d 1 ) e L 1 x p L 1 . Clearly 0(0, 0) = (0, 0) 
and 0(1,1) = (1,1). 

Definition [85]: Let L be a lattice L x p L be a near semilattice of L. S a proper 
subset ofL x p L is called a subnear-semilattice if (S, u, n) itself a near semilattice. 

Also if S 1 is a sublattice of L then S = S 1 x p S 1 is also a subnear semilattice. This study 
becomes interesting when the lattices under study are distributive so that L x p L 
becomes a seminear-ring. 

Finally we introduce yet another structure about seminear-rings, which we call as 
seminear pseudo rings (SNP-ring). 

Definition 3.5.8: Let P be a non-empty set on which is defined two binary 
operations © and O satisfying the following conditions: 

a. For all p, q e P, p ©q e P. 

b. p © p = e for all p e P, e is called the one sided identity in P with 
respect to the operation ©. 

c. p © e = p for all p e P. 

d. p © q ^q ©p forp, q e P. 

e. (p © q) © r^p © (q ©r), in general forp, q, r e P. 
f p 0 q e P for all p, q e P. 

g. p 0 p = e 1 , e 1 e P is the one sided identity with respect to 0 for 
all p e P. 

h. p 0 q # q 0 p forp, q e P. 

i. p 0 (q 0 r) ^(p 0 q) 0rforp, q, r eP. 

j. (p©q)0r=p0r©q0 rfor all p, q, r e P. 

Then (P, ©, 0) is called a seminear pseudo ring. 

Example 3.5.3: Q be the field of rationals; define on Q '©' as the usual and © as 
p © q = p © q' 1 . It is easily verified (Q, © , ©) is a SNP-ring. 

Example 3.5.4: Let D be a division ring of characteristic 0. Define p© q = p- q,p 
©q= — ,(q^0), p©0 = 0. Clearly (D, ©, ©) is a SNP-ring. 

q 

Definition 3.5.9: Let (R, ©, 0) be a SNP-ring. A proper subset S cR is said to be a 
SNP -subring of Rif (S, ©, 0) is a SNP-ring. 
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Definition 3.5.10: Let (R, 69, 0) be a SNP-ring. A nonempty subset I of R is called 
the SNP-ideal if 

1. For all p, q e I, p 0 q e I. 

2. 0 €l. 

3. For all p € I and r € R we have p Or or r Op e I. 

Definition 3.5.11: Let (R, 69, O) be a SNP-ring if (a 69 b) O c = a Oc 69 b Oc 
for all a, b, c € R; then R is a quasi SNP-ring. 

Theorem 3.5.7: Every SNP-ring is a quasi SNP-ring and not conversely. 

Proof. Straightforward by the very definition. 

Definition 3.5.12: Let (R, 0, 0) and (Q, 0, 0) be two SNP -rings. A SNP-ring 
homomorphism (j> form (R, 0, 0) to (Q, 0 1 , 0 ') satisfies the following operational 
rules 

1. (f> (r 0 s) = (/> (r) 0 1 (j) (s). 

2. <f> (0) = 0. 

3. </> (r O s) = </> (r) O 1 <j>(s). 

4. <f> (e) = e 1 where e and e 1 are the identities of R and Q respectively. 

The kernel of the SNP-ring homomorphism and the concept of isomorphism are 
defin ed as for in case of rings. 

Problems: 

1 . Give an example of a weakly divisible near-ring. 

2. Does the near-ring Z 14 have a normal element? 

3. Does Z 24 have a normal subnear-ring? 

4. Find an example of a near-ring which is normal. 

5. Is Z 32 a Marot near-ring? 

6 . Give an example of a near-ring which is Boolean. 

7. Does there exists a finite SNP-ring? Substantiate your claim. 
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Chapter Four 

SMARANDACHE NEAR-RINGS 



In this chapter we introduce the concept of Smarandache near-rings (S-near-ring) and 
introduce several of the properties in near-rings to the S-near-rings. The study of S- 
near-rings is very recent [99]. The near-rings introduced in this chapter will be called 
as S-near-rings of level I. S-near-rings of level II will also be introduced in the next 
chapter. Throughout this chapter by a S-near-ring we mean only S-near-rings of level 
I. All near rings and S-near rings in this book will only be right near-rings. This 
chapter has five sections. In section one we define S-near-rings and give examples; 
Smarandache N-groups are introduced in section two. In section three Smarandache 
direct product and Smarandache free near-rings defined and described. The concept of 
Smarandache ideals in near-rings is introduced in section four and in the final section 
we give the notion of S-idempotents and Smarandache modularity. 



4.1 Definition of S-near-ring with examples 

In this section we define S-near-rings, Smarandache subnear-rings and illustrate them 
with examples. We do not claim by any way that we have exhausted all Smarandache 
analogous for near-rings. The only aim of this book is to introduce S-near-rings and 
define some properties and leave the rest of the work for any innovative researcher/ 
student to pursue the research on Smarandache notions about near-rings. 

Definition 4.1.1: N is said to be a Smarandache near-ring (S-near-ring) if (N, +, .) 
is a near-ring and has a proper subset A such that (A, +, .) is a near-field. 

Example 4.1.1: Let Zi = {0, 1} be the near-field. Take any group G such that ZiG is 
the group near-ring of the group G over the near-field Z 2 . ZiG is a S-near-ring as Z 2 c 
Z 2 G and Z 2 is a near-field. 

It is important to note that in case of S-near-rings we can get several or a new class of 
S-near-ring by using group near-rings and semigroup near-rings using basically the 
near-field Z 2 or any Z p . 

Example 4.1.2: Let Z 2 = {0, 1} be a near-field and S(n) any symmetric semigroup. 
The semigroup near-ring Z 2 S(n) is a S-near-ring. This S-near-ring can be of any order 
finite or infinite depending on the order of the group or the semigroup which is used. 
Similarly they can be commutative or non-commutative which depends basically on 
the groups and semigroups. 

Definition 4.1.2: Let (N, +, .) be a S-near-ring. A non-empty proper subset T of N is 
said to be a Smarandache subnear -ring (S-subnear ring) if (T, +, .) is a S-near-ring; 
i.e. T has a proper subset which is a nearfield. 



67 




Example 4.1.3: Let Z 2 be the near-field. S n be the symmetric group of degree n. Z 2 S n 
is the group near-ring. Clearly Z 2 H is a S-subnear ring where 



H= 1 = 



1 2 3 
1 2 3 



P 4 = 



1 2 3 

2 3 1 



P 5 = 



1 2 3 
3 1 2 



is a subgroup of S n and Z 2 c= Z 2 H. Hence the claim. 

Example 4.1.4: Let M 2x 3 = {(ay) / ay e Z 2 = {0, 1} the near- field} be the collection of 
all 3 x 3 matrices. under the usual matrix addition, and multiplication defined as 
from Z 2 makes a near-ring which is also a S-near-ring. This has also S-subnear- 
rings which are nontrivial. 

Example 4.1.5: Z 2 be the near-field. Z 2 [x] is a S-near-field. By taking p(x).q(x) = p(x) 
for all p(x), q(x) e Z 2 [x] we see (Z 2 [x], +, '.') is a S-near-ring. Z 2 [x] has nontrivial S- 
subnear-rings. 

Problems: 

1. Find a S-near-ring of order 32. 

2. Does their exist a S-near-ring of order 17? Justify your answer. 

g 

3. Is the group near-ring Z 2 G where Z 2 is a near- field and G = (g/g =1), a S-near- 
ring? 

4. Does there exist at least two nontrivial S-subnear-rings of the near-ring given in 
problem 3? 

5. Let M 4x4 = {(ay) / ay e Z 2 - Z 2 a near- field} prove M 4x4 is a S-near-ring. Find a S- 
subnear-ring in M 4x4 . What is the order of M 4x4 ? 

6. Prove S = Z 2 x Z 2 is a S-near-ring where Z 2 is the near-field. Can Z 2 x Z 2 have S- 
subnear-rings? 

7. Let Z n = {0, 1, 2, ..., n-1}, (Z n , +) is a group and define product as a.b = a for all 
a, b e Z n . Is (Z n , +, .) a S-near-ring? 



4.2Smarandache N-groups 

In this section we introduce a concept analogous to N-groups in a near-ring the 
Smarandache N-groups (S-N-groups). We define and illustrate them with examples 
and proceed onto define S-ideals of a near-ring and Smarandache homomorphism (S- 
homomorphism) of near-rings. 

Definition 4.2.1: Let (P, +) be a S-semigroup with zero 0 and let N be a S-near-ring. 
Let p : N x Y —> Y where Y is a proper subset of P which is a group under the 
operations ofP. (P, ju) is called the Smarandache N-group (S-N-group) if for ally € Y 
and for all n, nj e N we have (n + nj) y = ny + itjy and (nnf y = n(n, y). S (hf) 
stands for S-N-groups. 
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Definition 4.2.2: A S-semigroup M of a near-ring N is called a Smarandache-quasi 
subnear-ring (S-quasi subnear-ring) of N if X cr M where X is a subgroup of M which 
is such that X.X <gX. 

Theorem 4.2.1: IfN has a S-quasi subnear-ring then N has a subnear-ring. 

Proof. Obvious by the very definitions of these concepts. 

It is noteworthy to state that the existence of a subnear-ring in a near-ring need not in 
general be a S-quasi subnear-ring. 

Definition 4.2.3: A S-subsemigroup Y of S(N P ) with NY a Y is said to be a 
Smarandache N-subgroup (S-N-subgroup) ofP. 

Definition 4.2.4: Let N and Nj be two S-near-rings. P and Pj be S-N-subgroups. 

a. h : N Nj is called a Smarandache near-ring homomorphism (S-near-ring 
homomorphism) if for all m, n e M (M is a proper subset of N which is a near- 
field) we have 

h (m + n) = h(m) + h(n), 
h (mn) = h(m) h(n) where h (m) and 

h (n) € Mi (Mi is a proper subset ofNi which is a near-field) .It is to be noted that 
h need not even be defined on whole of N. 

b. h : P —> P] is called the Smarandache N-subgroup-homomorphism (S-N- 
subgroup-homomorphism) if for all p, q in S (S the proper subset of P which is a 
S-N-subgroup of the S-semigroup P) and for all m e M <^N (M a subfield of N) h 
(p + q) = h (p) + h (q) and h (mp) = mh (p); h(p), h(q) and mh(p) e Sj (S/ a 
proper subset of Pi which is a S-Ni subgroup of S-semigroup Pf. 

Here also we do not demand h to be defined on whole of P. 

Definition 4.2.5: Let N be a S-near-ring. A normal subgroup I of (N, +) is called a 
Smarandache ideal (S-ideal) of N related to X if 

a. IX <g I. 

b. Vx, y e X and for all i e I; x (y + i) - xy e I, 
where X is the near-field contained in N. 

A subgroup may or may not be a S-ideal related to all near-fields. Thus while defining 
S-ideal it is important to mention the related near-field. 

Normal subgroup T of (N, +) with (a) is called S-right ideals of N related to X while 
normal subgroups L of (N, +) with (b) are called S-left ideals of N related to X. 
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Definition 4.2.6: A proper subset S of P is called a Smarandache ideal of S(Lf) (S- 
ideal of S(N) P ) related to Y if 

1. S is a S-normal subgroup of the S-semigroup P. 

2. For all si e S and s € Y (Y is the subgroup of P) and for all m e M (M the 
near-field of N) 

n ( s + Sj) - ns € S. 

A S-near ring is Smarandache simple (S-simple) if it has no S-ideals. S(hf) is called 
Smarandache N-simple (S-N-simple) if it has no S-normal subgroups except 0 and P. 

Definition 4.2.7: A S-subnear-ring M of a near-ring N is called Smarandache 
invariant (S-invariant) related to the near-field X in N if M X a M and X M a M 
where X is a S-near-field of N. Thus in case of Smarandache invariance it is only a 
relative concept as a S-subnear ring M may not be invariant related to every near- 
fields in the near-ring N. 

Definition 4.2.8: Let X and Y be S-semigroups of S(N P / ). (X: Y) = (n M / nY <^X} 

where M is a near-field contained in N. (0, x) is called the Smarandache annihilator 
(S-annihilator) ofX 

Problems: 

1 . Is the near-ring Z n under usual addition and multiplication defined by m.p = m for 
all m, p e Z n . 

a. A-S-near-ring? 

b. Does Z n have S-quasi subnear-ring? 

c. Find the S-N-subgroup for Z n . 

2. Find the order of the smallest S-near-ring (It is well known Z 2 is the smallest near- 
ring). 

3. Prove N = Z 2 x Z 9 x Z 5 is a S-near-ring. 

4. Construct a S-homomorphism between N and Ni where N = Z 2 x Z 7 and N 2 = Z x 

z 2 . 

5. Find the S-ideal for N given in problem 3. 

4.3 Smarandache direct product and Smarandache free near-rings 

In this section we define Smarandache direct product (S-direct product) of near-rings 
and introduce the concept of Smarandache free near rings (S-free near rings) and 
several related concepts are defined and it is left for the reader to develop more results 
and theorems based on these definitions. 

Definition 4.3.1: Let {Ni} be a family of near-rings which has at least one S-near- 
ring. Then this direct product Nj x ... x N r = X N t with component wise defined 

iel 

operations ‘+ ’ and ‘ ’ is called Smarandache direct product (S-direct product) of 
near-rings. 
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Theorem 4.3.1: The S-direct product of near ring is a S-near-ring. 

Proof. Follows from the fact in the product at least one of the N; is a S-near-ring. 

Example 4.3.1: Let N = Z 2 x Z x Z 3 x Z 7 be the S-direct product of near-rings. N is a 
S-near-ring. 

Definition 4.3.2: The S-subnear-ring of the S-direct product XN t consisting of 

iel 

those elements where all components except a finite number; equal to zero, is called 
the Smarandache (external) direct sum (S-direct sum) ®N j of the Nj’s. 



More generally every S-subnear-ring N of X AT. where all projection maps n\ (i e I) 

iel 

are surjective (in other words for all i e I and for all n, e N,: iij is the i th component of 
some element of N) is called the Smarandache subdirect product (S-subdirect product) 
of the Nj’s. 

Note we would be defining Smarandache mixed direct product of near-rings which 
will be different from these; as the sole motivation of defining Smarandache mixed 
direct product is to define Smarandache near-rings of several levels. 

Theorem 4.3.2: If N = 69 A) is the S-external direct sum of near-rings then N is a S- 
near-ring. 

Proof Follows from the very definition of S-extemal direct sum. 

Definition 4.3.3: Let N be a near-ring and S a S-subsemigroup of (N, +). The near- 
ring N s is called the Smarandache-near-ring of left (right) quotients (S-near-ring of 
left (right) quotients) of N with respect to S if 

a. N s has identity. 

b. N is embeddable in N s , by a homomorphism h. 

c. For all s e S; h(s) is invertible in (N s , .). 

d. For all q e N s , there exists s € S and there exist n e N such that q = h(n) 
h(sf 1 (q = h(s)' 1 h(n)). 

The problem whether N s is a S-near-ring is left as an open problem. 

Definition 4.3.4: The near-ring N is said to fulfil the Smarandache left (right) ore 
conditions (S-left(right) ore condition) (ore (1)) with respect to a given S- 
subsemigroup P of (N, .) if for (s, n) e S xN there exists nsi = sn\ (syr = n is). 

Theorem 4.3.3: If a near-ring N satisfies S-left (right) ore condition with respect to 
S-subsemigroup P then the near-ring N fulfils left (right) ore condition (ore (1)) with 
respect to a given subsemigroup P of (N, .). 
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Proof. Obvious by the very definitions. The reader is advised to find an example of 
near-ring N which fulfills left (right) ore condition (ore (1)) with respect to 
subsemigroup P of (N, .) but does not satisfy S-left (right) ore condition. 

Definition 4.3.5: IfS = {s e N / s is cancellable}, the N$ if it exists and if N$ is a S- 
near-ring then N s is called the Smarandache left (right) quotient (S-left(right) 
quotient) near-ring ofN. 

Theorem 4.3.4: If Ns is a S-quotient near-ring then Ns is a quotient near-ring. 

Proof. Obvious by the very definition. 

ft is once again an interesting problem to obtain a necessary and sufficient condition 
for a left (right) quotient near-ring N to be a S-quotient near-ring. 

Let S(V) denote the collection of all S-near-rings and X be any nonempty subset 
which is S-semigroup under ‘+’ or V. 

We define Smarandache free near-ring as follows. 

Definition 4.3.6: A S-near-ring F x € S(V) is called a Smarandache free near-ring 
(S-free near ring) in V over X if there exist f : X —>F for all N e V and for all g : X —> 
N there exists a S-near-ring homomorphism h e S (Horn F x , N) [Here S (Horn (F x , N)) 
denotes the collection of S-homomorphism form F x to N] such that h of = g. 

Theorem 4.3.5: Let F x be a S-free near-ring then F x is a free near-ring. 

Proof. Obvious by the very definition. 

Problems: 

1 . Give an example of a near-ring which is not a S-near-ring. 

2. Is N = Z 5 x Z 7 x Z 3 a S-direct product? Justify your answer. 

3. Prove N = Z 2 x Z is a S-direct product. 

4. Is Z 2 = {0, 1} a S-near-ring? 

5. Let N = Z 2 x Z 12 ? Choose S = Z 2 x {0, 2, 4, 6 , 8 , 10} which is a S-subsemigroup 
of (N, +). Find N s . 

6 . Is N s given in problem 5 a S-near-ring? 

7. Give an example of a S-free near-ring. 

4.4 Smarandache ideals in Near-rings 

In this section we introduce the notion of Smarandache internal direct sum, 
Smarandache normal sequence, Smarandache prime ideal, Smarandache semiprime 
ideal and the concept of Smarandache nilpotent elements and Smarandache nilpotent 
ideals in a near-ring. We illustrate this by examples and give some interesting related 
results, we propose several problems as we except the reader to get involved in this 
Smarandache concepts about near-rings. 
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Definition 4.4.1: N be a near-ring {Sfik e k be the collection of all S-ideals of 
N.^S k = Sj + ... + S n + ... is called the Smarandache internal direct sum (S-internal 

kzK 

direct sum) if each element of ESk has a unique representation as a finite sum of 
elements for different Sfs. 

Theorem 4.4.1: If the near-ring has S-internal direct sum then it has internal direct 
sum. 

Proof Follows by the very definition of the two concepts. 

Definition 4.4.2: Let I be an S-ideal of the near-ring N. I is called a Smarandache 
direct summand (S-direct summand) of N if there exists an ideal J such that N = I +J. 
I is called a Smarandache strong direct summand (S-strong direct summand) of N if 
there exists a S-ideal J such that N = I + J. 

Theorem 4.4.2: If the S-ideal I of N is a S-strong direct summand then it is a S-direct 
summand. 

Proof. Left for the reader as an exercise. 

Theorem 4.4.3: If the S-ideal I of N is a S-strong direct summand or S-direct 
summand then obviously I is a direct summand. 

Proof. The reader is requested to prove using the definitions. 

Definition 4.4.3: A finite sequence N = No cd Nj id N 2 cd ... u N„ = {0}of S-subnear- 
rings Nj of N is called a Smarandache normal sequence (S-normal sequence) of N if 
and only if for all i e {1, 2, ..., n}, Nj is an S-ideal ofNj-i. In the special case that all 
Nj is an S-ideal of N then we call the normal sequence an Smarandache invariant 
sequence; (S-invariant sequence) and n is called the Smarandache length (S-length) 
of the sequence and Nj / Nj are called the Smarandache factors (S-f actors) of the 
sequence. 

Definition 4.4.4: Let N be a near-ring. N is called Smarandache decomposable (S- 
decomposable) if it is the direct sum of non trivial S-ideals or if it has non trivial direct 
summand. Other-wise it is S-indecomposable. Thus even if it is indecomposable yet not 
as S-ideals then it is still S-indecomposable. 

Definition 4.4.5: Let P be a S-ideal of the near-ring N. P is called Smarandache 
prime ideal (S-prime ideal) if for all S-ideals I and J of N, I.J ci P implies I a P or J a 
P. 

Theorem 4.4.4: Let N be a near-ring if P is a S-prime ideal then P is a prime ideal. 
Proof. Easily proved. 

If P is not in general a S-prime ideal even if P is a prime ideal. The study of finding 
these would be an interesting problem. 
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Definition 4.4.6: Let P be an S-ideal in N, P is Smarandache semiprime (S- 
semiprime) if and only if for all S-ideals I of N I 2 c P implies I c P. 

Definition 4.4.7: Let I be a S-ideal of N; the Smarandache prime radical (S-prime 
radical) of I denoted by S (P (I)) = Q P . Thus if S (P (I)) is a S- prime radical then it 

I c P 

has prime radical. 

Definition 4.4.8: Let N be a near-ring. A nilpotent element 0 e N is said to be a 
Smarandache nilpotent element (S-nilpotent element) if 'x n = 0 and there exists y e R \ 
{0, x} such that x y = 0 oryx = 0, r, s, > 0 and y" # 0 for an integer m > 1. 

Theorem 4.4.5: Let N be a near-ring 0 & x e N is S-nilpotent then x is nilpotent. 

Proof. Obvious by the very definition. 

Definition 4.4.9: Let S be a S-ideal we say S a N is nilpotent if S k = {0}. S cr N is 
called Smarandache nil (S-nil) if for all s e S, s is S-nilpotent. 

Problems: 

1. Give an example of a near-ring which has S-nilpotents and S-nil ideals. 

2. Let N = Z 2 x Z 7 x Z. 

a. Find an S-ideal in N. 

b. Will N be a S-strong direct summand? 

3. Given N = M 3 X 3 = {(a,,) / a,j e Z 2 } where Z 2 is a near-ring. N is near-ring: 

a. Can N have a S-normal sequence? 

b. Is N, S-decomposable? 

c. Can N have S-prime ideals? 

4. Let N = M 5x5 = {(ajj) / a;j e Z 2 x Z 2 } be a near-ring. 

a. Does N have any S-semiprime ideal? 

b. Find a semiprime ideal in N which is not S-semiprime. 

5. Find for the near-ring N given in problem 4. 

a. S-ideals. 

b. Ideals which are not S-ideals. 

c. Nilpotent elements which are not S-nilpotents. 

d. Prime ideals which are not S-prime ideals. 

e. Is N decomposable or S-decomposable? 



4.5 Smarandache Modularity in near-rings 

In this section we introduce the concept of Smarandache idempotents (S-idempotents) 
as this is the basic notion needed for the definition of Smarandache modular ideals 
and other related concepts. Using the concept of S-idempotents we develop 
Smarandache biregular and Smarandache prime radical and obtain some interesting 
results about them. 
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Definition 4 . 5 . 1 : Let N be a near-ring. An element 0 ^ x € N is a Smarandache 
idempotent (S-idempotent) ofR if 

2 

a. x = x. 

b. There exist a eN\{x, 1, 0} (if N has 1). With 

1. a ~ = x and 

2. xa = a (ax = a) or ax = x (xa = x) 
or in (b,2) is in the mutually exclusive sense. 

The element a e N is called the Smarandache co-idempotent (S-co-idempotent) . 

Definition 4 . 5 . 2 : Let P be a S-left ideal of a near ring N. P is called Smarandache 
modular (S-modular) if and only if there exists a S-idempotent e e N and for all n e 
N; n - ne € P. 

In this case we also say that P is S-modular by e and e is right identity modulo P since 
for all n e N, ne = n (mod p). 

Theorem 4 . 5 . 1 : Let N be a near-ring. If x e N is a S-idempotent then x is an 
idempotent. 

Proof. Obvious by the very definition of these concepts. 

Theorem 4 . 5 . 2 : Let N be a near-ring. IfP is S-modular than P is modular. 

Proof. Follows from the definition and theorem 4.5.1. 

Definition 4 . 5 . 3 : For z e N denote the S-left ideal generated by set jn - nz / n e Nj 
by S(LJ. Note that for L = N, z = 0. 

Definition 4 . 5 . 4 : z € N is called Smarandache quasi regular (S-quasi regular) if z e 
L z . An S-ideal P c: N is called S-quasi regular if and only if for all s e S, s is S-quasi 
regular. 

Definition 4 . 5 . 5 : Let E be the set of all S-idempotents on N. A set E of S-idempotents 
is called orthogonal if ef = 0 e ^f. e, f e E. 

Definition 4 . 5 . 6 : Let N be a ring. An S-ideal is said to be Smarandache principal 
ideal (S-principal ideal) if it is generated by a single element. 

Definition 4 . 5 . 7 : A ring R is said to be Smarandache biregular (S-biregular) if each 
S-principal ideal is generated by an idempotent. 

Definition 4 . 5 . 8 : Let N be a near-ring. N is said to by Smarandache biregular (S- 
biregular) if there exists some set E of central S-idempotents with 

a. For all e e N; Ne is an S-ideal of N. 
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b. For all n € N there exists e € E; Ne = (n) (principal ideal generated by n). 

c. Foralle,f€E e+f=f+e. 

d. For all e,f € E, ef e E and e + f- ef € E. 

Definition 4.5.9: Let I be an S-ideal. The intersection of all S-prime ideal P, such 
that I c: P is called the Smarandache prime radical (S-prime radical) of I, i.e. S(I) = 

rv- 

/ c. P 



Theorem 4.5.3: Let I be a S-ideal of N. S(I) be the S-prime radical of I then S(I) is a 
prime radical of I. 

Proof Obvious by the very definition of these two concepts. 

The study of when will a prime radical be a S-prime radical is an innovative one. 
Problems: 



1 . Give an example of a near-ring N in which no idempotent is an S-idempotent. 

2. Find a near-ring N so that every idempotent of N is a S-idempotent. 

3. Let N = Z 2 x Zt x Z 2 

a. Does N contain a S-ideal P which is S-modular? 

b. Does N contain an ideal P which is modular? 

4. Can M 3 X 3 = {(ay) / a; e Z 2 } have S-ideals which are S-modular? 

5. a) Find an ideal I in given in problem 4 so that S(I) is a S-prime radical off 
b) Can M 3 X 3 be S-biregular? 
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Chapter Five 

SPECIAL PROPERTIES OF 
CLASSES OF SMARANDACHE 
NEAR-RINGS AND ITS 
GENERALIZATIONS 



In this chapter we introduce several new classes of Smarandache near-rings and their 
generalizations; all new concepts in near-rings and seminear-rings are introduced to S- 
near-rings and S-seminear-rings. This chapter has five sections. In section one we 
introduce five types of Smarandache mixed direct products which will pave way for 
several types of S-near-rings and S-seminear-rings. Section two is used to define 
special classes of S-near-rings like S-IFP near-ring etc. The study of Smarandache 
group near-rings is introduced in section three, section four studies S-seminear-ring 
and their generalizations. The final section is devoted to the study of special 
properties in S-near-rings. 



5.1 Smarandache mixed direct product of near-rings and seminear rings 

This section is completely devoted to the introduction of Smarandache mixed direct 
product of near-rings. Only by defining these Smarandache mixed direct product we 
are able to define several levels of S-near rings and S-seminear-rings and S-quasi 
seminear-rings. We illustrate them with examples and denote how each of these S- 
mixed products yield different levels of S-near-rings and S-seminear-rings. 

Definition 5.1.1: Let N = Nj x N 2 x ... x N„ be the Smarandache mixed direct 
product I (S-mixed direct product I) of seminear-rings and near-rings where N t 's are 
from the classes of near-rings and seminear-rings which we call as S-mixed direct 
product I. 

The use of S-mixed direct product I is two-fold. 

Theorem 5.1.1: Let N = Nj XN 2 x ... xN n be S-mixed direct product I, then N is a S- 
seminear-ring. 

Proof. Obvious by the very definition. 

Theorem 5.1.2: Let N = Nj x ... x N r be S-mixed direct product I, then N has S- 
subnear-rings and S-ideals. 

Proof. Direct by using definitions. 
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Definition 5.1.2: Let N = Ni x N 2 x ... x N r where some N/s are near-rings and 
some of them are near-fields. Then this Smarandache mixed direct product of near- 
rings is called S-mixed direct product II. 

It is easily verified that S-mixed direct product II gives S-near-rings. Further these S- 
mixed direct product II when r > 2 can give S-subnear-rings. It is also useful in 
getting S-N groups. It paves way for S-quasi subnear-rings. 

It is also useful to define notions like S-invariant subnear-rings related to near-field as 
we can take in the S-mixed direct product II more than one near-field. It is pertinent to 
mention here that S-mixed direct product near-rings I and II are entirely different from 
S-direct product of near-rings. Thus we can say a S-mixed direct product of near-rings 
is a S-direct product if and only if one of the N; is a S-near-ring. 

Thus if we assume none of the N; is a S-near-ring then certainly the S-mixed direct 
product I or II is a S-near ring but the product is never a S-direct product of near- 
rings. But they are S-near-rings or S-seminear-ring but they are different in their own 
ways. Now we call these S-near-rings and S-seminear-rings as level I. Now we 
proceed on to define Smarandache near-rings and Smarandache seminear-rings of 
level II. 

Definition 5.1.3: Let N = Nj x ... x Ay be the Smarandache mixed direct product III 
(S-mixed direct product III) of near-rings and rings i.e. some of the N/s are rings and 
certainly some N/s are near-rings. N is not a S-near-ring unless one of the N/s is a 
near-field. 

We now define Smarandache near-ring of level II. 

Definition 5.1.4: Let N be a near-ring. N is said to be a Smarandache near-ring of 
level II (S-near-ring II) if N has proper subset P, P <^N where P is a ring. 

Thus we see S-mixed direct product II is always a S-near-ring II. We see only by this 
we can get S-near-ring II for it is not easy to obtain subset in a near-rings which are 
rings. We see S-near-ring I and S-near-ring II are in general not related; they happen 
to be two distinct classes. 

Definition 5.1.5: Let N = Nj x ... x N, where some of the N/s are the seminear-ring 
and some of them are semirings then N is called the Smarandache mixed direct 
product IV (S-mixed direct product IV) of seminear-rings. 

The S-mixed direct product IV paves way for the following definition. 

Definition 5.1.6: Let N be a seminear-ring. N is said to be a Smarandache 
seminear-ring of level II (S-seminear-ring of level II) if N con tains a proper subset P 
which is a semiring. Clearly the S-mixed direct product IV gives S-seminear-ring II. 

Here also we wish to state that by no means in general S-seminear-ring I and S- 
seminear-ring II are related in fact they are disjoint notions but not totally disjoint 
which is seen by the following example. 
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Example 5.1.1: Let N = Z° x Z 15 where Z° = Z + u {0} is a semiring under usual '+' 
and (Z15 , 'x', is a seminear-ring. Clearly N is a S-seminear-ring II. This is also a 
S-seminear-ring I as Z 15 has a proper subset P where P is a near-ring. 

Thus we cannot say in general that a S-seminear-ring I is never a S-seminear-ring II. 

To obtain a Smarandache pseudo seminear-ring we are not in any position to construct 
S-mixed direct products. It is interesting to note that in case of non-associative near- 
rings (NA-near-rings) and non-associative seminear-rings (NA-seminear-rings) every 
S-mixed direct product of various types helps us to build S-NA-seminear-rings and S- 
NA-near-rings. 

Definition 5 . 1 . 7 : Let N = Ni x N 2 x ... x N n be the Smarandache mixed direct 
product V (S-mixed direct product V) of non-associative seminear-rings, rings and 
non-associative near-rings. Clearly N is a S-quasi near-ring. 

Thus using this S-mixed direct product V we get a class of S-quasi near-rings. If we 
include semirings in the S-mixed direct product we can get S-quasi seminear-rings. 

Thus whenever we need these S-mixed direct products we would be using them, but 
what is more important is that we are not able to construct by any natural means NA- 
near-ring or NA-seminear-rings. The only way is that we get NA-near-rings and NA- 
seminear-rings by building near loop-rings and groupoid near-rings, loop seminear- 
rings and groupoid seminear-rings. 

Problems: 



1. Let N = QxZ 15 xZi (where Z 2 is the near-field, Q the field of rationals and Z 15 a 
seminear-ring) be the S-mixed direct product. Find whether N is a S-near-ring I or 
a S-seminear-ring I or S-near-ring II or S-seminear-ring II? 

2. Let N = Z 3 x Z° x Z 18 be the S-mixed direct product, where Z 3 is the prime field 
of characteristic 3, Z° the semiring and a seminear-ring. Is N a S-mixed direct 
product I, or II, or III, or IV, or V or none? Does N have S-seminear-rings and S- 
near-rings? Justify your answers. 



3. Let Z 16 G be the groupoid seminear-ring of the groupoid G over the seminear-ring 
Z 16 . The groupoid G is given by the following table: 



* 


a 


b 


c 


d 


a 


a 


c 


a 


c 


b 


a 


c 


a 


c 


c 


a 


c 


a 


c 


d 


a 


c 


a 


c 



Is Z 16 G a S-near-ring? Is Zj 6 G a S-seminear-ring ? Is Z^G at least a S-quasi 
seminear-ring? 
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4. Let N = Zio x Zg x Z 2 be the S-mixed direct product of near-ring Z 10 , Zg seminear- 
rings and Z 2 the field of characteristic 2. Is N a S-near-ring? Is N a S-seminear- 
ring? 

5. Let N be a S-mixed direct product of N = Z° x Z 12 x Z p where Z° is a semiring, Z p 
a field and Z 12 a seminear-ring. Is N a S-quasi near-ring? Is N a S-quasi seminear- 
ring? Substantiate your claim. 

6. Give an example of a S-quasi seminear-ring which is not a S-quasi near-ring. 

7. Give an example of a S-seminear-ring which is not a S-near-ring. 



5.2 Special Classes of Smarandache near-rings 

In this section we introduce some basic well-known classes of near-rings which are S- 
near-rings. We do not claim to give all the results pertaining to them. We provide only 
the main definitions and leave the rest for the reader to develop. Concepts like S-IFP, 
S-n-ideal near-rings, S-LSD near-rings and S-equiprime near-rings are introduced. 

Definition 5.2.1: Let N be a S-near-ring. N is said to fulfil the Smarandache 
insertion of factors property (S-IFP for short) if for all a, b € N we have a.b = 0 
implies anb = 0 for all n € P, P zN, where P is a near-field. 

We say N has S-strong IFP property if every homomorphic image of N has the IFP 
property or we redefine this as: 

Definition 5.2.2: Let N be a S-near-ring and I a S-ideal of N. N is said to fulfil 
Smarandache strong IFP property (S-strong IFP property) if and only if for all a, b e 
N, ab € I implies anb € I where n e P, P zN and P is a near-field. 

Definition 5.2.3: Let p be a prime. A S-near-ring N is called a Smarandache p-near- 
ring (S-p-near-ring) provided for all x € P, xf = x and px = 0, where P zN and P is a 
semifield. Clearly if N is itself a p-near-ring and N is a S-near-ring then N will 
trivially be a S-p-near-ring. Conversely if N is a S-p-near-ring N in general need not 
be a S-p-near-ring. 

Definition 5.2.4: Let N be a near-ring. A S-right ideal I of N is called Smarandache 
right quasi reflexive (S-right quasi reflexive) if whenever A and B are S-ideals of N 
with AB zl, then b(b' + a) -bb' € I for all a € A and for all b,b'eB. 

Definition 5.2.5: Let N be a near-ring. N is said to be Smarandache strongly 
subcommutative (S-strongly subcommutative) if every S-right ideal of it is S-right 
quasi reflexive. 

Definition 5.2.6: Let N be a near-ring. S a S-subnormal subgroup of (N, +). S is 
called a Smarandache quasi-ideal (S-quasi ideal) ofN if SN zN and NS z S where 
by NS we mean elements of the form {n(n' + s) - nn'/ for all s e S and for all n, n' € 
Nj = NS. 
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Definition 5 . 2.7 : A left-near-ring N is said to be Smarandache left-self-distributive 
(S-left self distributive) if the identity abc = abac is satisfied for a, b, c e A, A a N 
and A is a S-subnear-ring of N. 

Definition 5 . 2 . 8 : Let N be a near-ring. N is said to be Smarandache left permutable 
(S-left permutable) if abc = bac for all a, b, c € A, A a subnear-ring ofN. 

The near-ring N is said to be Smarandache right permutable (S-right permutable) if 
abc = acb for all a, b, c € A; A cr N, A a subnear-ring ofN. The near-ring N is said to 
be Smarandache medial (S-medial) if abed = acbd for all a, b, c, d in A where A is a 
S-subnear-ring of N. 

The near-ring N is said to be Smarandache right self-distributive (S-right self 
distributive) if abc = acbc for all a, b, c in A, A a S-subnear-ring of N. 

Definition 5 . 2 . 9 : Let (R, +, .) be a S-ring and M a S-right R-module. Let W = R xM 
and define (a, s) 0 (fi, t) = (af) sji + t). Then (W, +, 0) is a S-left near-ring, the 
abstract Smarandache affine near-ring (S-affine near-ring) inducted by R and M. If R 
is S-right self-distributive and MR~ = 0 then W is a S-right self-distributive near-ring. 
If MR = 0 and R is S-medial, S-left permutable or S-left self-distributive then (W, 0) 
is S-meidal, S-left permutable or S-left self-distributive respectively. 

Definition 5 . 2 . 10 : Let R be a S-near-ring. R is said to be Smarandache equiprime 
(S-equiprime) if for all 0 ^ a e P ct R. P the nearfield in R and for x, y € R, arx 
a rv for all r € R implies x = y. If B is a S-ideal of R, B is called a Smarandache 
equiprime ideal (S-equiprime ideal) if 'R/B is an S-equiprime near-ring. 

Definition 5 . 2 . 11 : Let (N, +, .) be a triple. N is said to be a Smarandache infra- 
near-ring (S-INR) where 

1. (S, +) is a S-semigroup. 

2. (N, .) is a semigroup. 

3. (x + y)z = xz-Oz + yz for all x,y,ze N. 

Definition 5 . 2 . 12 : Let I be a S-left ideal of N. Suppose I satisfies the following 
conditions: 

1. a, x, y e N, anx - any € I for all n e N implies x-y el. 

2. I is left invariant. 

3. ONcI. 

Then I is called a Smarandache equiprime left-ideal (S-equiprime left ideal) ofN. 

Definition 5 . 2 . 13 : Let N be a S-near-ring. N is said to be Smarandache partially 
ordered (S-partially ordered) by < if 

1. < makes (N, +) into a partially ordered S-semigroup. 

2. for all n, n' € N, n >0 and n’> 0 implies nn ' > 0. 
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Definition 5.2.14: Let N be a near-ring. Let I], I 2 , .... I m be the collection of all S- 
right ideals of N. We say N is a Smarandache n-ideal near-ring (S-n-ideal near-ring) 
(n an integer less than or equal to m) if for every n, S-right ideals //, /„ and for 

every n elements Xj, X 2 , ..., X n in N \ (f u I 2 u ... ulj we have (Xj uf u ... ul n ) 
— (X 2 u Ij u ... ul n )=...= (X n ul l u ... ul n ) where ( ) denotes the S-right ideal 
generated by Xj uf u ... ul n ; 1 <i <n. 

Definition 5.2.15: Let (M, +) be a S-semigroup (not necessarily abelian) and r a 
non-empty set. Then M is said to be a Smarandache r-near ring (S-T -near-ring) if 
there exists a mapping M x r x M M the images (a, a, b) denoted by aab 
satisfying the following conditions: 

1. (a + b)ac = aac + bac. 

2. (aab)jLc = aa(bpc) 

for all a, b, c € M and a, f e F 

M is said to be Smarandache zero symmetric r -near-ring (S- zero symmetric r-near- 
ring) if aaO = 0 for all a e M and a € r where 0 denotes the additive identity in M. 

Definition 5.2.16: Let M be a S-F-near-ring, then a S-normal subsemigroup I of (M, 
+) is called 

1. a S-left ideal if aa(b + i) - aab € I for all a, h e M, a e rand i e I. 

2. a S-right ideal ifiaa € I for all a e M, a e rand i € I and 

3. a S-ideal if it is both S-left and S-right ideal. 

Definition 5.2.17: An S-ideal A of M is said to be Smarandache prime (S-prime) if B 
and C are S-ideals of M such that BTC uA implies B c A or C uA. 

Definition 5.2.18: Let Mj and M 2 be any two S- F near-rings. A S-S-semigroup 
homomorphism f of (M ), +) into (M 2 , +) is called a Smarandache Fhomomorphism 
(S-Fhomomorphism) if r(xocy) = f(x) a f(y) for all x, y e M and a € T. We say f is a 
S-r-isomorphism if f is one to one and onto. For an S-ideal I of a S-T near-ring, the 
S-quotient r near-ring M/I is defined in a similar way as quotients are defined for any 
near-ring. 

Now several interesting Smarandache results can be obtained on S-r-near-rings. The 
reader is entrusted with that work. Now we proceed on to define the concept of 
Smarandache left-self-distributive near-ring. 

Definition 5.2.19: Let N be a near-ring. We say N is a Smarandache left self- 
distributive near-ring (S-LSD near-ring) if N has a proper S-subnear-ring which is a 
LSD, we do not need the totality of the near-ring to be a LSD near-ring. 

Theorem 5.2.1: If N is a LSD near-ring having a S-subnear-ring then N is a S-LSD 
near-ring. 
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Proof. Straightforward. 

Give an example of a LSD near-ring which is not a S-LSD near-ring. Also give an 
example of S-LSD near-ring which is not a LSD near-ring. 

Problems: 



1. Let (G, +) be a S-semigroup, let h be an S-idempotent endomorphism on (G, +) 
define a ® b = h(b) for each a, b e A, A a subgroup of G. Is (G, +, <8>) a S-right 
self-distributive near-ring? Is ((G, +, <8>) a S-left self-distributive near-ring? 
Substantiate your claim. 

2. Let R be a S-left distributive near-ring such that a, b, c e R and X a non-empty 
subset of R. Is abc = aba n c = ab n c for n > 1 ? If this is true can we say a 3 = a is an 
idempotent for n > 3 and if abc = 0 then bac = 0? 

3. Is the near-ring Zj 5 = {0, 1, 2 14} an S-n-ideal near-ring? 

4. Test whether N = Z4 x Z21 is a S-n-ideal near-ring where Z 4 and Z21 are near- 
rings. 

5. Let (G, +) be a group, X a non-empty set. Let M = {f/f : X — > F}. Then M is a 
group under pointwise addition. Prove by suitable definition M is S-T -near-ring, 
where T is a set of all mappings of G into X. 

6. Let I be an S-ideal of M and f the canonical S-semigroup, S-epimorphism from M 
on to M/I. 



i) Prove or disprove f is a Smarandache T-homomorphism 
of M on to M/I. 

ii) What is its kernel? 

5.3 Smarandache Group near-rings and their generalization 

When the study of group rings is very vast with over a dozen texts on them we see 
group near-rings is very rare only less than half a dozen research papers and all the 
more the introduction of even semigroup near-rings is totally absent. But as we don’t 
have several classes or concrete examples of near-rings except those near-rings got 
from Z n or Z and some as group morphisms; the concept of group near-rings and the 
introduction of semigroup near-rings will certainly serve to provide us with a vast 
stretch of examples as both the algebraic structures groups and semigroups are very 
non-abstract with several concrete examples. 

Thus in this section we introduce the concept of Smarandache group near-rings and 
Smarandache semigroup near-rings and generalize them and built Smarandache group 
seminear-rings and Smarandache semigroup seminear-rings. We obtain several 
interesting and innovative illustrations and results and give four distinct classes of S- 
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near-rings and S-seminear-rings. Several of the open problems about group rings are 
also reformulated in the case of group near-rings and semigroup near-rings. 

Definition 5.3.1: Let G be a group and N a S-near-ring. Then we define the group 
near- ring NS to be a Smarandache group near-ring (S-group near-ring). 

It is important to note that all group near-rings are not S-group near-rings. By an 
example we illustrate this. 

Example 5.3.1 : Let Z 2 = (0, 1) be the near-field and G = <g / g =1). The group near- 
ring Z 2 G is not a S-group near-ring. 

Thus we make it very clear that if N is not a S-near-ring but the group near-ring NG 
happens to be a S-near-ring still we do not call NS the S-group near-ring, we can say 
group near-ring is a S-near-ring. Thus we can redefine S-group near-ring NS as: 

Definition 5.3.2: Let N be a near-ring and G any group. The group near-ring NS is 
a S-group near-ring if and only ifN is a S-near-ring. 

Thus in this section we will be mainly interested in the study of S-group near-rings 
than the S-near-rings. 

Theorem 5.3.1: Let NG be a S-group near-ring. Then NG has a S-subnear-ring. 

Proof. Since it is given N has a proper subset P which is a near-field we can take PG 
and PG c NG and P <z PG so PG is a S-subnear-ring. Thus if NG is a S-group near- 
ring we can always say NG contains a S-subnear-ring. 

Now the natural question would be if the group near-ring NG has a S-subnear-ring; 
can we say NG is a S-group near-ring? The answer to this question in general is true. 
For we may have a S-subnear-ring of NG got from a proper subset of NG and not of 
N so NG with the properties of G may yield a S-subnear-ring yet NG may fail to be a 
S-group near-ring. 

We just recall if G is a group, A = A (G) = {x e G / [G : Cq (x)] < go} since the 
conjugates of x are in one to one correspondence with the right cosets of C<,(x), it 
follows that x has only finitely many conjugates if and only if x e A. We observe A is 
a normal subgroup of G. For clearly 1 e A and since Cq (x -1 ) = Cq(x) we see that x e 
A implies x 1 e A. A is called the finite conjugate subgroup of G. The importance of 
A is two fold. Firstly reduce the problem studied from NG to NA and second we are 
able to handle the much simpler group A. 

Clearly if NG is a S-group near-ring we see NA is also a S-group near-ring. But NA c 
NG. Let 0 denote the projection. 

0 : NG — > NA given by a = ^n^; — > 0(a) = ^n^ , then 0 is clearly a map and not 

giSG gjsA 

a near-ring homomorphism. 
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a. Suppose A and B be S-ideals of NG; then can we say 0(A) is a S-ideal of 
NA? 

b. If A ^ 0 can we say 0 (A) ^ 0 and conversely? 

c. Can we prove if AB = 0 then it implies that 0 (A) 0(B) = 0? 

The above 3 questions are left for the reader to settle. 

The next natural question would be if N is any near-field and G a torsion free abelian 
group can NG have zero divisors or suppose if H is a torsion free abelian subgroup of 
G, G any group can we say if a e NH c NG with a =£ 0 then a is not a zero divisor of 
NG? The study of these problems is related to the zero divisor problem for group 
rings, here we have only changed rings to near-rings. 

Now we go for the introduction of the several of the properties enjoyed by group rings 
to group near-rings. 

Now let M <z N be a near-field in the near-ring N and G any group. Let MG be the 
subgroup near-ring of the S-group near-ring NG. Prove or disprove MG is prime if 
and only if A(G) is torsion free abelian. Y et another important question is can we say 
for any finite group G the S-group near-ring NG is artirian? This study is also 
dormant, a host of research can be done in this direction also. Another important study 
is if NG is a S-group near-ring, G a finite group; will NG satisfy N-artirian condition? 
To this end we introduce the S-artirian condition for S-near-rings N. 

Definition 5.3.3: Let N be a near-ring. If the S-ideals of the near-ring N fulfils 
D. C. C conditions then we say N satisfies Smarandache DCC (S-DCC) conditions. 

If the S-ideal of a near-ring N satisfies ACC condition then we say N satisfies 
Smarandache ACC (S-ACC) condition. If SDCC is satisfied by S-left ideals we 
distinguish it by S-DCC L. Similarly in case of S-right ideals we denote it by S-DCC 
R. If we have collection of S-N-subsemigroups of a near-ring N and if it satisfies DCC 
or ACC we denote it by S DCC N or S ACC N. 

Thus if N is a near-field and G a finite group will the group near-ring NG satisfy 

1. S-DCC R or 

2. S-DCC Nor 

3. S-DCC Lor 

4. S-ACC R or 

5. S-ACC Lor 

6. S-ACC N. 

This study is important and may yield a lot of results. For example if we take the near- 
ring to be the near-field Z 2 and G a solvable group Z 2 G; the group near-ring will 
satisfy several of the conditions mentioned. Finally as the study in this direction is 
totally absent by researchers it may give any researcher a lot of scope for research in 
this direction. 
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We recall if N is a near-ring and P a S-prime ideal of N then N / P is a S-prime near- 
ring, we will say the near-ring N is S-semiprime if and only if the intersection of all S- 
prime ideals is 0. 

Now let G be any group and N a near-field. When will the group near-ring NG be S- 
semiprime. This question too is not very simple it needs condition on N as well as G 
to be discussed. We have in case of group rings, KG is semiprime if K is a field of 
characteristic zero. 

Another natural question about group near-ring and S-group near-ring is: Will the 
group near-ring or S-group near-ring contain nil ideals. The problem in case of prime 
fields of characteristic p and when G has no elements of order p is dealt by [58], They 
have proved KG the group ring has no nonzero nil ideals. This question in case of 
group near-rings remains as an open problem. 

The study of near-rings satisfying polynomial identity is a study in another direction 
as such study has never been contemplated even for near-rings we propose some 
problems in chapter X and accept our inability to discuss about it in this book. We 
now proceed on to define the concept of Smarandache near module. The near module 
is nothing but the N-group so the Smarandache near module is defined as the 
Smarandache N-subsemigroup. We end this study of group near-rings with 

1 . When is the S-group near-ring NG, S-regular? 

2. When is the group near-ring regular? 

It is well known [58], the group ring KG is regular if and only if G is a locally finite 
group and has no elements of order p in case K has characteristic p > 0. 

Now we have already mentioned that the study of semigroup near-rings has not even 
started till date. Hence we in chapter 3 have mentioned some properties and have 
introduced the notion of semigroup near-rings. In this section we define Smarandache 
semigroup near-rings and indicate some more research in this direction. 

Definition 5.3.4: Let N be a any near-ring and S a semigroup. The semigroup near- 
ring NS is said to be a Smarandache semigroup near-ring (S-semigroup near-ring) if 
S is a S-semigroup. 

Now even if N is a S-near-ring and S is not a S-semigroup we call NS a semigroup 
near-ring which is a S-near-ring and it is not a S-semigroup near-ring. It is pertinent to 
mention here that the S-semigroup near-ring may not in general be a S-near-ring. 
Even if NS is a S-near-ring; NS need not be a S-semigroup near-ring. 

Theorem 5.3.2: Let NS be a S-semigroup near-ring; then NS has a S-group near- 
ring if and only ifNis a S-near-ring. 

Proof. Given NS is a S-semigroup near-ring so S is a S-semigroup i.e. S has proper 
subset which is a subgroup say H. Now NH is a S-group near-ring if and only if N is a 
S-near-ring. 
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Theorem 5.3.3: Let N be a S-near-ring and S a S-semigroup. The S-semigroup near- 
ring NS has nontrivial S-subnear-rings. 

Proof. Obvious from the fact S is a S-semigroup so; G <z S is a group; NG is a S- 
subnear-ring of NS, hence the claim. 

Obtain any other interesting result about them. 

Example 5.3.2: Let Z 2 = {0, 1} be a near-ring and S(n) be the S-semigroup. Z 2 S(n) is 
a S-semigroup near-ring. Find S-ideals in Z 2 S(n). Is Z 2 S(n) a S-near-ring? Find zero 
divisors if any in Z 2 S(n). Does Z 2 S(n) have S-zero divisor? 

Problems : 



1. Let NG be a S-group near-ring Let A be an S-ideal of NG. Prove 0 (A) is an S- 
ideal of NA, where 0 : NG — > NA is a projection. 

2. In problem 1 can you prove. “A ^ 0 if and only if 0 (A) =£ 0? 

3. In problem 1 if AB = 0 prove 0 (A) 0 (B) = 0. 

4. Study the same problems 1 to 3 when NG is not a S-group near-ring but only a S- 
near ring. 

5. Prove or disprove the following: Let N be a S-near-ring i.e. M <z N; M a near- 
field; G any group such that A(G) is torsion free abelian. NG is a S-group near- 
ring. 

a. Does it imply MG is prime if and only if A (G) is torsion free abelian? 

b. Does it imply MG is prime if and only if G has no non-identity finite 

normal subgroup? 

6 . Let G be a finite group; N a S-near-ring; 

a. Can the S-group near-ring NG satisfy Artirian conditions? 

b. Can the S-group near-ring NG satisfy S-Artirian condition? 

7. Let Z 12 be the near-ring and S 5 be the group. Is the group near-ring Z 12 S 5 S- 
semiprime? 

8 . Let Z 5 be the near-field and S 7 be the group. Will the near group ring Z 5 S 7 satisfy 
the S-Artirian condition. Is it S-Notherian? Justify your answer. 

9. Let Z\ 2 be a near-ring and S(5) the S-semigroup. Z 12 S(5) is a S-semigroup near- 
ring. Is Zi 2 S(5) a S-near-ring? Find S-ideals if any in Z 12 S(5). Can Z 12 S(5) have 
zero divisors, S-zero divisors? 

10. Let Z 5 S(7) be the S-semigroup near-ring. Find whether Z 5 S(7) is S-regular or 
regular? Or is Z 5 S( 7 ) a S-near-ring? 



5.4 On a special class of Smarandache semi near-rings and their 
generalizations 

The study of seminear-rings is itself very meagre. With the well-known example of 
Z n , n a composite number where 'x' is defined as usual multiplication on Z n modulo n 
and defined a . b = a or a . b = 0 for all a, b e Z n . Then {Z n , 'x', .} becomes a 
seminear-ring. To obtain a nontrivial class of seminear-rings we have ventured to 
study group seminear-rings and semigroup seminear rings. Now here we proceed on 
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to study and define Smarandache seminear-rings (S-seminear-rings) and study them. 
The study or the definition of S-seminear-rings is given in [99]. 

Definition [99]: A non-empty set N is said to be a Smarandache seminear-ring (S- 
seminear-ring) if (N, +, .) is a seminear-ring having a proper subset A, (A <^N) such 
that A under the same operations ofNis a near-ring, that is (A, +, .) is a near-ring. 

Example 5.4.1: Let Z 10 = {0, 1, 2 ,..., 9}. (Z 10 , x, .) is a seminear-ring. (Zi 0 , x, .) is a 
S-seminear-ring as A = {2, 4, 6 , 8 } is such that (A, x, .) is a near-ring. 

Example 5.4.2 : Let Z 8 = {0, 1, 2, ..., 7}. (Z 8 , 'x', '.') is a seminear-ring. Clearly Z 8 is 
also a S-seminear-ring as (A, x, .) with A = (1, 3) is a near-ring. 

Theorem 5.4.1: Let Z n = {(), 1, 2, ..., n - 1}, n a composite number; (Z n , 'x', .) is a S- 
seminear-ring. 

Proof. For take A={l,n-l}cZ n then (A, x, .) is a near-ring. We assume n is a 
composite number for otherwise if n is a prime (Z p , x, .) itself is a near-ring as Z p \ 
{0} under 'x' is a group. 

We have now seen only examples of S-seminear-rings N in which the semigroup (N, 
x) is a commutative semigroup. To obtain non-commutative S-seminear-ring we 
proceed on as follows: 

Example 5.4.3: Let (Z 6 , x, .) be a seminear-ring and G any group. We see the group 
seminear-ring Z(,G is a non-commutative seminear-ring provided G is taken to be non- 
commutative group. 

Example 5.4.4: Let (Z 4 , x, .) be a seminear-ring and G = S 3 . The group seminear-ring 
Z 4 S 3 is a S-seminear-ring which is non-commutative. 

Definition 5.4.1: Let G be any group, N a seminear-ring, the group seminear-ring, 
NG is a Smarandache group seminear-ring (S-group seminear-ring) if and only ifNis 
a S-seminear-ring. Thus we define in this way. Suppose N is not a S-seminear-ring 
and G any group even if the group seminear-ring is a S-seminear-ring we still call it 
only as a S-seminear-ring and not as a S-group seminear-ring. 

We now proceed on to define yet another new class of seminear-rings viz. 
Smarandache semigroup seminear-rings. The concept of semigroup seminear-rings 
was introduced in Chapter 3. 

Definition 5.4.2: Let N be a seminear-ring, and S a S-semigroup. We call the 
semigroup seminear-ring to be a Smarandache semigroup seminear-ring (S- 
semigroup seminear-ring) thus we say NS the semigroup seminear-ring is a S- 
semigroup seminear-ring if and only if the semigroup S is a S-semigroup. 

Here also we may or may not have the S-semigroup seminear-ring to be a S-seminear- 
ring. If S is not a S-semigroup and N a seminear-ring even if the semigroup seminear- 
ring NS, is a S-seminear-ring still we do not call NS a S-semigroup seminear-ring. 



88 




Theorem 5.4.2: Let S be a semigroup with 1 and N a S-seminear-ring. Then the 
semigroup seminear-ring NS is a S-seminear-ring. 

Proof. Straightforward. Hence left for the reader to prove. 

Theorem 5.4.3: Let S be a S-semigroup and N a S-seminear-ring. The S-semigroup 
seminear-ring NS has subseminear-rings which are group seminear-rings and group 
near-rings. 

Proof. Follows from the very definition of these concepts. 

Theorem 5.4.4: Let S be a S-semigroup, and N a S-seminear-ring. The S-semigroup 
seminear-ring. NS has nontrivial S-group seminear-rings. 

Proof. Obvious by the very definitions. 

Theorem 5.4.5: Let N be a seminear-ring and S be S-semigroup having S- 
subsemigroup. Then the semigroup seminear-ring NS has S-subseminear-ring. 

Proof. Straightforward by the definitions. 

Definition 5.4.3: Let N be a seminear-ring. If (N, +) has a S-normal subgroup then 
the seminear-ring N is said to have Smarandache normal subseminear-ring (S-normal 
subsem inear-ring) . 

Example 5.4.5 : Can {Z 10 , V, have S-normal subseminear-ring? 

Definition 5.4.4: Let (N, +, ) be a seminear-ring. If in the S-semigroup (N, +) every 
proper subset (A, +) which is a group is commutative then we say the S-seminear-ring 
N is Smarandache commutative (S-commutative). Thus if (N, +, ■) is commutative and 
if (N, +) is S-semigroup then trivially (N, +, ■) is S-commutative. Secondly if (N, +, ■) 
is S-commutative seminear-ring then N need not in general be commutative. 

Definition 5.4.5: Let (N, +, ■) be a seminear-ring. If (N, +) is a S-semigroup and if 
N has at least one proper subset which is a subgroup that is commutative then we say 
the seminear-ring (N, +, .) is a Smarandache weakly commutative seminear-ring (S- 
weakly commutative seminear-ring). 

Theorem 5.4.6.: Let (N, +, ) be a seminear-ring which is S-commutative then N is S- 
weakly commutative. 

Proof. Proof is direct and the reader is expected to prove. 

Definition 5.4.6: Let (N, +, . ) be a seminear-ring. (N, +) be a S-semigroup such 
that every proper subset A of N which is a group is a cyclic subgroup then we say the 
seminear-ring (N, +, ■) is a Smarandache cyclic seminear-ring (S-cyclic seminear- 
ring). In particular (N, +, ■) has at least one proper subset which is a cyclic group, we 
call (N, +, .) a Smarandache weakly cyclic seminear-ring (S-weakly cyclic seminear- 
ring). 
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The following theorem is an easy consequence of the definitions, hence left as an 
exercise for the reader to prove. 

Theorem 5 . 4 . 7 : Let (N, +, .) be a S-cyclic seminear-ring then N is a S-weakly cyclic 
seminear-ring. 

The reader is requested to construct an example of a S-weakly cyclic seminear-ring 
which is not a S-cyclic seminear-ring. 

Definition 5 . 4 . 7 : Let N be any seminear-ring. If (N, +) has two subgroups say (A, +) 
and (A /, +) such that A and A / are conjugate then we say the seminear-ring N is a 
Smarandache conjugate seminear-ring (S-conjugate seminear-ring). 

Definition 5 . 4 . 8 : Let N and Nj be any two S-seminear -rings. We say a map <j> from N 
to N i is a Smarandache seminear-ring homomorphism (S-seminear-ring 
homomorphism) from A to A/ where A <^N is a near-ring and A] cNi is a near-ring 
and (j)(x + y) = tjfx) + </>(y), (j)(xy) = (j>(x)(j)(y) where x, y € A and <f>(x), </>(y) e A / and it 
is true for all x, y € A. We need not even have the map <j> to be well-defined or even 
defined on the whole of N. The concept of Smarandache isomorphism (S- 
isomorphism) etc. are defined in a similar way. 

Example 5.4.6: Let N = (Z 12 , x , .) be a S-seminear-ring and Ni = (Z 4 , x, .) be a S- 
seminear-ring <j> : N to Ni is a S-seminear-ring isomorphism as ()> : A — > A! is a near- 
ring isomorphism, here A = {1, 11} and Ai = {1, 3}. Thus |N| = 12 and |N 1 1 = 4, yet N 
and N 1 are S-isomorphic under this <j). 

We define level II Smarandache seminear-rings as follows: 

Definition 5 . 4 . 9 : Let (N, +, .) be a seminear-ring. We say N is a Smarandache 
seminear-ring of level II (S-seminear-ring II) if N has a proper subset P where P is a 
semiring. 

Example 5.4.7: Let N = Z 6 x Z° be the S-mixed direct product of the seminear-ring 
(Zg , x, .) and the semiring (Z°, +, .) where Z° = Z + u {0}. Clearly N is a seminear- 
ring which is a S-seminear-ring II. 

Definition 5 . 4 . 10 : Let N be a S-seminear-ring II, we say N is a Smarandache strict 
seminear-ring (S-strict seminear-ring) if A is a strict semiring ( A cr N and A is 
semiring). 

Definition 5 . 4 . 11 : Let N be a S-seminear-ring II we say N is a Smarandache 
commutative seminear-ring II (S-commutative seminear-ring II) if every proper subset 
AofN which is a semiring is a commutative semiring. If the S-seminear-ring II has at 
least one proper subset which is a semiring and is commutative we call the N a 
Smarandache weakly commutative seminear-ring II (S-weakly commutative seminear- 
ring II). 
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Definition 5.4.12: Let N and Nj be two S-seminear-ring II, we say a map </> : N to N / 
is a Smarandache seminear-ring homomorphism II (S-seminear-ring homomorphism 
II) if (j> : A —>Ajis a semiring homomorphism where A <^N and A / cr Nj and A and A / 
are semirings. 

Example 5.4.8: Let N = Z° x Z 12 x Z 3 be the S-mixed direct product, where Z° is a 
semiring, Z 12 a seminear-ring and Z 3 a near-ring. Clearly N is a S-seminear-ring II 
and as well as S-seminear-ring I. Thus we see a seminear-ring can simultaneously be a 
S-seminear-ring I as well as S-seminear-ring II. 

Example 5.4.9: Let N = L x Z 18 , S-mixed direct product of a semiring and seminear- 
ring where L is a distributive lattice given by the following diagram. 




Figure 5.4.1 



Clearly N is a seminear-ring which is a S-seminear-ring II. Thus we have also seen 
examples of S-seminear-rings II of finite order. Now we proceed on to define the 
concept of Smarandache pseudo seminear-ring. 

Definition [99]: N is said to be a Smarandache pseudo seminear-ring (S-pseudo 
seminear-ring) if N is a near-ring and has a proper subset A of N which is a 
seminear-ring under the operations ofN. 

We cannot obtain several examples of S-pseudo near-rings by using the S-mixed 
direct product. 

Example 5.4.10: Let (Z, +, .) be a near-ring. Clearly (Z, +, .) is a S-pseudo seminear- 
ring as (Z°, +, .) is a seminear-ring. 

Example 5.4.11: Let M nxn = {(a^ ) / a,j e Z, (Z, +, .) a near-ring}. M nxn is a S-pseudo 
seminear-ring as M nxn = {(ay )/ a;j e Z° = Z u {0}} is a seminear-ring. 

Definition 5.4.13: Let N and Nj be the S-pseudo seminear-ring. A mapping </> : N —> 
Nj is said to be a Smarandache pseudo seminear-ring homomorphism (S-pseudo 
seminear-ring homomorphism) if (j) restricted from A to A[ is a seminear-ring 
homomorphism where A and A] are proper subsets ofN and Nj which are seminear- 
rings. Thus (j) need not even be defined on the whole of N. 

We define the concept of S-pseudo subseminear-ring and Smarandache pseudo ideals 
of a near-ring. 
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Definition 5.4.14: Let N be a near-ring if N has a proper subset A which is a 
subnear-ring A and if A itself a S-pseudo seminear-ring then we say A is a 
Smarandache pseudo subseminear-ring (S-pseudo subseminear-ring) . 

Definition 5.4.15: Let N be a near-ring. A proper subset M of N is said to be a 
Smarandache pseudo ideal (S-pseudo ideal) if Mis a S-ideal of the near-ring N. 

Theorem 5.4.8: Let N be a near-ring. IfN has a S-pseudo subseminear-ring then N 
is a S-pseudo seminear-ring. 

Proof. Straightforward by the very definitions. 

It is left for the reader to construct a S-pseudo seminear-rings which has no S-pseudo 
subseminear-rings. 

Definition 5.4.16: Let N be a S-pseudo seminear-ring, ifN has no proper S-pseudo 
subseminear-ring then we say N is a Smarandache pseudo simple seminear-ring (S- 
pseudo simple seminear-ring). 

The reader is assigned the work of finding an example of a S-pseudo simple seminear- 
ring. 

Problems: 

1 . Is ZgS(3) a S-seminear-ring? 

2. Prove or disprove the semigroup seminear-ring Zi 2S(4) where (Z 12 , x, is a 
seminear-ring is S-cyclic seminear-ring. 

3. Is Zi 2S(4) S-weakly commutative seminear-ring? 

4. Can Zi2S(4) be at least a S-weakly cyclic seminear-ring? 

5. Does Zi 2S(4) given in problem 2 have S-conjugate subgroup? 

6. Is Zi 2 S(4) given in problem 5 be S-conjugate seminear-ring? 

7. Find an example of a S-simple pseudo seminear-ring. 

8. Does (Z, +, .) have S-pseudo subseminear-rings? 

9. Is (Z, +, .) a S-simple pseudo seminear-ring? 

10. Can (Z, +, .) have S-pseudo ideals? Justify your answer. 

5.5 Some special properties in S-near -rings 

In this section we introduce several interesting Smarandache properties in S-near-ring 
like Smarandache planar, Smarandache integral, Smarandache equiprime etc. we do 
not intend to give results or routine theorems for the reader but on the contrary expect 
the reader to work in these directions and develop effective theories and results on 
Smarandache notions. 

Definition 5.5.1: Let N be a near-ring, A a non -empty subset of a S-N-subgroup V. 
The S-N-subgroup H of V, Smarandache centralizes (S-centralizes) a if (h + u)a = ha 
+ ua for all h € H u € A and a € N. 
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Theorem 5.5.1: If N is a near-ring and if a S-N-subgroup H of V, S-centralizes A 
then it centralizes A. 

Proof. Direct by the very definition. It is left as an exercise for the reader to give an 
example of a N-subgroup which centralizes but does not S-centralize. 

Definition 5.5.2: A zero symmetric S-near-ring N is called Smarandache reliable (S- 
reliable) if whenever 0 : 1 ->N is an epimorphism and I is a S-ideal of a S-near-ring 
A then for (x, y € I and a € A) x-y e Ker 0 implies ax - ay Ker 9. 

Construct an example of a S-reliable 0 symmetric S-near-ring N. 

Definition 5.5.3: Let N be a S-near-ring we define a Smarandache equivalence 
relation (S-equivalence relation) on N by a = b if and only if na = nb for all n € P a 
N where P is a semifield in N. The near-ring N is called Smarandache planar (S- 
planar) if there is more than three S-equivalence classes and every equation of the 
form xa = xb + c has unique solution x when a ^ b. 

This S-planar near-ring will be utilized in Balanced Incomplete Block Designs 
(BIBD) of high efficiency and it has application in error correcting codes. 

Definition 5.5.4: A Smarandache I-E S-semigroup (S-IE-S-semigroup) A is a S- 
semigroup which satisfies I (G) = E (G) (here G cr A and G is a group of the S- 
semigroup A) where 1(G) is the S-near-ring generated by all inner automorphisms of 
G and E (G) is the S-near-ring generated by all the endomorphisms of G. 

Theorem 5.5.2: If A is a S-semigroup which is S-I-E semigroup then A has a proper 
subset which is a I-E group and conversely if A is a semigroup which has a subgroup 
of G which is I-E group then A is a S-I-E semigroup. 

Proof. Straightforward, hence left for the reader to prove. Several interesting 
properties of these S-I-E semigroups can be derived. 

Definition 5.5.5: Let (G, +) be a S-semigroup written additively not necessarily 
abelian, with identity element denoted by 0. Let T a A \ {0} where (A, +) is the 
subgroup of the S-semigroup (G, +). Define T by aT b = a if b e T; a T b = 0 if b g 
T then (G, +, T ) is a Smarandache right zero symmetric near-ring (S-right zero 
symmetric near-ring). 

Definition 5.5.6: Let N be a S-near-ring and let No be a subset of N such that No 
generates B cr/V where B is the near-field ofN and BNo cr N () . Suppose Ao is a subset 
of No such that BAo <^Ao and Ao No <^Ao, then Ao is called the Smarandache a subset 
(S-a-subset) of N and the S-subnear-ring generated by Ao is called a Smarandache a 
subnear-ring (S-cr-subnear-ring) ofN. 

A S-cr- subnear-ring E of N is called essential in N if 0 # A is an ideal ofN implies E 
nA *0. 
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Several interesting results can be developed in this direction using these two 
Smarandache concepts. It is left for the researchers to do research in this direction and 
obtain some interesting results about them. 

Definition 5.5.7: A subset S of a N-near-ring is called Smarandache integral (S- 
integral) if S has no non-zero divisors of zero. If H is an S-integral subset of N with 
the further property that B 2 a ll where B a N is a near-field then N is said to be an 
Smarandache H integral near-ring (S-H-integral near-ring). 

Definition 5.5.8: Let N be a S-right near-ring and G a S-N-semigroup; G is called 
Smarandache equiprime (S-equiprime) if PG ^ 0, PO = 0 (where P a N and P is a 
near-field) and if for each a € P and g, g 1 e G with Ga ^ 0, ang = ang 1 for all n e P 
implies g = g 1 . 

Thus the reader is to find some interesting relations between the S-equiprime ideals 
and S-equiprime N-semigroups. 

Definition 5.5.9: Let N be a S-right near-ring and A an S-ideal or a S-left ideal ofN. 
We define 3 Smarandache properties in the following : 

i. A is S-equiprime if for any a, x, y e P cN such that nx - any € A for all n 
e P czN we have a eP or x-y € A. (P <^N is a near-field). 

ii. A is Smarandache strongly semiprime (S-strongly semiprime) if for each 
a € N \ A there exists a finite subset F of N such thatifx,y e F ct 
N and afx - afy € A for allf € F then x-y € A. 

iii. A is Smarandache completely equiprime (S-completely equiprime) if a € 
P\ A and ax - ay € A imply x-y € A. 

Definition 5.5.10: A S-right near-ring N is a Smarandache left infra near-ring (S- 
left infra near-ring) if (N, +, .) is a triple where N is a non-empty set and '+ ' and '. ' 
are binary operations satisfying. 

1. (N, +) is a S-semigroup. 

2. (N, .) is a S-semigroup. 

3. For all x, y, z in N x . (y + z) = x . y-x . 0 + x . z. 

Definition 5.5.11: A S-near-ring M which satisfies the property, A an S-ideal ofB, B 
an S-ideal of N and B / A = M implies, A is an S-ideal of N for all S-near-rings N, and 
S-subnear-rings A and B of N are called Smarandache F -near-ring (S-F -near-ring) . 

Definition 5.5.12: A near-ring N is Smarandache left weakly regular (S-left weakly 
regular) if every x € N is of the form x = ux for some uj in the S-principal ideal 
generated by x and is S-left weakly regular if every a e N is in the product of {Na} * 
{Na} = {finite sums Fx^yk/xk, yu ^ Na}. 

Definition 5.5.13: A Smarandache composition near-ring (S-composition near-ring) 
is a quadruple {C, +, o, .} where (C, +, o) and (C, +, .) are S-near-rings such that (a . 
b) o c = (a o b) . c for all a, b, c € C. 
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Definition 5 . 5 . 14 : A non-zero S-ideal H of G is said to be Smarandache uniform (S- 
uniform) if for each pair of S-ideals K/ and K 2 of G such that Kj n K 2 = (0), Kj a II, 
Ko cz H implies K 7 = (0) or K 2 = (0). 

Definition 5 . 5 . 15 : An S-ideal H of G is said to have Smarandache finite Goldie 
dimension written as (S-FGD) if H does not contain an infinite number of non-zero S- 
ideals of G whose sum is direct. 

Definition 5 . 5 . 16 : Let G be a S-N subgroup with S-FGD then every non-zero ideal 
of G contains a S-uniform ideal. 

Definition 5 . 5 . 17 : Let N be a S-near-ring an element a e P is called Smarandache 
normal element (S-normal element) of N if aN = Na. If aN = Na for every a e P then 
N is called a Smarandache normal near-ring (S-normal near-ring). 

Let Sn(N) denote the set of all S-normal elements of N. N is called a S-normal ring if 
and only ifSn (N) = P where P <^N and P a nearfield. 

Definition 5 . 5 . 18 : Let N be a S-near-ring. A S-subnear-ring S of N is called S- 
normal subnear-ring with respect to a non-empty subset T of N if ts = st for every t e 
T. In particular we have nS = Sn for every n e P cz N we say S is a Smarandache 
normal subnear-ring (S-normal subnear-ring) ofN. 

Definition 5 . 5 . 19 : Let N be a S-near-ring ; a S-subsemigroup S of N is called a 
Smarandache normal subsemigroup (S-normal subsemigroup) ofS if nS = Sn for all n 
eP cz N . 

Definition 5 . 5 . 20 : Let N be a S-near-ring. A S-subnear-ring M of N is Smarandache 
invariant (S-invariant) with respect to an element a e P \ M if aM c: M and Ma c: M. 
M is said to Smarandache strictly invariant (S-strictly invariant) with respect to a if 
aM = M and Ma = M. 

Definition 5 . 5 . 21 : A commutative S-near-ring N with identity is called a 
Smarandache Marot near-ring (S-Marot near-ring) if each regular S-ideal of N is 
generated by regular elements where by regular S-ideal we mean an ideal with 
regular elemen ts and the non-zero divisors of the near-ring. 

Definition 5 . 5 . 22 : Let K and I be S-ideals of the S-N-subgroup G. K is said to be the 
Smarandache complement (S-complement) of I if the following two conditions hold 
good. 



1. Knl=(0)and 

2. Kj is an S-ideal of G such that K <^K 2 then Kj imply K / n I ^ (0). 

Definition 5 . 5 . 23 : 

i. A subset S of the S-N-subsemigroup G is said to be Smarandache small (S- 
small) in G if S + K = G where K is an S-ideal of G imply K = G. 
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ii. G is said to be Smarandache hollow (S-hollow) if every proper S-ideal of G is 
S-small in G and 

Hi. G is said to have Smarandache finite spanning dimension (S-finite spanning 
dimension) if for any decreasing sequence of Smarandache NS-subsemigroups 
(S-NS-subsemigroups) Xq ixXi 10 X 2 10 ... of G such lhal X t is an S-ideal ofX t _i 
there exists an integer such that Xj is S-small in G for all j >k. 

Definition 5.5.24: Suppose H and K be any two S-N-subsemigroup of G. Then K is 
said to be Smarandache supplement (S-supplement) for HifH + K= G and H + Kj ^ 
G for any proper S-ideal K t of K. 

Now we have just defined several of the Smarandache concepts in near-ring so that an 
interested researcher will develop them. 

Definition 5.5.25: Let N be a near-ring we say N is Smarandache ideally strong (S- 
ideally strong) if for every S-subnear-ring ofR is a S-ideal ofR. 

Definition 5.5.26: Let N be near-ring jlfi be the collection of all S-ideal of R. R is 
said to be a Smarandache /* near-ring (S-I* near-ring) if for every pair of ideals, f, 
I 2 £ {h} we have for every x e N \ {f u I )} the S-ideal generated by x and f and x 
and I 2 are equal i.e. ( x uf ) = (x ufi ) we can have several examples of these. 

Problems : 



1. Let Z 28 be a S-near-ring. Can we have a S-equivalence relation on Z 28 ? 

2. Can Z 28 be S-planar? 

3. Is Z 2 8 planar? 

4. Give an example of a S-a-near-ring. 

5. Give an example of a a near-ring which is not a S-a-near-ring. 

6. Give an example of a S-composition near-ring. 

7. Can Z be made into a S-composition near-ring? 

8. Give an example of a S-normal near-ring. 

9. Does their exist an example of a normal near-ring which is not a S-normal near- 
ring? 

10. Give an example of a S-left weakly regular near-ring. 

1 1 . Give an example of S-ideal H of G which has S-FGD. 

12. Does Z 29 the near-ring have S-normal element? 

13. Give an example of a S-H- integral near-ring. 

14. Can N = Z 15 x Z be a S-H-integral near-ring? 

15. Give an example of a S-equiprime N-subsemigroup. 

16. Can N = Z^ x Z 19 be a S-infra near-ring? 

17. Will N = Z 12 x Z 19 be a S-F near-ring? 

18. Give an example of a S-F near-ring. 

19. Find two S-subsemigroup K and H of which K is a S-supplement for H. 
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Chapter Six 

SMARANDACHE SEMINEAR-RINGS 



This chapter specially serves the purpose of introducing Smarandache notions on 
seminear-rings. We define two levels of Smarandache seminear-ring and study them. 
This chapter has five sections, in section one we define Smarandache seminear-rings 
of type I and study some of its properties. For these S-seminear-rings we define and 
study homomorphism and its ideals in section two. Section three is devoted to the 
introduction and study of Smarandache seminear-rings of level II. In section four we 
define Smarandache pseudo seminear-rings and study several of its Smarandache 
properties. 

In the final section we introduce two special classes of Smarandache seminear-rings 
using groups and semigroups. These definitions help us to find more and more new 
classes of S-seminear-rings. At the end of each section some problems are given for a 
reader to solve. 



6.1 Definition and properties of Smarandache seminear-rings. 

In this section we define a new concept called Smarandache seminear-rings (S- 
seminear-rings) and define some interesting properties in them like Smarandache 
subseminear-ring, Smarandache simple seminear-ring and Smarandache commutative 
seminear-rings. We prove if a seminear-ring has a Smarandache subseminear ring 
then the seminear-ring is a S-seminear-ring. But even if N is S-seminear-ring its 
subseminear-ring in general need not be a S-subseminear-ring. 

Definition 6 . 1 . 1 : A set S with two binary operations '+’ and ‘A is called a 
Smarandache seminear-ring (S-seminear-ring) if (S, +) and (S, .) are Smarandache 
semigroups and for all s, s 1 , s 11 g S, (s + s 1 ) s 11 = ss 11 + s ! s n . 

Example 6.1.1: Let Z + be the set of positive integers. (Z + , +) is a semigroup. Define 
on Z + by a.b = a for all a,be Z + . (Z + , ‘+’, ‘.’) is a seminear-ring which is not a S- 
seminear-ring. Thus this example proves all seminear-rings are not in general S- 
seminear-ring. 

Now we will see an example of a S-seminear-ring. 

Example 6.1.2: Let N = Zi x (Z + u {0}) clearly N is a S-seminear-ring. Here Z + u 
{0} is a seminear ring with usual ‘+’ and defined by a.b = a for all a, b e Z . P = Zi 
x {0} is a subgroup of N under ‘+’ so N is a S-semigroup; {1} x {0} is a subgroup of 
N under V. Hence N is a S-seminear-ring. 

Definition 6 . 1 . 2 : Let (N, +, .) be a seminear-ring. A proper subset P of N is said to 
be a Smarandache subseminear-ring (S-subseminear-ring) if (P, +, .) is a S-seminear- 
ring. 
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Theorem 6.1.1: Let (N, +, .) be a seminear-ring. IfN has a S-subseminear-ring then 
N is a S-seminear-ring. 

Proof: Follows from the fact that if N has P to be a S-subseminear-ring then (P, +) is a 
S-semigroup and (P, .) is a S-semigroup. Since PcN, (N, +) is a S-semigroup and (N, 
.) is a S-semigroup. 

Thus we see in the definition of S-subseminear-ring we need not put the condition N 
is a S-seminear-ring. Still we may have examples in which a S-seminear-ring may not 
have proper S-subseminear-rings. 

In view of this we define the following: 

Definition 6.1.3: Let (N, +, .) be a S-seminear-ring. If N has no proper S- 
subseminear-rings we say N is a Smarandache simple seminear-ring (S-simple 
seminear-ring). 

Definition 6.1.4: Let (N, +, .) be a seminear-ring. We say (N, +, .) is a Smarandache 
commutative seminear-ring (S-commutative seminear-ring) if every S-subseminear- 
ring P, P <^N is a commutative seminear-ring. 

Theorem 6.1.2: Let N be a commutative seminear-ring which has S-subseminear- 
rings then N is a S-commutative seminear-ring. 

Proof: Obvious. 

It is left as an exercise to find S-commutative seminear-ring which is not a 
commutative seminear-ring. 

Now we proceed on to define Smarandache ideals in seminear-rings. 

Definition 6.1.5: Let (N, +, .) be a S-seminear-ring. If N has atleast one S- 
subseminear-ring which is commutative then we say (N, +, .) is a Smarandache 
weakly commutative seminear-ring (S-weakly commutative seminear ring). 

Definition 6.1.6: Let (N, +, .) be a seminear-ring. We say N has a Smarandache 
hyper subseminear-ring (S-hyper subseminear-ring) S, 

1. If (S, +) is a S-semigroup. 

2. If A is a proper subset S which is a subsemigroup of S and A contains the largest 
group of (S, +)■ 

3. (A, .) is a S-subsemigroup or a group. 

Theorem 6.1.3: Let N be a seminear-ring. Every S-hyper subseminear-ring is a S- 
subseminear-ring, but every S-subseminear-ring in general is not a S-hyper 
subsem inear-ring. 

Proof: One way is straightforward by the definition. To prove the other part the reader 
is requested to construct examples. 
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Now we define Smarandache dual hyper subseminear-ring in the following. 

Definition 6 . 1 . 7 .' Let (N, +, .) be a seminear-ring. We say a proper subset S of N is a 
Smarandache dual hyper subseminear-ring (S-dual hyper subseminear-ring) if 

1. (S, .) is a S-semigroup. 

2. If A is a proper subset of S which is a subsemigroup of S and A contains the 
largest group of (S, .). 

3. (A, +) is a S-subsemigroup or a group. 

The reader is advised to obtain examples and some more properties about these 
concepts. 

Now we proceed on to define Smarandache normal subseminear-ring. 

Definition 6 . 1 . 8 : Let (N, +, .) be a seminear-ring. A proper subset A of N which is a 
group under the operations of both ‘+ ’ and ’ ({A \ {0}} is a group under ) is called 
a Smarandache normal subseminear-ring (S-normal subseminear-ring) if x A A and 

Ax A orxA = {0} and Ax = {0} for all x € S. 

Definition 6 . 1 . 9 : If a seminear-ring (N, +, .) has no S-normal subseminear-ring then 
we call the seminear ring Smarandache pseudo simple (S-pseudo simple). 

Definition 6 . 1 . 10 : Let (N, +, .) be a seminear-ring. If A is a S-normal subseminear- 
ring of N then we define the Smarandache quotient seminear-ring (S-quotient 
seminear-ring) of the seminear-ring ofNbyN/A = {Ax / x e N}. 

It is not known under what condition N / A will be a near-ring or a S-near-ring or a 
seminear-ring or a S-seminear-ring. 

It is left as an open problem for the reader to solve. 

Definition 6 . 1 . 11 : Let (N, +, .) be a S-seminear-ring, we say P is a Smarandache 
maximal S-subseminear-ring (S-maximal S-subseminear-ring) if there is a S- 
subseminear-ring M such that P c: M then P = M is the only possibility’. 

Definition 6 . 1 . 12 : Let (N, +, .) be a seminear-ring. If N has only one maximal 
subseminear-ring we call N a Smarandache maximal seminear-ring (S-maximal 
seminear-ring). 

Theorem 6 . 1 . 4 : If (N, +, .) is a S-maximal seminear-ring then N is a S-seminear- 
ring. 

Proof. Follows from the very definition. 

Problems : 

1 . Can a S-seminear-ring of order 5 exist? 

2. What is the order of the smallest S-seminear-ring? 

3. Is N = Z 2 x Z 7 where Z 2 and Z 7 are near-rings, a S-seminear-ring? 
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4. Will N = Z2 x Zt have S-subseminear-rings? 

5. Find a S-subseminear of N = Z 7 x Z 7 given in problem 3. 

6. Give an example of a S-commutative seminear-ring which is not a commutative 
seminear-ring. 

7. Give an example of a S-weakly commutative seminear-ring which is not a S- 
commutative seminear-ring. 

8. Let N = Z x Z 7 be a S-near-ring. 

a. Does N have S-hyper subseminear-ring? 

b. Can N have S-dual hyper subseminear-ring? 

9. Can N = Z x Z 7 x Z3 have S-normal subseminear-ring? 

10. Give an example of a S-pseudo simple seminear-ring. 

11. Is N = Z9 x Z + a S-seminear-ring? Justify your claim. 

12. Give an example of a S-maximal seminear-ring. 



6.2 Homomorphism and ideals of a S-seminear-ring 

In this section we define the notion of S-ideals and S-seminear-rings and obtain some 
Smarandache notions by way of definitions and properties. These S-seminear rings 
are got when the semigroups under '+' and are replaced by S-semigroups. 

Definition 6.2.1: Let N and Nj be two S-seminear-rings. A map 9 from N to N t is 
said to be Smarandache seminear-ring homomorphism (S-seminear-ring 
homomorphism) if 

1. 9 (x + y) = 9 (x) + 9 (y) for all x, y € A, A an additive subgroup of (N, +) and 9 

(x) , 9(y) e Aj, A] an additive subgroup of (N, +). 

2. 9 (xy) = 9 (x) 9 (y) for all x, y € B, B a multiplicative subgroup (N, .) and 9(x), 9 

(y) € Bj, B/ a subgroup of (Nj, .). 

Theorem 6.2.1: Let (N, +, .) be a S-seminear-ring. A proper subset P ofN is a near- 
ring if and only if 

1. (P, +) is a subgroup of (N, +). 

2. (P, .) is a subsemigroup of (N, .). 

Proof. Left for the reader to prove. 

Example 6.2.1 : Let Z 6 = {0, 1, 2, 3, 4, 5}. Define ‘x’ as usual multiplication modulo 6 
‘0’ as a 0 b = a for all a,be Z 6 . Clearly (Z 6 , x) is a S-semigroup for A = {1, 5} is a 
subgroup of Z6- (Z 6 , .) is a S-semigroup for every singleton {x} is a group as x 0 x = 
x. 

Definition 6.2.2: Let (N, +, .) be a S-seminear-ring. A proper subset P of N is said 
to be a Smarandache left ideal (S-left ideal) ofNif 

1. (P, +) is a S-subsemigroup of (N, +). 

2. n (ri[ + i) + n r n € P for each i e P and n, m £ A a N where (A, +) is a 
subgroup. 
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Definition 6.2.3: Let P be a nonempty subset of a S-seminear-ring N. P is called an 
Smarandache ideal (S-ideal) ofNif 

1. P is a S-left- ideal. 

2. PA cP (for A a /V, A is a subgroup of (N, +)). 

Definition 6.2.4: Let N be a S-seminear-ring. N is said to be Smarandache left 
bipotent (S-left bipotent) if Pa = Pa~ for all a € N (P N is subgroup of (N, +)). 

Definition 6.2.5: Let N be a S-seminear-ring N is said to be Smarandache dually left 
bipotent (S-dually left bipotent) ifB + a = B + a" for all a € N (B c^N is a subgroup 

of (N, ■))■ 

Definition 6.2.6: Let N be a S-seminear-ring. We say N is Smarandache strongly 
bipotent (S-strongly bipotent) if 

1. Pa = Pa~ . 

2. P + a = P + a 2 . 

where (P, +) is subgroup of (N, +) and (P, .) is a subgroup of (N, .). 

From the above definitions we have the following theorem which is left for the reader 
to prove as an exercise. 

Theorem 6.2.2: Let N be a S-seminear-ring which is S-strongly bipotent then N is S- 
left bipotent and S-dually left bipotent. 

Definition 6.2.7: A S-seminear-ring N is said to be a Smarandache s-seminear-ring 
(S-s-seminear-ring) if a € Pa for each a e N and P a subgroup of (N, +). 

Definition 6.2.8: Let N be a S-seminear-ring. An additive subgroup AofN is called 
the Smarandache N-subgroup (S-N-subgroup) of N related to P if PA cA and AP A 
where (P, .) is a subgroup of (N, .). 

PA = {pa / p € P and a € A}. 

Thus by the very definition SjN subgroups may or may not exist for all S-seminear- 
ring. 

Example 6.2.2\ Let Z 12 = {0, 1, 2, 3, 11} be a S-seminear-ring under the operation 

‘x’ and V. Take A = {1, 5, 7, 11} is a subgroup of (Z 1 2 , x). Take P = {1} a subgroup 
of (Z\ 2 , •); A is a SiN-subgroup of Z 12 . 

If we take Pi = {9} a subgroup of (Z i2 , .) A is not SiN-subgroup. From this we see the 
term “related to P” is important for a subgroup may fail to be SiN subgroup if we 
change P. This is evident from the above example. So a natural question of interest 
will be does there exist an additive subgroup in S-seminear-ring N such that A is a 
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SiN subgroup related to all subgroups of (N, .). If such seminear-rings exists 
characterize them. This is given as a suggested problem in chapter X. 

On similar dual lines one can define SiN subgroups replacing the operation ‘+’ by V 
and V and ‘+’ and study the related questions. It is left for the reader to define 
Smarandache dual N subgroups, (SjDN subgroups) and illustrate them by examples. 

Problems: 

1. Give an example of a S-seminear-ring N in which (P, +) is a subgroup but (P, .) is 
not even a semigroup, where P is a proper subset of N. 

2. Prove (Z 2 4 , x, .) is a S-seminear-ring. Show (P, +) and (P, .) are group and S- 
semigroup respectively. Show (P, .) a group exists in Z 24 . 

3. Find S-left ideals in Z 24 given in example 2. 

4. Is (Z, x, .) a S-seminear-ring? Justify. Will (Z, x, . ) be a seminear-ring? 

5. Prove (Q, x, .) is a S-seminear-ring. Is (Q, x, .), S-strongly bipotent or just S-left 
bipotent? 



6.3 Smarandache seminear-rings of level II 

In section 6.1 we saw S-seminear-rings N defined as (N, +) and (N, .) to be S- 
semigroups. We defined various Smarandache properties associated with them. Now 
we define in this section S-seminear-rings more in a conventional way, these S- 
seminear-rings will be distinguished from type I by putting II. By default of notions 
we do not denote S-seminear-ring I by just S-seminear-ring. We obtain several 
interesting results about them. 

Definition [99]: A nonempty > set N is said to be a Smarandache seminear-ring II (S- 
seminear-ring II) if (N, +, .) is a seminear-ring having a proper subset A (A cN) such 
that A under the same binary operations of N is a near-ring that is (A, +, .) is a near- 
ring. 

Example 6.3.1 : Let Z 18 = {0, 1, 2 ,..., 17} be the set of integers modulo 18. Z 18 under 
usual multiplication ‘x’ modulo 18 is a semigroup. Define ‘.’an operation on Zig as 
a.b = a for all a, b e Zig. Clearly (Zig, x, .) is a seminear-ring. (Z 18 , x, .) is a S- 
seminear-ring for take A = {1, 5, 7, 11, 13, 17}; (A, x, .) is a near-ring hence the 
claim. 

Theorem 6.3.1: All seminear-rings need not in general be S-seminear-rings II. 

Proof. By an example. 

Let Z + = {set of positive integers}. Z + under ‘+’ is a semigroup. Define ‘ 0 ’ a binary 
operation on Z + as a 0 b = a for all a,be Z + . Clearly Z + is a seminear-ring which is 
not a S-seminear-ring. 

Theorem 6.3.2: Let N be a S-seminear-ring II then N is a S-seminear-ring I provided 
(N, .) is a S-semigroup. 
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Proof. Obvious by the very definitions as (N, +) is a S-semigroup and (N, .) is a S- 
semigroup. 

Example 6.3.2: Let M nxn = {(ay) / a,j g Q}. Define matrix multiplicative as an 
operation on M nxn . (M nxn , x) is a semigroup. Define ‘o’ on M nxn as A o B = A for all 
A , B G Mnxn) (M nxn , x , .) is S-seminear-ring. For the set of all n x n matrix with |A| # 
0 is a group if we denote the collection by A nxn then A nxn cz M nxn . Clearly (A nxn , x, .) 
is a near-ring. 

Example 6.3.3: Let Z 14 = {0, 1, 2, ..., 23} be the set of integers modulo 24. Define 
usual multiplication 'x' on Z 24 . (Z 24 , x) is a semigroup. Define 'o' on Z 24 as a o b = a 
for all a g Z 24 . Z 2 4 is a S-seminear-ring as A = {1, 5, 7, 11, 13, 17, 19, 23} is a group 
under 'x' as (Ai, x, .) is a near-ring. Thus Z 24 is a S-seminear-ring. In view of these 
examples we propose problems in chapter 10 . 

Example 6.3.4: Let Z 4 = {0, 1, 2, 3}, clearly (Z 4 , 'x', '.') is a S-seminear-ring as {A = 
{1,3}, x, . } is a near-ring. 

Example 6.3.5: Zg = {0, 1, 2, ..., 8 } is a S-seminear-ring as {A = {1, 8 }, x, .} is a 
near-ring. 

From this example we see 9 is not a prime, still in case n = p a ; where p is a prime, we 
see Z n is a S-seminear-ring. 

Example 6.3.6: Let Z 25 = {0, 1 ,..., 24}. Z 25 is a S-seminear-ring as (A = {1, 24}, ., 
x) is a near-ring. 

In view of this we have the following theorem. 

Theorem 6.3.3: Let ( Z p2 , x, .) be a seminear-ring. ( Z p2 , x, .) is a S-seminear-ring. 

Proof: To prove we have to show a near-ring as a substructure of (Z p2 , x, .). Take A 
= ({1, p“-l}, x, .) is a near-ring. Hence the claim. 

Theorem 6.3.4: Let Z = { 0 , 1, ..., p'-l} be a seminear-ring under ‘x ’ and ‘ ’. 
Clearly Z is a S-seminear-ring for take {A = ({1, p n -l}, x, .)}; A is near-ring. 

Proof: Simple number theoretic arguments will yield the result. 

Thus we have a natural class of S-seminear-rings. In fact this natural class of S- 
seminear-rings is also trivially S-seminear-rings of level I by taking singletons x in Z n 
where x 2 = x. 
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Now it may happen that many near-rings may contain subsets which are seminear- 
rings we choose to call these S-pseudo seminear-rings which will be dealt in the next 
section. 

Problems: 



1 . Find a seminear-ring other than Z + which is not a S-seminear-ring. 

2. Prove Z 19 = {0, 1, 2, 18} is S-seminear-ring. 

3. Does there exist an example of a S-seminear-ring I which is never a S-seminear- 
ring II? Justify your answer. 

4. Illustrate by an example that there exists a S-seminear-ring II which is not a S- 
seminear-ring I. 

5 . Let N = Z3 x Z14 be a S-seminear-ring. How many proper subsets in N are near- 
rings? 

6. Let Z 28 = {0, 1, 2, ..., 27} be a seminear-ring. Find the number of near-rings in 
^ 28 - 

7. Is Z 2 = {0, 1} a S-seminear-ring? Justify your answer. 



6.4 Smarandache pseudo seminear-ring 

In this section we just define the concept of S-pseudo seminear-rings and obtain some 
interesting results about them. This is an interesting case when a near-ring has the 
general structure as a proper subset. To find a natural class of such S-pseudo 
seminear-rings we define Smarandache mixed direct products in near-rings. 

Definition 6.4.1: N is said to be Smarandache pseudo seminear-ring (S-pseudo 
seminear-ring) if N is a near-ring and has a proper subset A of N such that A is a 
seminear-ring under the operations ofN. 

Example 6.4.1: Let Z be the set of integers under usual '+' and ‘ 0 ’ defined by a 0 b = a 
for all a, b e Z, (Z, ‘+’, ‘ 0 ’) is a near-ring. Taking A = Z + ; (Z + , +, .) is a seminear-ring 
So Z is a S-pseudo seminear-ring. 

Example 6.4.2 : Let Z[x] be the polynomial ring over the ring of integers. Define ‘+’ 
on Z[x] as usual addition of polynomials. Define an operation ‘o’ on Z[x] as p(x) . 
q(x) = p(x) for all p(x), q(x) e Z[x], Clearly (Z[x], +, .) is a S-pseudo seminear-ring 
for (Z + [x], +, .) is a seminear-ring. 

Definition 6.4.2: Let N and Nj be two S-pseudo seminear-rings. h : N Nj is a 
Smarandache pseudo seminear ring homomorphism (S-pseudo seminear-ring 
homomorphism) if h restricted from A to A j is a seminear-ring homomorphism. 

Definition 6.4.3 Let N be a S-seminear-ring II. An additive subgroup A of N is 
called a Smarandache N-subgroup II (S-N-subgroup II) if NA a N (AN cr A) where 
NA = {na / n e N and a e A}. 

Thus we see in case of S-seminear-rings we have the concept of S-N-subgroup. We 
define S-left ideal for S-seminear-ring. 
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Definition 6.4.4: Let (N, +, .) be a S-seminear-ring. A proper subset I of N is called 
Smarandache left ideal (S-left ideal II) in N if 

i. (I, +) is a normal subgroup of A where (A, +) is a group. 

ii. n (n 1 + i) + n r «/ € I for each i e 7, n, nj € A where n r denotes the unique 
inverse of n. 

Definition 6.4.5: A nonempty subset I of (N, +, .); N a S-seminear-ring is called a 
Smarandache ideal II (S-ideal II) in N if 

1. I is a S-left ideal. 

2. IA d (A cN; A is a near-ring). 

Definition 6.4.6: Let N be a S-seminear-ring. N is said to be Smarandache left 

2 

bipotent II (S-left bipotent II) if Na = Na for every a € A, where A cr N is a near- 
ring. 

Definition 6.4.7: Let N be a S-seminear ring. N is said to be a Smarandache s- 
seminear-ring II (S-s-seminear-ring II) if a e Na for each a € A cN; where A is a 
near ring. 

Definition 6.4.8: Let N be a S-seminear-ring, N is said to be a Smarandache regular 
II (S-regular II) if for each a in A (A a near-ring) there exists x in A such that a = 
axa. 

The following result is left for the reader to prove. 

Theorem 6.4.1: Let N be a S-seminear-ring, then N is S-regular II if and only if for 
each a (V 0) in A, A <=N, there exists an idempotent e such that Aa = Ae (A a near- 
ring). 

Definition 6.4.9: A S-seminear-ring N is said to be Smarandache strictly duo (S- 
strictly duo) if every SN-subgroup (S-left ideal) is also a right SN-subgroup (S-right 
ideal). 

Definition 6.4.10: A S-seminear-ring N is called Smarandache irreducible II or 
Smarandache simple II (S-irreducible II or S-simple II) if it contains only trivial SN- 
subgroups (S-ideals) (0) and A; (A t^N; A the only near-ring which is irreducible). 

Definition 6.4.11: An S-ideal P (^ A t ) is called a Smarandache strictly prime (S- 
strictly prime) if for any two SN-subgroups A and B of A / (A / cN, Ai a near-ring of 
the S-seminear-ring) AB crP then, A crP or B crP. 

Definitions 6.4.12: A S-left ideal B of a S-seminear-ring; N is called Smarandache 
strictly essential (S-strictly essential) if B r K ^ (0) for every non-zero SN-subgroup 
KofN. 
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Definition 6 . 4 . 13 : An element x in N (N a S- semin ear-ring) is said to be 
Smarandache singular (S-singular) if there exists a non-zero S-strictly essential left 
ideal C in N such Cx = {O'. 

Definition 6 . 4 . 14 : A nonzero S-seminear-ring N is said to be Smarandache 
subdirectly irreducible (S-subdirectly irreducible) if the intersection of all non-zero S- 
ideals II of N is non-zero. 

Example 6.4.3 : Let Z 14 = {0, 1, 2, 13} be a seminear-ring under the operation ‘x’ 

and V where x is the usual multiplication modulo 14 and a 0 b = a for all a, b e Z 14 . 
A = {1, 3, 5, 9, 1 1, 13} has a SN-subgroup. 

It is left to the reader to find interesting properties about S-seminear-rings. 

Problems; 

1 . Prove Z 27 is a S-seminear-ring II. 

2. Find S-ideals II in Z 28 . 

3. How many SN-subgroups II does the S-seminear-ring Z 30 have? 

4. Find a S-seminear-ring homomorphism from Z 12 to Z 20 . 

5. Find all S-ideals II and SN-subgroups II of Z 210 . 



6.5 Miscellaneous properties of some new classes Smarandache 
seminear-ring. 

In this section we recollect the various properties of seminear-ring and adopt them to 
S-seminear-rings. We study and introduce the two new classes of senrinear-rings got 
using groups and semigroups. We study about units and zero divisors in these 
structure. We introduce the concept of semi-idempotents in case of S-seminear-rings. 
Just we recall the definition of group senrinear-rings [84] . 

Definition 6 . 5 . 1 : Let (N, +, .) be a seminear-ring such that (N, +) is a commutative 
semigroup and (N, .) is a semigroup, G be any group. The group G over the seminear- 
ring N; called the group seminear-ring, NG is a seminear-ring; NG consists of all 
formal sums of the form a = I a (g) g; a (g) e N and g e G such that supp a = jg / 
a(g) # 0} i.e. the support of a is finite satisfying the following operational rules. 

Za(g)g = Zj3(g)g^>a(g) = fUg) for all g € G. 

2. Z a (g) g + Z J3 (g) g = Z (a (g) + /3 (g)) gfor all g e G. 

3- (Z a (g) g) (Z (3 (g) g) = Zju (gO g 1 where p (g) = Z a (g) (3 (g ) with gg 1 = g, 
provided the coefficient are distributive from the left and right; otherwise we 
assume the product term is in NG. 

4. Z a (g) gn = Z a (g) ng 1 / a (g), n e N. 

Since 1 e G we see N c: NG. G may or may not be contained in NG. For all n € N 
and g € G we have ng = gn. It can be verified NG is a seminear-ring. 
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Theorem 6 . 5 . 1 : Let N = Z + u {0} be a seminear-ring and G any group. The group 
seminear-ring NG has no nontrivial divisors of zero. 

Proof. Follows from the fact if a = X a; g;; a; e Z + and P = X Pj hp Pj e Z + , a,p =£ 0 as 
in Z + u {0}; Oh = 0 for all heN. Hence the claim. 

Thus we see in case of group rings RG, every element of finite order in the group G 
will give way to a zero divisor. This is not in general true for group seminear-rings, 
evident from theorem 6.5.1 . 

Now we proceed on to define semigroup seminear-rings. If in the definition of group 
seminear-ring we replace the group G by a semigroup we get the semigroup seminear- 
ring. 

Definition 6 . 5 . 2 : Let N be a seminear-ring and S a semigroup with unit. The 
semigroup seminear-ring NS is defined analogous to group seminear-rings i.e. in the 
definition 6.5.1 replace the group G by a semigroup S with unit we get semigroup 
seminear-ring NS. 

It is easily proved NS is also a seminear-ring. 

Theorem 6 . 5 . 2 : Let Z + u {0} = N be a seminear-ring and S any semigroup with unit, 
fa = afl = / if and only if I a , = land I [1, = 1 where a = I a t s, and f = I Sj 
[only under product afl = 27 a, s, I [[ s, = I ajfor all a, [1 e NS (as in Z + we have 
ab = a V a, b eZ + )]. 

Proof. Using the definitions the result is straightforward. 

We now proceed on to define the concept of semi-idempotents in near-rings. 

Definition 6 . 5 . 3 : Let N be a seminear- ring we say a e N is a semi-idempotents ofN 
ifN(a - a) does not contain (a - a). 

Definition 6 . 5 . 4 : A seminear-ring N is strongly subcommutative if eveiy left ideal of 
it is a right quasi reflexive. (They define ideal in seminear-rings in a different way). 

Definition [ 2 ]: Let R denote a seminear-ring. A non-empty subset I ofR is an ideal 
if x + y, ix, xr are in I for all x,y el and r e R. 

In this book we call this ideal as a common ideal. 

Definition [ 2 ]: A ideal I is called strongly idempotent (Sl-seminear-ring) if for every 
ideal I is such that (T ) = 1. 

For more about these concepts refer [2]. 

We just introduce here the notion of chain seminear-ring. 
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Definition 6.5.5: A seminear-ring S is said to be a left chain seminear-ring if the set 
of all left ideals of S is totally ordered by inclusion. 

Definition 6.5.6: A seminear-ring N is said to be a chain seminear-ring if the set of 
ideals ofNis totally ordered by inclusion. 

Definition 6.5.7: Let P a S be an ideal of S, P is called prime if for all ideals I, .J e 
S, I.J a P implies I cP or J c P. 

Definition 6.5.8: An ideal I c: S is called semiprime if and only if for all ideals J cr 
S, J" a I implies J d. 

Definition 6.5.9: Let S be a seminear-ring. The prime radical of S is the intersection 
of all prime ideals of S. 

As our main motivation is only the study of S-seminear-ring we have only just 
recalled the definitions and concepts about seminear-rings and by no means we deeply 
go into the subject as we assume the author to be well versed in the theory of near- 
rings. Hence we now proceed on to define Smarandache analogous of each and every 
concept mentioned here. We also by no means claim that we have exhausted all the 
properties about seminear-rings. We enlist here only those notions and definitions 
which was available to us. 

Now first we study when do we call any group seminear-ring to be a Smarandache 
group seminear-ring. 

Definition 6.5.10: A group seminear-ring NG of a group G over a near-ring NS is 
called a Smarandache group seminear-ring (S-group seminear-ring) if and only if N 
is a S-seminear-ring II. 

Theorem 6.5.3: Let NG be a S-group seminear-ring then N has a near-ring P such 
that P <£ N but P <^NG. 

Proof. From the very construction and definition of S-group seminear-ring NG we 
have N to be S-seminear-ring so N contains a near-ring PcN. Clearly PG the group 
near-ring which is a near-ring. Hence the claim. 

Example 6.5.1 : Let Z 24 be a seminear-ring with operation ‘x’ and ‘ 0 ’ where 'x' is the 
usual multiplication modulo 24 and a 0 b = a for all a, b e Z 24 . A = {1, 5, 7, 11, 13, 
17, 19, 23} is a near-ring. Let G = S 3 . The group seminear-ring Z 24 G contains AG to 
be a near-ring, hence the claim. Find zero divisors, idempotents, and units in Z 24 G. 

Definition 6.5.11: Let N be a seminear-ring and S a semigroup. The semigroup 
seminear-ring NS is said to be a Smarandache semigroup seminear-ring (S- 
semigroup seminear-ring) if and only if S is a S-semigroup. 

Thus it is an interesting problem to find when S-semigroup seminear-rings are S- 
seminear-rings. 
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Example 6.5.2: Let N = Z + be a seminear-ring under ‘x’ and ‘o’. S = S(n) be the 
symmetric semigroup i.e. the semigroup of all mapping of a set of n elements to itself. 
NS is a Smarandache semigroup seminear-ring as S(n) is a S-senrigroup. 

Definition 6.5.12: Let N be a seminear-ring. We say N is Smarandache strongly 
subcommutative seminear-ring (S-strongly subcommutative seminear-ring) if every S- 
right ideal of it is a right quasi reflexive. 

Definition 6.5.13: Let R be a S-seminear-ring. We call a non-empty subset I ofR to 
be a Smarandache common ideal (S-common ideal) related to A, (A a R and A is a 
near-ring) if 

i. x + y € I, for all x, y € I. 

ii. ax, anx, xa € I for all x € I and a € A. 

Theorem 6.5.4: If N is a S-seminear-ring. Every common ideal of N is a S-common 
ideal of N. But all S-common ideals of N need not be common ideals of N. 

Proof. Follows from the definitions. The reader is expected to construct an example of 
an S-common ideal which is not a common ideal. 

Example 6.5.3: Let Z 24 = {0, 1, 2, ..., 23} be a S-seminear-ring under ‘x’ and V 
Does this seminear-ring have S-common ideals and common ideals? 

Definition 6.5.14: Let N be a seminear-ring. N is said to satisfy Smarandache chain 
seminear-ring condition (S-chain seminear-ring condition) if the set ofS-ideals ofN is 
totally ordered by inclusion. 

The reader is requested to formulate interesting results and properties about these S- 
chain conditions on seminear-rings. 

Definitions 6.5.15: Let N be a seminear-ring. An S-ideal I cz N is called 
Smarandache semiprime ( S-semiprime ) if and only if for all S-ideals J a S, f a I 
implies J <zl. 

Definition 6.5.16: Let P <z N, N a seminear-ring. An S-ideal of N, P is called 
Smarandache prime (S-prime) if for all S-ideals I, J e N, IJ <zP implies I <zP or J a 

P. 

Motivated by these definitions the reader is expected to study the notions of S-zero 
divisors, S-idempotents, S-units, S-nilpotents and S-semi-idempotents which can be 
thought of as element wise study. Find also substructure like S-ideals, S-common 
ideals, S-chain condition for S-group seminear-rings, S-senrigroup seminear-rings, S- 
seminear-ring and characterize them. It is upto the researchers to find innovative and 
ingenous results about S-senrinear-rings. Several suggested problems proposed in 
chapter X may help the reader with more information. 

We at this point wish to state several modular or non-nrodular lattices may contain 
subsets which are seminear-rings. Thus we can have a class of seminear-rings derived 
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from modular or non-modular lattices as distributive lattices are trivially seminear- 
ring. 

Problems: 



1 . Is the semigroup seminear-ring Z\i S( 5 ) a S-seminear-ring? Justify your answer. 

2 . Prove Z27S7 is a S-group seminear ring. Find S-ideals and S-zero divisors in them. 

3 . Find S-common ideals of the S-group seminear-ring Z 10 S3. 

4 . Does the S-seminear-ring Z210 have 

i. Common ideals. 

ii. S-common ideals. 

iii. S-ideals which are common ideals. 

iv. Does it satisfy S-chain conditions? 

5 . Can the seminear-ring Z24 satisfy 

a. Chain conditions. 

b. S-chain conditions. 

c. Does it have S-semiprime ideals. 

d. Does it have S-prime ideals. 
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Chapter Seven 

SOME APPLICATIONS OF 
SMARANDACHE NEAR-RINGS AND 
NEAR-RINGS 



This chapter is a maiden effort to bring the two probable existing applications of near- 
rings and seminear-rings. We are not widely speaking about the applications of near- 
rings we only discuss here the two applications one in automatons and the other in the 
construction of error correcting codes. This chapter has three sections. In section one 
we recall the basic notions of an automaton, semi-automaton, Smarandache 
automaton and group automaton and give some interesting illustrations of them. 

Section two completely gives the definition of Smarandache semigroup semi- 
automaton and illustrate them with examples and also give the associated syntactic 
near-ring. We introduce the state graph for these S-S-semigroup semi-automaton and 
extend this notion to the group automaton and Smarandache S-semigroup automaton 
(S-S-semigroup automaton) and define the concept of Smarandache syntactic near- 
ring. The final section is just only the introduction of Smarandache-planar near-rings 
used in the construction of Balanced incomplete block design, (BIBD) we show the 
introduction of a S-planar near-rings leads to several BIBDs for any given S-planar 
near-ring. 



7.1 Basics on automaton and on semi-automaton 

In this section we just recall the definitions of automaton, semi-automaton, 
Smarandache automaton, Smarandache semi-automaton and group semi-automaton 
and finally the concept of syntactic near-ring given by [18]. We illustrate them with 
explicit examples so that it would become easy in the next section when we introduce 
the Smarandache equivalence of a syntactic near-ring and its probable application to 
group semi -automaton. As this section deals with application all basic relevant 
information are recalled. 

Definition 7.1.1: A semi-automaton is a tripe S = (Z, A, 8) consisting of two 
nonempty sets Z and A and a function 8 : Z x A —>Z,Z is called the set of states and A 
the input alphabet and 8 the next state function of S. 

Definition 7.1.2: An automaton is a quintuple A = (Z, A, B, 8, A) where (Z, A, 8) is a 
semi-automaton, B is a nonempty set called the output alphabet and A : Z x A —>B is 
the output function. 

A (semi) automaton is finite if all sets Z, A and B are finite. Several types of 
automaton are studied. 

We usually describe the (semi) automaton only by tables or by graphs. 
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Description of automaton: 

Let A = {&i, a 2 , a n }, B = {bi, b 2 , b n } and Z = {z u z 2 z k } where A is the 
input alphabet, B is the output alphabet and Z is the set of states. We describe 5 the 
next state function from Z x A — > Z by the following transition table. 



5 


at 


... 


a n 




5 (zj.a,) 




5 (z,,a n ) 


z u 


5 (z k ,a,) 




S(z k ,a n ) 



(5 (z;, a,) e Z). 



The output table in case of automaton is given by k, where k : Z x A — > B where B is 
the output alphabet is given by the following output table. 



k 


at 


• •• 


a n 


z i 


M z ,,a,) 




M z i,a n ) 


z k 


^( Z k , a j ) 




M z k » a „) 



where k (z b aO e B. 



The graphical representation which is called a state graph are drawn by taking the set 
of states zi, z 2 , . . ., z k as, ‘discs’. 

ai 





if 5 (z r , a;) = z s . In case of an automaton, we have k (z r , a;) also as the output function 
so that the state graph in this case is 




ai, k{ z r , a;) f 



We illustrate by the following example the parity check automaton by both the tables 
and state graphs. 

Example (Parity-check Automaton): Let Z = Z = {z 0 , z\}, A = B = {0, 1} and 



5 


0 


1 


Zo 


Zo 


Zl 


Zl 


Zl 


Zo 
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This automaton has liminations for a given input it can give an output. It cannot do 
any sequential operations so using free semigroups as automaton which can perform 
sequence of operations acting on sequence of elements. To achieve this we define the 
following: 

A = free semigroup generated by the input 

alphabets A together with the empty sequence A. 

B = free semigroup generated by the output 

alphabets B together with the empty sequence A. 

Clearly the number of states Z in a machine cannot be adjusted as it is constructed or 
designed with a fixed number of states. 

We extend the next state function 5 and the output function X from Z x A to Z x A by 
defining for z e Z and ai, &2 . . a r e A where 5: Z x A — > Z and 5 . Z x A — » Z by 

5 (z,A) = z 

8(z,aj) = 5 (z,a,) 

§(z,a I a 2 ) = 8 (§(z, aj),a 2 ) 



and 



5 (z , a,a 2 ... a n )= 5 (s(z, a,a 2 ... a^J.aJ 

Z:ZxA— »BbyZ:ZxA— »B defined or extended by 
X (z,A) = A 

^ (z,aj) = X (z,a,) 

Z (z, a i a 2 ) = X (z,a 1 )z(§(z,a 1 ),a 2 ) 



X (z,a,a 2 ...a n ) = X (z,a 1 )x(d(z,a 1 ),a 2 ...a [ ) 
In this way we obtain functions 
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5 : Z x A — > Z and 

X:Zx A— >B. 

Thus the semi-automaton S = (Z, A, 5) is generalized to new semi-automaton 
S = (Z, A, 8) . Similarly the automaton A = (Z, A, B, 5, X) is generalized to the new 
automaton A = (Z, A, B, 8, X ) ; we can describe the operation by 



Zl 


— 


z 


Z2 


= 


8 (z h aO 


Z3 


= 


8(zi, aia 2 ) 




= 


8 (8 (z h aO, a 2 ) 




= 


8 (z 2 , a 2 ) 



The sectional graph of the automaton is: 





Figure 7.1.1 

Now using the concept of semi-automaton and automaton we define the concept of 
Smarandache semi-automaton and Smarandache automaton as follows: 

We would advise the reader to go through the definition of free groupoids and 
Smarandache free groupoids defined in chapter I. 

Definition [98]: y s = (Z, A s ,S s )is said to be a Smarandache semi-automaton if A s 
= (A) is the free groupoid generated by A with A the empty sequence adjoined with it 
and 5 s is the function from Z x A s —> Z. Thus the Smarandache semi-automaton (S 
semi-automaton) contains y = (Z, A s ,5 s )as a new semi- automaton which is a proper 
substructure of y s . 

Or equivalently we define a S-semi-automaton as one which has a new semi- 
automaton as a substructure. 

Clearly the S-semi-automaton is a generalized structure than the new semi-automaton 
as all free semigroups are in A where A is the free groupoid generated by A. 

Definition [ 98 ]: Y s = (Z h A s ,8' s ) is called the Smarandache subsemi-automaton (S- 
subsemi-automaton) of Y s = (Z 2 , A s , 8' J denoted by Y s cy K ifZj cr Z? and 5' s is 
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the restriction of S s on Z] x A s and Y s has a proper subset II cr Y s such that H is a 
new semi-automaton. 

We just illustrate them by an example. 

Example 7 . 1 . 1 : Let Z = Z4= ( 2 , 2 ) and A = Z3 ( 1 , 2 ) we define 5 (z, a) = z * a (mod 4 ) 
as in Z. The table for the semi-automaton is given by 



5 


0 


1 


2 


0 


0 


2 


0 


1 


2 


0 


2 


2 


0 


2 


0 


3 


2 


0 


2 



The graph for it is 




Figure 7.1.2 

Thus this has Smarandache subsemi-automaton Z\ given by Z\ = { 0 , 2 } states. 

Remark : A machine equipped with this S-semi-automaton can use any new 
automaton as per need. Now proceed on to recall the definition of group semi- 
automaton. 

DEFINITION [98]: K s = (. Z, A s , B , 8 s , X s ) is defined to be a Smarandache automaton (8- 
automaton) if K = (Z, A s ,B s ,8 s ,X s ) is the new automaton and A s and B s , the 
Smarandache free groupoids so that K = (Z, A s , B s , S s , ) is the new automaton got 

from K, and K is strictly contained in K s . 

Thus S-automaton enables us to adjoin some more elements which is present in A and 
freely generated by A, as a free groupoid; that will be the case when the compositions 
may not be associative. 

Secondly, by using S-automaton we can couple several automaton as 

Z| LJ Z2 Z n 
Ai u A 2 u...u A n 
Bi U B 2 U...U Bn 



z 

A 

B 
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X 

8 



A,i u Z 2 u...u X n 
5i u 8 2 u...u 5 n . 

where the union of X, u Xj and 8i u 5j denote only extension maps as ‘u’ has no meaning 
in the composition of maps, where Kj = (Z;, A;, Bj, 8;, A,;) for i = 1, 2, 3, n and K = K, 
u K 2 u ... u K n . Now K s = (Z s , A s , B s , X s , 5 S ) is the S-automaton. 

A machine equipped with this S-automaton can use any new automaton as per need. 

Example 7.1.2: Let Z = Z 4 (3, 2), A = B = Z 5 (2, 3). K = (Z, A, B, 8, X) is a S-automaton 
defined by the following tables where 5 (z, a) = z * a (mod 4) and X (z, a) = z * a (mod 
5). 



X 


0 


1 


2 


3 


4 


0 


0 


3 


1 


4 


2 


1 


2 


0 


3 


1 


4 


2 


4 


2 


0 


3 


1 


3 


1 


4 


2 


0 


3 



5 


0 


1 


2 


3 


4 


0 


0 


2 


0 


2 


0 


1 


3 


1 


3 


1 


3 


2 


2 


0 


2 


0 


2 


3 


1 


3 


1 


3 


1 



We obtain the following graph: 





Figure 7.1.3 

Thus we see this automaton has two Smarandache subautomatons given by the sates {0, 
2} and {1,3}. 

DEFINITION [98]: K s = (Zi, A s ,B s ,S s ,A s ) is called Smarandache sub-automaton (S- 
subautomaton) of K s = (Z 2 , A s ,B s ,S s ,A s ) denoted by K s c K s ifZ I czZ 2 and S' s 
and X s are the restriction of 8 S and X s respectively on Z; x A s and has a proper subset 
II c: such that H is a new automaton. 
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DEFINITION [98]: Let K t and K 2 be any two S-automaton where K, = 
(Z], A S ,B S ,8 S ,X S ) and K 2 = (Z 2 , A s ,B s ,S s ,X S ) . A map <f> : K t to K 2 is a Smarandache 
automaton homomorphism (S-automaton homomorphism 

) if (j> restricted from K ) = (Z 2 , A /, B/, Si, X i) and K 2 = (Z 2 , A 2 , B 2 , S 2 , X 2 ) denoted by <j) r , is 
an automaton homomorphism from K] to K 2 . (f) is called a Smarandache monomorphism 
(epimorphism or isomorphism) if there is an isomorphism <f> r from K i to K 2 . 

DEFINITION [98]: Let K ! and K, be two S-automatons, where K t = (Z It A s ,B s ,S s ,X s ) 
and K 2 = (Z 2 , A s , B, , S s ,X S ). 

The Smarandache automaton direct product (S-automaton direct product) of K t and K 2 
denoted by K : x K 2 is defined as the direct product of the automaton K/ = (Z h A!, Bi, 
Si, Xi) and K 2 = (Z 2 , A 2 , B 2 , S 2 , X 2 ) where K t x K 2 . = (Zi xZ 2 , Ai xA 2 , Bi xB 2 , 5, X) with 
8 ((zi, z 2 ), (ai, a 2 )) = (Si (z h a 2 ), S 2 (z 2 , a 2 )), X ((z,, z 2 ), (a h a 2 )) = (Xi (z u a 2 ), X 2 (z 2 , a 2 )) 
for all (zi, z 2 ) eZi x Z 2 and (ai, a 2 ) e Ai xA 2 . 

Remark: Here in K 2 x K 2 we do not take the free groupoid to be generated by Ai x A 2 
but only free groupoid generated by A, xA 2 . 

Thus the S-automaton direct product exists wherever a automaton direct product exists. 

We have made this in order to make the Smarandache parallel composition and 
Smarandache series composition of automaton extendable in a simple way. 

DEFINITION [98]: A Smarandache groupoid Gi divides a Smarandache groupoid G 2 if 
the corresponding semigroups Si and S 2 of Gi and G 2 respectively divides, that is, if Si is 
a homomorphic image of a sub-semigroup ofS 2 . 

In symbols Gi \ G 2 . The relation divides is denoted by '\ 

Definition [98]: Let K, = (Z h A s ,B s ,S s ,X s ) and K 2 = (Z 2 , A s ,B s ,8 s ,X s ) be two S- 
automaton. We say the Smarandache automaton K 2 divides the S-automaton K 2 if in the 

automatons Ki = (Z h A, B 81, Xi) and K 2 = (Z 2 , A, B, S 2 , X 2 ), if K] is the homomorphic 
image of a sub-automaton of K 2 . 

Notationallv K] \ K 2 . 

DEFINITION [98]: Two S-automaton K t and K 2 are said to be equivalent if they divide 
each other. In symbols K t ~ K 2 . 

We proceed on to define direct product S-automaton and study about them. We can 
extend the direct product of semi-automaton to more than two S-automatons. Using the 
definition of direct product of two automaton Ki and K 2 with an additional assumption we 
define Smarandache series composition of automaton. 
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DEFINITION [98]: Let Kj and K 2 be any two S- automatons where K t = (Z h 
A s ,B s ,8 S ,'K S ) and K : = (Z 2 , A s ,B s , 8 S , A s ) with an additional assumption A 2 = Bj. 

The Smarandache automaton composition series (S-automaton composition series) 
denoted by Kj\\-K 2 of K t and K 2 is defined as the series composition of the automaton 
Kj = (Zj, A], B i, Si, A]) and K 2 = (Z 2 , A 2 , B 2 , S 2 , A 2 ) with K 1 \\K 2 = (Z/ x Z 2 , Aj, B 2 , S, X) 
where S ((zj, z 2 ), ai) = (Sfz/, af S 2 (z 2 , Afz/, af) and A((zj, z 2 ), af = (A 2 (z 2 , Afzj, ai)) 
((z h z 2 ) eZj xZ 2 , ai & A ,). 



This automaton operates as follows: An input ai e A] operates on zi and gives a state 
transition into zf = Sfzj, ai) and an output bi = Afzj, a 2 ) e Bj = A 2 . This output bi 
operates on Z ■> transforms a z? e Z 2 into z 2 = 5fa->, bi) and produces the output Afz->, 
bif 



Then K 1 f[ K : is in the next state (zf z 2 ) which is clear from the following circuit: 



^ * 


Zl 


A 2 = Bi 


z 2 


b 2 


w 


W 


w 



Now a natural question would be do we have a direct product, which corresponds to 
parallel composition, of the two S-automatons K , and K 2 . 

Clearly the S-direct product of automatons K, x K, since Z\, and Z 2 can be interpreted 
as two parallel blocks. Ai operates on Zj with output B, (i e {1,2}), Ai x A 2 operates on 
Zi x Z 2 , the outputs are in Bi x B 2 . The circuit is given by the following diagram: 




Figure 7.1.4 

Definition [18]: A group semi-automaton is an ordered triple S = (G, I, 8) where G 
is a group; I is a set of inputs and 8 : G x I —>G is a transition function. 

For more about these refer [18]. We illustrate this by an example. 

Example 7.1.3: Let G = S 3 , where S = {p 0 , pi, . .., ps} I = {0, 1, 2,} be the set of 
inputs. The transition function 5 : G x I — > G defined by 

5 (po, 0) = po 
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5 (pi, 0) = p; for i= 1, 2, 5 

5 (pi 1) = Pi+i and 5 (p 5 1) = 0, for i = 1, 2, . . 4 

5 (pi 2) = p i+ 2 , for i = 1, 2, 3 and 5 (p 4 , 2) = p 0 5 = (p 5 , 2) = pi 



Clearly (G, I, 5) is a group semi-automaton. 

Now using the notions of [27] we define the following. 

Definition [27]: A semi-automaton S = (Q, x, 8) with state set Q input monoid X and 
state transition function 8; 8 : Q xX —> Q is called a group semi-automaton if Q is an 
additive group. 8 is called additive if there is some xq e X with 8 (q, x) = 8 (q, xq) + 8 
(0, x) and 8 (q - q 1 , xo) = 8 (q, xq) - 8 (q 1 , xo) for all q, q 1 e Q and x e X. Then there 
is some homomorphism 

y/ : Q —>Q and some map 

a : x —>Q with (xq) = 0 and 8 (q, x) = i//(q) + a (x). 

Let 8 x for a fixed, x € X be the map Q —> Q; q —> 8 (q, x) then {8 x /x eX} generates a 
subnear-ring N (S) of near-ring (M (Q), +, .) of all mappings on Q. This near-ring N 
(S) is called the syntactic near-ring. 

Thus both [18] and [27] have defined group semi-automaton and syntactic near-ring. 



Problems: 



1. Describe the semi-automaton with A = (0, 1, 2, 3, 4); Z 3 = (0, 1, 2) and 5 : Z 3 x A 
—> Z 3 by 5 (z, a;) = za ; (mod 3) by the table and graph. 

2. Describe the following automaton A = (Z, A, B, 8 , Z) given by Z = Z 7 ; A = B = 
Z 5 , 5 (z, a) = z + a (mod 7), X (z, a) = z.a (mod 5), by a state graph and by the 
tables. 

3. Convert the automaton A given in problem 2 into a new automaton. 

4. Let A = B = Z 5 (3, 2) be a S-groupoid of order 7 and Z = Z (2, 2). Describe the S- 
automaton where 5 (z, a) = z * a (mod 4) and X (za) = z * a (mod 5) by its graph. 

5. For the group G = (g / g 7 = 1) and I = {0, 1, 2, 3}, set of input with 5 : G x I — > G 
defined by 5(g, 0) = g 1+0 5(g‘, 3) = g 1+1 , 5(g 1 , 2) = g 1+2 and 5(g, 3) = g 1+3 for g'eG 
describe the group semi-automaton what is the associated syntactic near-ring. 



7.2 Smarandache S-semigroup semi-automaton and the associated 
Smarandache syntactic near-ring 

In this section we introduce the concept of Smarandache semigroup semi-automaton 
analogous to the group semi-automaton. Further for each group semi-automaton an 
associated syntactic near-ring is also given. Here we define the Smarandache 
analogous of it. 

Definition 7.2.1: Let G be S-semigroup. A Smarandache S-semigroup 

semiautomaton (S-S-semigroup semiautomaton) is an ordered triple S(S) = (G, I, 8) 
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where G is a S-semigroup; I is a set of inputs and S : G x I -> G is a transition 
function. 



Clearly all group semi-automatons are trivially S-S-semigroup semiautomaton. Thus 
the class of S-S semigroup semiautomaton propertly contains the class of group semi- 
automaton. 

Example 7.2.1: Let G = {0, 1, 2, ... , 5} = Z 6 and I = {0, 1, 2} be the set of states; 
define the transition function 5 : G x I -> G by 5(g, i) = g.i (mod 6) thus we get the S- 
semigroup semi-automaton. We give the following state graph representation for this 
S-S semigroup semi-automaton. 




Figure 7.2.1 

Now we see when we change the function 8i for the same S-semigroup, G and I = {0, 
1, 2} we get a different S-S-semigroup semiautomaton which is given by the 
following figure; here the transition fuctions. 5 : G x I — » G is defined by 5i (g, i) = (g 
+ i) mod 6. We get a nice symmetric S-S-semigroup semi automaton. 
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Definition 7.2.2: Let S (S) = (G, I, 8) where G is a S-semigroup I the set of input 
alphabets and 8 the transition fuction as in case of S-S semigroup semi-automaton. 
We call a proper subset B a G with B a S-subsemigroup of G and f a I denoted (B, 
I], 8) = S(SB) is called the Smarandache subsemigroup semi-automaton (S- 
subsemigroup semiautomaton) if 8 : B x I 1 —> B. A S-S-semigroup semi-automaton 
may fail to have sometimes S-S-subsemigroup subsemi-automaton. 

Example 7.2.2\ In example 7.2.1 with S = {Z 6 , I, 5} when we take B = {0, 2, 4} we 
get a S-S-semigroup subsemi-automaton 




Figure 7.2.3 



as B = {0, 2, 4} is a S-subsemigroup of Z 6 . 

Now to the best of our knowledge we have not seen the definition of group automaton 
we define it and then proceed on to get corresponding near-rings. 

Definition 7.2.3: A group automaton is an ordered quintuple A = (G, A, B, 8, 2} 
where G is a group, A is a set of inputs, B is a set of outputs 8 : G x A —>G and 2 : G 
x A —> B is the transition and output functions respectively. 

The Smarandache analogous of this would be as follows. 

Definition 7.2.4: A Smarandache S-semigroup automaton (S-S semigroup 
automaton) is an ordered quintuple S(A) = (G, A, B, 8, 2) where G is a S-semigroup 
and A set of input alphabets and B set of output alphabets, 8 and 2 are the transition 
and output functions respectively. 

If 8 restricted form G x A —>G maps a subgroup T a G into itself 8 : T x A —> T then 
we can say the S-S-semigroup automaton has (T a G, A, B, 8, 2) to be a group 
automaton. 

We call this level I S-S-semigroup automaton. Now we proceed on to define S-S- 
semigroup semiautomaton and S-S-semigroup automaton of level II. 

Definition 7.2.5: Let S = (G, I, 8) be an ordered triple where G is only a S- 
semigroup. IfB cr G and B is a group under the operations of G, and if S 1 = (B, I, 8) 
is a group semi-automaton with B a group, I is a set of inputs and 8 : B x I B then 
S = (G, I, 8) is called the Smarandache S-semigroup semi-automaton of level II (S-S- 



121 





semigroup semiautomaton II). Similarly we define Smarandache S-semigroup 
automaton of level II (S-S-semigroup automaton II). 

It is left for the reader to find any relation existing between the two levels of 
automaton. Now we proceed on to see how these concepts will produce for us the S- 
near-rings. 

Definition 7.2.6: Let S = (Q, X 8) be a S-S-semigroup semi-automaton where Q is a 
S-semigroup under addition '+ ’ i.e. G cr 0 is such that G is a S-semigroup under '+ ’ 
and G a proper subset of Q Let 8 : G xX —>G is well defined i.e. restriction of 8 to G 
is well defined so (G, X, 8) = C becomes a semi-automaton C is called additive if 
there is some xq € X with 

8 (q, x) = 8 (q, xq) + 8 (0, x) and 

8 (q - q 1 , Xq) = 8 (qiXo) - 8 (q 1 , Xq ) for all q, q 1 € G and x € X. 

Then there is some homomorphism 

y/ : G —>G and some map 

a : X —>G with i//(xo) = 0 and 8(q, x) = y/(q) + a(x). 

Let 8 x for a fixed x e X be the map from G —> G; q —> 8 (q, x). Then {S x / x € X} 
generates a subnear-ring N (P) of the near-ring (M ( G), +, .) of all mappings on G; 
this near-ring N(P) is called as the Smarandache syntactic near-ring (S-syntactic 
near-ring). 

The varied structural properties are enjoyed by this S-syntactic near-ring for varying 
S-semigroups. The most interesting feature about these S-syntactic near-ring is that 
for one S-S-semigroup semi-automaton we have several group semiautomaton 
depending on the number of valid groups in the S-semigroup. This is the vital benefit 
in defining S-S-semigroup automaton and S-syntactic near-ring. So for a given S-S- 
semigroup semi-automaton we can have several S-syntactic near-ring. 

Thus the Smarandache notions in this direction has evolved several group automaton 
for a given S-semigroup. 

Problems: 

1 . Let S = (G, I, 5) where G = S 5 define : G x I -> G in any suitable way where I 
= {0, 1} and obtain state graph of S. 

2. Let S(S) = {S(5), I = {0, 1, 2}, 5} study the S-S-semigroup semi-automaton. 

3. Give an example of a syntactic near-ring. 

4. Find an example of S-syntactic near-ring. Does it have S-ideals which have 
any impact on the S-S-semigroup semi-automaton? 

5. Let S = {Z 12 , 1, 5}, I = {0, 1, 2, 3, 4}, 5 = Z 12 x I — » Z 12 , 5 (x„ k) = Xi .k (mod 
12), and Z; 2 is a S-semigroup under 'x' mod 12. Does this have S-S-semigroup 
subsemi-automaton? 
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7.3 Applications of near-rings to error correcting codes and their 
Smarandache analogue 

The study of how experiments can be organized systematically so that statistical 
analysis can be applied in an interesting problem which is carried out by several 
researchers. In the planning of experiments it often occurs that results are influenced 
by phenomena outside the control of the experimenter. The introduction of balanced 
incomplete block design (BIBD) helps in avoiding undesirable influences in the 
experiment. In general, if we have to test the effect of r different conditions with m 
possibilities for each conditions this leads to a set of r orthogonal latin squares. 

A planar near-ring can be used to construct balanced incomplete block designs 
(BIBD) of high efficiency; we just state how they are used in developing error 
correcting codes as codes which can correct errors is always desirable than the ones 
which can only detect errors. In view of this we give the following definition. Just we 
recall the definition of BIBD for the sake of completeness. 

Definition 7.3.1: A balanced incomplete block design (BIBD) with parameters (v, b, 
r, k, A) is a pair (P, B) with the following properties. 

i. P is a set with v elements. 

ii. B = (B h ..., B h ) is a subset of p (P) with b elements. 

Hi. Each Bj has exactly k elements where k < v each unordered pair 
(p, q) with p, q € P, p occurs in exactly A elements in B. 

The set B;, .... B h are called the blocks of BIBD. Each a € P occurs in exactly r sets of 
B. Such a BIBD is also called a (v, b, r, k, A) configuration or 2 - ( v, k, A) tactical 
configuration or design. The term balance indicates that each pair of elements occurs 
in exactly the same number of block, the term incomplete means that each block 
contains less than v - elements. A BIBD is symmetric if v — b. 

The incidence matrix of a (v, b, r, k, A) configuration is the v x b matrix A = (af 
where 

\1 if i e Bj 
a ij = j 

[0 otherwise 

here i denotes the i th element of the configuration. The following conditions are 
necessary for the existence of a BIBD with parameters v, b, r, k, A. 

1. bk = rv. 

2. r(k— 1) = A (v- 1). 

3. b>v. 

Recall a near-ring N is called planar (or Clay near-ring) if for all equation x o a = x 
o b + c. (a, b, c e N, a ^b) have exactly one solution x e N. 
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Example 7.3.1: Let (Z 5 , ‘+’, *) where ‘+’ is the usual ‘+’ and is n * 0 = 0, n * 1 = 
n * 2 = n, n * 3 = n * 4 = 4n for all n e N. Then 1 = 2 and 3 = 4. N is planar near-ring; 
the equation x*2 = x*3 + l with 2^3 has unique solution x = 3. 

A planar near-ring can be used to construct BIBD of high efficiency where by high 
efficiency ‘E’ we mean E = Zv / rk; this E is a number between 0 and 1 and it 
estimates the quality of any statistical analysis if E > 0.75 the quality is good. 

Now, how does one construct a BIBD from a planar ring? This is done in the 
following way. 

Let N be a planar ring. Let a e N. Define g a :N-»Nbyn-»noa and form G = {g a / 
a e N}. Call a e N “group forming” if a o N is a subgroup of (N, +). Let us call sets a 
. N + b (a g N*, b e N) blocks. Then these blocks together with N as the set of 
“points” form a tactical configuration with parameters 

(o, b, r, k, X) = (o, ^ + a 2 v, ai + a 2 |G|, |G|, X) 

G 

where o = |N| and ai (a 2 ) denote the number of orbits of F under the group G \ {0} 
which consists of entirely of group forming elements. The tactical configuration is a 
BIBD if and only if either all elements are group forming or just 0 is group forming. 

Now how are they used in obtaining error correcting codes. Now using the planar 
near-ring one can construct a BIBD. By taking either the rows or the columns of the 
incidence matrix of such a BIBD one can obtain error correcting codes with several 
nice features. Now instead of using a planar near-ring we can use Smarandache planar 
near-ring. The main advantage in using the Smarandache planar near-ring is that for 
one S-planar near-ring we can define more than one BIBD. If there are m-near- field in 
the S-planar near-ring we can build m BIBD. Thus this may help in even comparison 
of one BIBD with the another and also give the analysis of the common features. 

Thus the S-planar near-ring has more advantages than the usual planar near-rings and 
hence BIBD's constructed using S-planar near-rings will even prove to be an efficient 
error correcting codes. 

Problems: 

1 . Using (Z 7 , +, .) build a planar near-ring. 

2. Can (Z 7 , +, .) help in constructing S-planar near-ring? Justify your claim. 

3. For the planar near-ring (Z u , +, .) construct the associated BIBD. 

4. For the S-planar near-ring constructed using Z 24 , how many associated 
BIBD’s can be constructed? 

5. For the S-planar ring N = (Z| 2 , +, .) using the BIBD associated with N 
construct error correcting codes. 
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Chapter Eight 

SMARANDACHE NON-ASSOCIATIVE 
NEAR-RING AND SEMINEAR-RING 



This chapter is solely devoted to the study and introduction of Smarandache non- 
associative near-rings (S-NA-near-rings) and Smarandache non-associative seminear- 
rings (S-NA-seminear-ring). The study of non-associative near-rings started in the 
year 1978. They have called the loop near-ring which is a non-associative structure 
with respect to the operation ‘+’ which is very unusual in rings. 

This chapter is organized into five sections. In section one we just define S-NA- 
seminear-ring and define several of its Smarandache properties. In section two we 
construct several new types of S-NA-near-rings and seminear-rings using S-mixed 
direct product. Here we also define level II seminear-rings and study them. Section 
three is completely devoted to the introduction of Smarandache loop near-ring, 
Smarandache near loop ring and the identities satisfied by them. In section four we 
study the new S-NA-seminear-rings built using loops and groupoids. In the final 
section a few new notions which are studied for near-rings and seminear-rings are 
studied in case of S-seminear-rings and S-near-rings. 



8.1 Smarandache non-associative seminear-ring and its properties 

In this section we just define the notion of S-NA-seminear-ring and introduce several 
properties enjoyed by these structures to S-seminear-ring. This study is interesting and 
innovative as this gives a new class of non-associative seminear-rings. To the best our 
knowledge no one has introduced non-associative seminear-rings; only study of 
seminear-ring have been carried out by researchers. 

Definition 8 . 1 . 1 : Let (N, '.) be a non-empty set endowed with two binary 

operation ‘+ ’ and ’ satisfying the following: 

a. (N, +) is a semigroup. 

b. (N, .) is a groupoid. 

c. (a + b) c = a. c + b.c for all a, b, c € N; (N, '. ) is called the right 

seminear-ring which is non-associative. 

If we replace (c) by a. (b + c) = a.b + a.c for all a, b, c e N Then (N, '+ ‘ ’) is a 

non-associative left seminear-ring. 

We in this text denote by (N, +, .) a non-associative right seminear-ring and by default 
of notation call N just a non-associative seminear-ring. The theory of right or left 
seminear-ring runs completely parallel in both cases. (N, .) will be only groupoids and 
never semigroups for we assume non-associativity of seminear-rings. 
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Example 8.1.1 : Let Z 2 = {0, 1} be a near-ring and G a groupoid. The groupoid near- 
ring Z 2 G is a non-associative near-ring. In view of this we have the following. 

Example 8.1.2 : All non-associative near-rings are non-associative senrinear-rings. 

Example 8.1.3: Let Z 12 = {0, 1, 2, ... , 11} be a senrinear-ring with operation ‘+’ and 
(G, .) be a groupoid given by the following table: 
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2 



Z 12 G is a non-associative seminear-ring. For Z J2 G under multiplication is only a 
groupoid. We define substructures in non-associative seminear-ring. 

Definition 8.1.2: Let (N, +, .) be a seminear-ring which is not associative. A subset 
P ofNis said to be a subseminear-ring if (P, +, .) is a seminear-ring. 

Definition 8.1.3: Let N be a non-associative seminear-ring. An additive 
subsemigroup AofN is called the N-subsemigroup (right N-subsemigroup) ifNA cr A 
(AN <zA) where NA = {na / n eN, a e A}. 

Definition 8.1.4: A non-empty subset I of N is called left ideal in N if 

i. (I, +) is a normal subsemigroup of (N, +). 

ii. n (ni + i) + nn / € I for each i € I, n, n / eN. 

Definition 8.1.5: Let N be a non-associative seminear-ring. A nonempty subset I of 
N is called an ideal in N if 

i. I is a left ideal. 

ii. IN <z I. 

Definition 8.1.6: A non-associative seminear-ring N is called left bipotent if Na = 
Na for a in N. 

Definition 8.1.7: A non-associative seminear-ring N is said to be a s-seminear-ring 
if a e Na for each a in N. 

The following definitions about strictly prime ideals would be of interest when we 
develop Smarandache notions. 

Definition 8.1.8: An ideal P (^N) is called strictly prime if for any two N- 
subsemigroups A and B of N such that AB <zP then A <zP orB <z P. 
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Definition 8.1.9: An ideal B of a non-associative (NA for short) seminear-ring N is 
called strictly essential if B nK ^{0} for every non-zero N-subsemigroup K of N. 

Definition 8.1.10: An element x in N is said to be singular if there exists a nonzero 
strictly essential left ideal A in N such that Ax = {0}. 

Several other analogous results existing in near-rings and seminear-rings can also be 
defined for non-associative seminear-rings. Now we proceed on to define 
Smarandache notions. 

Definition 8.1.11: Let (N, +, .) be a non associative seminear-ring. N is said be a 
Smarandache non associative seminear-ring of level I (S-NA seminear-ring I) if 

i. (N, +) is a S-semigroup. 

ii. (N, .) is a S-groupoid. 

iii. (a + b) c = a.c + b.c for all a, b, c e N. 

Definition 8.1.12: Let (N, +, .) be a non-associative seminear-ring. N is said to have 
a Smarandache subseminear-ring (S-subseminear-ring) P a N if P is itself a S- 
seminear-ring. 

Definition 8.1.13: Let (N, +, .) be a non-associative seminear-ring. An additive S- 
subsemigroup A of N is called the Smarandache N-subsemigroup (S-N-subsemigroup) 
(right N-subsemigroup) ifNA t^A (AN c A) where Na = {na/n € N, a A}. 

Definition 8.1.14: A non-empty subset I of N is called Smarandache left ideal (S-left 
ideal) in N if 

1. (I, +) is a normal S-subsemigroup of (N, +). 

2. n (ri; + i) + nn i e I for each i e I, n, n / e N. 

Definition 8.1.15: Let N be a NA-seminear-ring. A nonempty subset I of N is called 
an Smarandache ideal (S-ideal) in N if 

i. I is a S-left ideal. 

ii. IN d. 

Definition 8.1.16: A S-NA-seminear-ring N is called Smarandache left bipotent (S- 
left bipotent) ifNa = Na for every a in N. 

Theorem 8.1.1: Every S-NA seminear-ring N has a nontrivial seminear-ring P if and 
only if (P, +) is a semigroup and (P, .) is a semigroup. 

Proof. If N has P to be a seminear-ring where P c: N then (P, +) and (P, .) are 
semigroups. (N, .) is a S-groupoid which is always possible. Converse is 
straightforward. 

Theorem 8.1.2: Every SNA seminear-ring N has a subset P which is a near-ring if 
and only if (P, +) is a group and (P, .) is a semigroup. 
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Proof. This is also possible when N is a SNA-seminear-ring as (N, +) is a S- 
semigroup, so has a subgroup with respect + and (N, .) is a S-groupoid so has a subset 
which is a semigroup. If the same subset N happens to be group under ‘+’ and 
semigroup V then we have the above theorem to be true. 

It is pertinent to mention that only this definition of SNA seminear-ring has paved 
way for such possibilities so we can define S-seminear-ring I of type A as follows. 

Definition 8.1.17: Let (N, +, .) be a NA seminear-ring. N is said to be a 
Smarandache seminear-ring I of type A (S-seminear-ring I of type A) if N has a 
proper subset P such that (P, +, .) is an associative seminear-ring. 

It is very important to note by no means we claim that the two definition SNA- 
seminear-ring I and SNA seminear-ring I of type A are equivalent. But of course it is 
an interesting problem to find under what conditions the two definitions are 
equivalent which is enlisted as suggested problems in chapter ten. 

Definition 8.1.18: Let N be a NA-seminear-ring. N is said to be a Smarandache NA 
seminear-ring I of type B (S-NA seminear-ring I of type B) if N has a proper subset P 
where P is a near-ring. 

We say in the definition of S-NA seminear-ring I we assumed (N, +) is a S-semigroup 
so we have (P, +) for a suitable proper subset P to be a group and since (N, .) is a S- 
groupoid we have (Q, .) is a semigroup, if P = Q we see N has P to be a near-ring. 
This has forced us to define S-NA seminear-ring I of type B. It is pertinent to mention 
here that by no means we assume or state that the definitions S-NA seminear-ring I, 
S-NA seminear-ring I type B are equivalent. Thus this definitions give some what 
conditionally equivalent conditions or the Smarandache structures gives way for such 
concepts i.e. a non-associative algebraic structure containing completely an 
associative structure or more richer algebraic structure. 

Example 8.1.4 : Let (N, +, .) be a seminear-ring and G be a groupoid. The groupoid 
seminear-ring NG is a non-associative seminear-ring. NG is S-NA-seminear-ring if 
and only if N is a S-seminear-ring. 

We ask the reader to obtain interesting results about S-non-associative seminear-rings. 

Definition 8.1.19: Let N and Ni be two S-seminear -rings; we say a map <j> from N to 
N i is a Smarandache non-associative seminear ring homomorphism (S-NA seminear- 
ring homomorphism) if 



+ y) = <Kx) + <Ky) 

(j)(xy) = (jfx) <jfy) for all x, y € N. 



Problems: 

1 . What is the smallest order of a non-associative seminear-ring? 

2. Find the order of the smallest S-non-associative seminear-ring. 
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3. Let N = Z 9 define V and ’ 0 ’ on Z 9 as usual multiplication modulo p and a.b = a 
for all a, b e N. Let G be the groupoid given by the following table: 
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a. Is Z 9 G the group seminear-ring a S-NA seminear-ring. 

b. Find S-subseminear-ring of Z 9 G. 

c. Does Z 9 G have S-ideals? 

4. Let Z + be the seminear-ring and G a groupoid given in problem 3. Is the groupoid 
seminear-ring Z + G have a S-seminear-ring? Does Z + G have strictly prime ideals? 



8.2 Some special Smarandache NA semi near-rings of type II 

In this section we introduce Smarandache NA seminear-ring of type II and define 
some interesting results about them. We see that S-NA seminear-rings of type I 
happen to have a very meager property for we in the definition of S-NA seminear- 
rings of type I replace the groupoid by S-groupoids this does not make a big change 
except one of the obvious properties that these non-associative seminear-rings contain 
associative seminear-rings as substructures. Except for this we were not able to 
achieve many more properties we proceed on to define Smarandache NA seminear- 
rings. 

Definition 8.2.1: Let (N, +, .) be a NA seminear-ring, we say N is a Smarandache 
NA seminear-ring II (S-NA-seminear-ring II) if N has a proper subset P which is a 
associative seminear-ring. 

Theorem 8.2.1: Let N be a S-NA seminear-ring II then N is a S-NA-seminear-ring I 
of type A. 

Proof. Obvious by the very definition. Now using the S-mixed direct product 
definition of seminear-rings we can extend it to the case of non-associative seminear- 
rings. This method will help to build a class of S-NA seminear-rings of type II. 

Definition 8.2.2: Let Nj, ..., Nk be k seminear-rings where at least one of the 
seminear-rings is non-associative and at least one is associative. The direct product 
of these seminear-rings N = Nj x ... x Nk is called the S-mixed direct product of 
seminear-rings (S-mixed direct product of seminear-rings). The operation in N is 
carried out component wise. Clearly N is a S-seminear-ring II and S-seminear-ring I 
of type A. 

Now we define a still a strong mixed product. 
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Definition 8.2.3: Let Nj, No, .... N k be a collection of near-rings, non-associative 
seminear-rings and seminear-rings. The product N = Nj xNo x ... x N k is called the 
Smarandache strong mixed direct product (S-strong mixed direct product) of NA 
seminear-rings. Under the component wise operation on N we get N to be a NA 
seminear-ring. Clearly N is a S-NA seminear-ring I of type A and B and also S-NA 
seminear-ring II. 

Since these S-NA seminear-rings are non-associative structures we would be justified 
in studying the cases when these S.NA seminear-rings satisfy the special identities 
like Bol, Moufang, alternative etc. 

As we do not have a very large class of S.NA-seminear-rings or for that matter NA 
seminear-rings we are forced to build S.NA seminear-rings and NA seminear-rings 
only by using loops and groupoids and these newly constructed structure will be 
called as loop seminear-rings and groupoid seminear-rings. These will be non- 
associative seminear-rings even if we take the seminear-rings to be associative. We 
study when these new class of NA seminear-rings satisfies these identities. 

To the best of the authors knowledge no researcher has studied such types of identities 
in these structures. Further in view of the author the very study of non-associative 
near-rings and seminear-rings is very meager. It is all the more important to state 
especially these non-associative seminear-rings do not find any place in any text 
books on near-rings. Even the very concept of seminear-ring is dealt very sparingly in 
some of the text books. Further as contrary to the case of ring theory where there are 
several books, in case of near-rings there are only less than a dozen text books. 

Thus we have tried to give the definitions as well, we have mentioned them in the 
bibliography. Now we proceed on to define the Smarandache substructures and 
Smarandache special elements in these NA seminear-rings. Throughout this section 
we only assume S-seminear-ring of level II or S-seminear-ring of level I type B. 

Definition 8.2.4: Let N be a S-NA seminear-ring II. An additive S-semigroup A of N 
is said to be a S-left N subsemigroup (right-N subsemigroup) if PA c A and (AP cr A), 
where P is a proper subset of N and P is a seminear-ring which is associative. PA = 
{pa/p € P and a e A}. 

Definition 8.2.5: Let N and Nj be any two S-NA-seminear-rings A mapping <j> from 
N to N i is called a Smarandache-NA seminear-ring homomorphism (S-NA seminear- 
ring homomorphism) if (/> maps every p e P a N (p a associative seminear-ring- 
associative) into a unique element (j> (p) e Pi cr Nj where P/ is an associative 
seminear-ring such that </> (p + p 1 ) = <j> (p) + <j> (p 1 ) and <j> (pj pi ) — </> (pi) <t>(P 2 ) far 
every pi, p 2 eP c:N. 



It is important to note that <j> need not be defined on the whole of N it is sufficient if 4> 
is defined on a subset P of N where P is an associative seminear-ring. Thus if P c N 
and Pi c Ni and <j> : N — > Ni is such that 4> is one to one and on to from P to Pi the 
two S NA seminear-rings would become isomorphic even if they are not having same 
number of elements in them. 
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Definition 8.2.6: Let N be a S-NA-seminear-ring. An additive S-semigroup AofN is 
said to be a Smarandache left ideal (S-left ideal) of N if it is an ideal of the semigroup 
(N, +) with the conditions. 

Pi (P 2 + a) - pi P 2 A for each a e A; pi, p 2 eP a N; P a seminear-ring. 

Definition 8.2.7 : A subset I of N is called a S-ideal if it is a S-left ideal and IP a I 
where P cN is the associative seminear-ring. 

Definition 8.2.8: A S-NA seminear-ring N has Smarandache IFP (S-IFP) (insertion 
of factor property) if for a, b e P, ab = 0 implies a.p.B = 0 for all p € P a N since N 
is non-associative we have to restrict our selves only to the associative substructure to 
define IFP property as a (nb) ^ (an) b in general for all a, n, b e N. 

Now for S-NA seminear-ring of level I type B we define all the above concepts with 
the only modification we replace the seminear-ring P by the near-ring in all the 
definitions. 

Certainly we cannot say S-ideals in S-NA seminear-ring of level II will be the same as 
S-ideals of SNA seminear-ring I of type B even if N is both a S-NA seminear-ring II 
and S-NA-seminear-ring I type B. So all results will be different. The reader can 
verify them. We give only example. 

Example 8.2.1: Let N = Nj x N 2 x N 3 where N , is any non-associative seminear-ring, 
N2 = Z24 where ‘x’ is the usual multiplication modulo 24 and is a . b = a for all a, b 
e Z24 is an associative seminear-ring and N3 = Z12 where '+' is the operation i.e. 
addition modulo 12 and a.b = a for all a,be N3; clearly N3 is an associative near-ring. 
N by the very definition is a non-associative seminear-ring. Now N is a S-NA 
seminear-ring II for it has N2 as a proper subset which is an associative seminear-ring. 
N is also a S-NA seminear-ring I type B as N3 is a proper subset which is a near ring 
of N. Thus we see simultaneously N is S-NA seminear-ring II and S-NA seminear- 
ring I type B. It is left for the reader to define S-ideals in them and see how they are 
different sets behaving in a distinct way, in case of S-mixed direct product of 
seminear-rings II or S-NA seminear-ring I of type B or S-NA seminear-ring I of type 
A. This is clearly evident from the example. 

Example 8.2.2: Let N = Z x Zi 5 x N | where Z is a near-ring in which (Z, +) is a group 
and for all x, y e Z; x.y = x, (Zi 5 , 'x', V) is a seminear ring under usual multiplication 
modulo 15 and as a.b = a for all a,be Z15 and Nj some non-associative seminear- 
ring. N is a S-NA seminear-ring II and S-NA seminear-ring I of type B. 

From these examples we are not still in a position to find natural examples of NA 
seminear-ring, we have a class of associative seminear-ring given by Z n where (Z n , x) 
is a semigroup under multiplication modulo n and a.b = a for all a,be Z n . Thus the 
section 4 is completely devoted to finding a class of NA seminear-rings. 

Problems: 

1 . What is the order of the smallest S-NA seminear-ring? 
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2. Prove the groupoid near-ring Z 2 G, G given by the following table is a S-NA 
seminear-ring. 
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3. Let Z 2 = {0, 1} be the near ring. Let L be loop given by the following table: 





e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a i 


a i 


e 


a 3 


a 5 


a 2 


a 4 


a 2 


a 2 


a 5 


e 


a 4 


a l 


a 3 


a 3 


a 3 


a 4 


a i 


e 


a 5 


a 2 


a 4 


a 4 


a 3 


a 5 


a 2 


e 


a l 


a 5 


a 5 


a 2 


a 4 


a l 


a 3 


e 



Is the loop near-ring Z 2 L a S-NA seminear-ring I? Is Z?L at least a non-associative 
seminear-ring? Justify your answer. 

4. Find S-ideals & S-N-subsemigroups for seminear-ring Z 2 G given in problem 3. 

5. Is Z 2 L a S-NA seminear-ring I type B? Justify your claim. 

8.3Smarandache Non-Associative near-rings 

In this section we introduce the concept of Smarandache non-associative ring and also 
study about the near loop ring introduced in chapter 3 to be S-near-ring. Several 
interesting Smarandache concepts are introduced. Here also we once again mention 
loop near-rings and near loop rings are different for the former has ‘+’ to be non- 
associative where as in the later ‘+’ is associative but V happens to be non-associative 
and the near loop rings are built using a loop and a near-ring. Finally we also 
introduce the identities newly to the near-ring which are non-associative. We 
introduce the concept of Smarandache right loop-half groupoid near-ring which is the 
most generalized concept of loop near-ring. 

Definition 8.3.1: The system N = (N, ‘ ’ 0) is called a Smarandache right loop 

half groupoid near-ring (S-right loop half groupoid near-ring) provided. 

1. (N, +, 0) is a Smarandache loop. 

2. (N, ’.') is a half groupoid. 

3. (ni.n^.ns = for all nj, n 2 e N for which njji 2 , « 2 . « j, (n j.n- 

2 ).n 3 and nifn 2 .n$) e N. 
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4. (ri] + 112 ) ns = tii.ns + 112 JI 3 for all nj, 112 , ns eN for which (nj + 113 ) 013 , 
n /.ns , ti 2 -ns £ N. If instead of (4) in N the identity njfns + ns) = n/.w? 
+ nj.ns is satisfied then we say N is a Smarandache left half groupoid 
near-ring (S-left half groupoid near-ring). 

We just say (L, +) is a S-loop if L has a proper subset P such that (P, +) is an additive 
group. 

Definition 8.3.2: A Smarandache right loop near-ring (S-right loop near-ring) N is 
a system (N, +, .) of double composition '+ ’ and ’ such that 

1. (N, +) is a S-loop. 

2. (N, .) is a S-semigroup. 

3. The multiplication ‘ ’ is right distributive over addition i.e.for all «/, ns, ns 
€ N (ni + ns).n 3 = nj.tis + 112 . 113 . 

Theorem 8.3.1: Let N be a S-right loop near-ring then N is a S-right loop half 
groupoid near-ring. 

Proof. Obvious by the very definitions. 

Theorem 8.3.2: Let N be a S-right loop half groupoid near-ring, then N is not in 
general a S-right loop near-ring. 

Proof. Obvious. (N, .) is only a half groupoid so it can never be a S-semigroup. 
Example 8.3.1 : Every S-near-ring is a S-loop near-ring. 

Theorem 8.3.3: Let N be a S-loop near-ring. Then N contains a proper subset P such 
that (P, +) is a group and (P, .) is a semigroup so that P is a near-ring. 

Proof. By the very definition of S-loop near-ring we have (N, +) is a S-loop so N has 
a proper subset P which is a group under ‘+’ Now (P, +, .) is near-ring. 

Definition 8.3.3: Let (G, +, 0) be a S-loop and A be a S-groupoid of G. A set of all 
endomorphism of G is called a Smarandache A centralizer (S-A centralizer) of G 
provided. 

1. The zero endomorphism 6 e S. 

2. S / 6 (complement of 6 in S) is a group of automorphisms of G. 

3. (/> (A) cz A far all <]) e S. 

4. </>, y/ e S and (j> (co) = 1 // ( (o) for some 6 ^ co e A imply = (//. 

Definition 8.3.4: Let (G, +, 0) be a S-loop. Let A be a subset of G which is a S- 
groupoid of G and S a S-A centralizer of G. A mapping T of G into itself is called a 
Smarandache A - transformation (S-A - transformation) of G over S provided T [tj> 
(co)] = (j)[T (co) for all co € A and cf> e S. It is interesting to note that if 0 € A and T is 
a S - A transformation of G over S then T fixes 0 i.e. T (0 ) = (0 ). We shall denote the 
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set of all S - A transformations of G over S by S(N (S, A)). Further we see for any 
endomorphism <j>of a S-loop G, [</> (g)] r = </> (gr) far all g e G. 

The reader is requested to prove the following theorem: 

Theorem 8.3.4: Let (G, +, 0) be a S-loop. A a subgroup of G which is a groupoid 
containing 0 and S a S-A-centralizer of G. Then S(N (S, A)) is not a S-loop near-ring 
or even a loop near-ring (The operation on S (N (S, A)) being usual addition and 
composition of mappings). 

Definition 8.3.5: A nonempty subset M of a S-loop (N, +, 0) is said to be a 

Smarandache subloop near-ring (S-subloop near-ring) ofN if and only if (M, ‘ ’ 

0) is a S-loop near-ring. 

Definition 8.3.6: A S-loop near-ring N is said to be Smarandache zero symmetric 
(S-zero symmetric) if and only if nO = 0 for every n € P <^N where (P, +) is a group, 
here ‘0’ is the additive identity. S-zero symmetric loop near-ring will be denoted by 
S(N 0 ). 

Definition 8.3.7: A S-loop near-ring N is said to be a S-near-ring if N contains a 
proper subset P such that (P, +, .) is a near-field. 

Definition 8.3.8: An element a of a S-loop near-ring N is said to be a Smarandache 
left (right) zero divisor (S-left (right) zero divisor) in N if there is an element b ^0 in 
N with a.b = 0 (b . a = 0) and there exist x, y e S \ {a, b, 0}, x with 

1. a . x = 0 (xa = 0). 

2. by = 0 (yb = 0). 

3. xy^O(yx^O). 

An element which is both a S-right and S-left zero divisor in N is called a 
Smarandache two sided zero divisor or simply a Smarandache zero divisor (S-zero 
divisor) in N. 

Definition 8.3.9: A map 9 form a S-loop near-ring N into a S-loop near-ring N t is 
called a Smarandache homomorphism (S-homomorphism) if 

0 (n i + nfi = 0 (np + 0 (nfi and 
9 Oh n 2 ) = 9 (nf 9 (n 2 ) 

for every n 2 , n 2 € P c: N where (P, +, .) is a near-ring and </> (nf, (j> (n 2 ) € Pj where 
(Pi, +, .) is a near-ring ofNj. 

Definition 8.3.10: Let N be a S-loop near-ring. An additive S-subloop A of N is 
called a N-subloop (right N-subloop) if NA a A (AN <^A) where NA = {na / n e N 
and a € A}. 

Definition 8.3.11: A nonempty subset I of a S-near-ring N is called a Smarandache 
left ideal (S-left ideal) in N if 
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1. (I, +) is a S-normal subloop of (N, +). 

2. n (ni + V + n r Hi £ I far each i e I and n, «/ e N where n r denotes the 
unique right inverse of n. 

Definition 8 . 3 . 12 : A nonempty subset I of N is called a Smarandache ideal (S-ideal) 
ofNif 

1. I is a S-left ideal. 

2. IN cl. 

Definition 8 . 3 . 13 : A S-loop near-ring N is said to be Smarandache left bipotent (S- 

2 

left bipotent) ifNa = Na for every a in N. 

Example 8.3.2: Let N = {e, a, b, c, d} be given by the following table for addition 




Let ‘.’be defined on N by x.y = x for every x, y e N. (N, +, .) is a S-loop near-ring. 
For P = {e, c} is a S-loop. Clearly Na" = Na for every a e N. Thus N is a S-left 
bipotent loop near-ring. 

Definition 8 . 3 . 14 : A S-loop near-ring N is said to be a Smarandache-s-loop near- 
ring (S-s-loop near -ring) if a € Na for every a in N. 



Example 8.3.3: Let the S-loop near-ring (N, +, .) be given by the following table for 
‘+’ and 



and 
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c 



Every pair (0, a) is a group so (N, +) is a S-loop. (N, .) is a S-semigroup as {a} is a 
group. Thus (N, +, .) is a S-s-loop near-ring. 



135 




Definition 8.3.15: A S-loop near-ring N is said to be Smarandache regular (S- 
regular) if for each a in N there exists x in P (P cN), P a S-loop such that a = axa. 

Definition 8.3.16: Let N be a near-ring. An element e e N is said to be 
Smarandache idempotent (S-idempotent) in N if 

1. e = e. 

2. There exists b e N 1 fe} such that b~ 
eb = e). 

Theorem 8.3.5: All S-idempotents in S-loop 
non-conversely. 

Proof. Left for the reader to prove. 

Theorem 8.3.6: Let N be a S-s-loop near-ring, then N is S-regular if and only if for 
each a (^0) in N there exists a S-idempotent e such that Na = Ne. 

Proof. Left for the reader to prove. 

Definition 8.3.17: A S-loop near-ring N is said to be Smarandache strictly duo (S- 
strictly duo) if every S-N-subloop (S-left ideal) is also a S-right N-subloop (S-right 
ideal). 

Definition 8.3.18: For any subset A of a S-loop near-ring N we define, ~J~A = {x e N 
/ x € A for some n}. 

Definition 8.3.19: A S-loop near-ring N is called Smarandache irreducible (S- 
irreducible) (S-simple) if it contains only the trivial S-N-subloops (S-ideals) (0) and N 
itself. 

Definition 8.3.20: A loop near-ring N is called a S-loop near-field. 

1. if N is a S-loop near-ring. 

2. if P c N contains an identity and each non-zero element in P a N, f(P, +) a 
group} has a multiplicative inverse. 

Definition 8.3.21: An S-ideal P N) is called Smarandache strictly prime (S-strictly 
prime) if for any two S-N-subloops (S-ideals) A and B of N such that AB crP then A a 
P or B czP. 

Definition 8.3.22: As left ideal B of a S-loop near-ring N is called Smarandache 
strictly essential (S-strictly essentail) if B r K ^ {0} for any non zero S-N-subloop K 
ofN 

An element x in N is said to be Smarandache non-singular (S-non-singular) if there 
exists a S-strictly essential left ideal A in N such that Ax = {0}. 



= e and eb = b (be = b) or (be = e or 



near-rings are also idempotents and 
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Definition 8.3.23: An element x of a S-loop near-ring N is said to be Smarandache 
central (S-central) ifxy=yx for ally € P cr N, (P, +, .) is a near-ring. 

Definition 8.3.24: A nonzero S-loop near-ring N is said to be Smarandache 
subdirectly irreducible (S-subdirectly irreducible) if the intersection of all the nonzero 
S-ideals of N is non-zero. 

Now we study when are loops over near-rings i.e. near loop rings interminology 
Smarandache near loop rings, as loop near-rings are not non associative near-ring 
analogous to non associative ring; we proceed to define here the concept of 
Smarandache non associative near-rings first in the following: 

Definition 8.3.25: Let (N, +, .) be a nonempty set. N is said to be a Smarandache 
non-associative near-ring (S-NA-near-rings) if the following conditions are satisfied. 

1. (N, +) is a S-semigroup. 

2. (N, .) is a S-groupoid. 

3. (a + b) c = ac + be for all a, b, c € N. 

If (N, +, .) has an element 1 such that a.l = l.a = a for all a e N, we call N a S-non 
associative near-ring with unit. If (N, .) is a S-loop; barring 0 we call N a 
Smarandache non-associative division near-ring (S-NA-division near-ring). 

If N \ {0] is commutative S-loop under the operation we call N a Smarandache 
non-associative near-field (S-NA near-field). 

Definition 8.3.26: Let N be a near-ring; L a loop the near loop ring NL is a 
Smarandache near loop ring (S-near loop ring) if 

1. N is a S-near-ring. 

2. L is a S-loop. 

Theorem 8.3.7: Let N be a S-near ring and L a S-Moufang loop. Then the near loop 
ring NL is a S-moufang near loop ring. 

Proof. Left for the reader as an exercise. 

Example 8.3.4: Let Z 2 = {0, 1} be a near-ring and L be a S-loop. 

The near loop ring Z 2 L is a S-near-ring where the S-loop is given by the following 
table: 
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Now Z2L = { 1 , ai, &2, &3, &4, a 5 , sums taken 2 at a time ...} where l.e = e.l = 1 is the 
assumption made so that 1 acts as the identity. When we say ZiL is a near loop ring 
we assume L c Z2L . Clearly Z2L is a non-associative near-ring and it is a S-near- 
ring. 

Theorem 8.3.8: Let L be a loop and N be a S-near-ring. NL is a S-near-ring which is 
non-associative. 

Proof. Follows from the fact N c NL and L c NL and as L is non-associative and N 
is a S-near-ring NL is a S-near-ring. 

Theorem 8.3.9: Let L be any loop and N any near-ring. The near loop ring NL is a 
S-non-associative near-ring. 

Proof. Follows from the fact (NL, +) is a group; hence trivially a S-semigroup and 
(NL, .) is a S-groupoid as N c NL is a semigroup. Hence the claim. 

Now we will study when the class of S-non-associative near-rings are Moufang, Bol, 
etc. 

Theorem 8.3.10: Let N be a near-ring and L a Moufang loop then the near loop ring 
is a S-Moufang near-ring. 

Proof. Follows from the fact (N, .) is a associative semigroup and L is a Moufang 
loop. 

Corollary . Let N be near-ring and L not a Moufang loop; N the near loop ring is not a 
S-Moufang near-ring. 

Thus we can say if we take any near-ring N with 1 and L to be a special type of loop 
say Bol, alternative . . . then NL will be correspondingly the special type of near-ring 
Bol, alternative, . . . 

But even if L is a Brack loop the near loop ring NL will not be a Brack loop. NL will 
be not a Brack near-ring even if N is a near- field and L a Brack loop. 

Now we have introduced in chapter one a new class of loops L n which will be a class 
of non-associative S-loops which are alternative, power associative and their near 
loop rings are S-near loop rings if the near-ring is a S-near-ring. 

Theorem 8.3.11: Let Z2L be a near loop near of the S-loop L over Z2. Let L be a 
power associative loop. Then the near loop ring Z2L in general is not a power 
associative near-ring. 

Proof. Every element in Z2L need not generate a subgroup. 

Definition 8.3.27: Let N be a non-associative loop near-ring. We say N is a 
additively power associative loop near-ring if every element under '+’ of N generates 
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a group. The near-ring N is said to be a multiplicatively power associative loop near- 
ring if every element different from 0 generates a group under product. A loop near- 
ring N is said to be power associative near-ring if 

1. Every element n e N under '+ ' generates a group. 

2. Every element n € N \ {0} under ‘x’ or ‘ ’ generates a group. 

Theorem 8.3.12: A loop near-ring N is a power associative near-ring then 

1. N is an additively power associative near-ring. 

2. N is multiplicatively a power associative near-ring. 

Proof. Straightforward by the very definitions. 

Now we proceed on to define Smarandache power associative near-ring Smarandache 
additively power associative near-ring and Smarandache multiplicatively power 
associative near-ring. Before we go for Smarandache notions it is important to 
observe that if N is not a loop near-ring but a non-associative near-ring then the 
concept “additively power associative” has no meaning. So while defining the concept 
of power associative for non-associative near-ring we define only just power 
associative; likewise even in case of near loop rings we define only power associative. 
Only for loop near-ring when we talk of Smarandache concepts we may talk of the 
notion of additively power associative. 

Definition 8.3.28: Let N be a non-associative near -ring. We say N is power 
associative if every element ofN\ {0} generates a group with respect to. 

Definition 8.3.29: Let N be a non-associative seminear-ring, we say N is a power 
associative seminear-ring if every element in N generates a semigroup under 
multiplication. 

Definition 8.3.30: Let N be a non-associative seminear-ring we say N is a 
Smarandache power associative (S-power asoociative) if (N, .) has a proper subset P 
where P is a S-subgroupoid of N and P is power associative i.e. every element p e P 
generates a semigroup. 

It is important to note that even if (N, ‘+’, V) is a S-seminear-ring which is still non- 
associative it may be the case (N, .) has no proper S-subgroupoids so the non- 
associative seminear-ring may fail to become S-power associative. 

Definition 8.3.31: Let (N, +, .) be a S-non-associative near-ring we say N is 
Smarandache power associative (S-power associative) if (N, .) has a proper subset 
which has a S-subgroupoid P such that every element p € P is power associative i.e., 
every element in p generates a semigroup. 

Now the four definitions of power associative for non-associative near-rings, non- 
associative seminear-rings S-NA-near-rings and S-NA-seminear-rings can be made on 
similar lines for “dissociative”. 
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Thus we will say a non-associative near-ring (seminear-ring) is diassociative if every 
pair of elements generates a group (semigroup). This notion is modified to S-NA- 
near-rings and S-NA seminear-rings in an analogous way. 

We stop at this stage and propose problems for the reader to solve and obtain class of 
such near-rings as this is the first time such type of study has been carried out for S- 
near-ring and S-senrinear-ring which are non-associative. We give examples and a 
class of Smarandache right alternative near-ring (S-right alternative near-rings) (left 
alternative near-rings) and Smarandache WIP near-rings (S-WIP near-rings). 

Definition 8.3.32: Let (N, +, .) be a non-associative near-ring (or a seminear-ring) 
N is said to be Smarandache NA WIP-seminear-ring (S-NA-WIP seminear-ring); ifN 
has S-subgroup P (S-subgroupoid) such that every set of x, y, z € P satisfies (xy) z = e 
imply x (yz) = e. 

Similar Smarandache notions can be defined for non-associative near-rings and non- 
associative seminear-rings like right (left) alternative, Bol, moufang etc. 

Problems: 

1 . What is the order of the smallest loop near-ring? 

2. Can a near loop ring be of order less than 2 5 ? 

3. Give examples of S-non-associative seminear-ring which is S-Moufang seminear- 
ring. 

4. Let Z 2 = {0, 1 } be the near-ring. L be the loop given by the following table: 





e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a i 


a i 


e 


a 3 


a 5 


a 2 


a 4 


a 2 


a 2 


a 5 


e 


a 4 


a l 


a 3 


a 3 


a 3 


a 4 


a i 


e 


a 5 


a 2 


a 4 


a 4 


a 3 


a 5 


a 2 


e 


a l 


a 5 


a 5 


a 2 


a 4 


a l 


a 3 


e 



What are the Smarandache properties enjoyed by this near loop ring Z 2 L? 

5. Study the Smarandache properties satisfied by the groupoid seminear-ring Z 2 G 
where G is the groupoid given by the following table: 





e 


a 0 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a 0 


a l 


a 2 


a 3 


a 4 


a 5 


a 0 


a 0 


e 


a 5 


a 4 


a 3 


a 2 


a l 


a i 


a i 


a 4 


e 


a 2 


a l 


a 0 


a 5 


a 2 


a 2 


a 2 


a i 


e 


a 5 


a 4 


a 3 


a 3 


a 3 


a 0 


a 5 


a 3 


e 


a 2 


a l 


a 4 


a 4 


a 4 


a 3 


a 2 


a i 


e 


a 5 


a 5 


a 5 


a 2 


a l 


a 0 


a 5 


a 4 


e 
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8.4 Smarandache loop semi near-rings and Smarandache groupoid 
seminear-rings. 

In this section we introduce two new classes of non-associative seminear-rings which 
is define as Smarandache loop seminear-rings and Smarandache groupoid seminear- 
rings. We know the class of loop seminear-rings is a generalization of group 
seminear-rings and loop near-rings. In fact groupoid seminear-rings happens to be 
most generalized class of non-associative seminear-rings which contains all these 
classes of seminear-rings. We are more interested in the study of their Smarandache 
nature. The concept of classical identities plays a vital role when the structure under 
study happens to be non-associative. With the advent of a new class of loops of even 
order and new class of groupoids of all order built using integers we are able to give 
examples which are concrete. 

One of the major drawbacks in the study of near-rings or any algebraic structure is the 
lack of concrete examples. Unless we have concrete examples it becomes difficult to 
make the subject or that algebraic structure profoundly attractive to many researchers. 
For instance, the research in ring theory or group theory or semigroup theory are 
carried out by more researchers when compared to the theory of loop, theory of 
groupoid. So in this section we introduce the Smarandache analogue of these concepts 
and try our level best to illustrate them whenever possible with examples. 

Definition 8 . 4 . 1 : Let (N, +, .) be a non-empty set, N endowed with two binary 
operation '+ ’ and ’ satisfying the following conditions. 

1. (N, +) is a semigroup. 

2. (N, .) is a groupoid. 

3. (a + b).c = a.c + b.cfor a, b, c e N. 

(N, +, .) is defined as a non-associative seminear-ring (NA seminear-ring). 

But one of the major draw backs is that we do not have several examples of these 
seminear-rings; so it has become difficult to give examples using Z p alone or Z alone 
or any of the known sets. Thus to obtain examples of non-associative seminear-rings 
we define loop seminear ring and groupoid seminear rings which has been defined in 
chapter 3. 

Now we proceed on to define Smarandache NA seminear-ring. 

Definition 8 . 4 . 2 : Let N be a non-empty set. Define two binary operations ‘+ ’ and ‘ ’ 
satisfying the following conditions 

1. (N, +) is a S-semigroup. 

2. (N, .) is a S-groupoid. 

3. (a + b).c = a.c + b.c for all a, b, c € N then we call N a Smarandache NA 
seminear-ring of level I (S-NA seminear-ring of level I). 

Now we define S-NA seminear-ring of level II. 
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Definition 8.4.3: Let (N, +, .) be a non-associative seminear-ring we say N is a 
Smarandache NA seminear-ring of level II (S-NA-seminear-ring of level II). IfN has a 
proper subset P cr N where (P, +, .) is a non-associative near-ring. 

Definition 8.4.4: Let (N, +, .) be a NA near-ring. N is said to be a Smarandache 
pseudo NA seminear-ring (S-pseudo NA-seminear-ring), if N has a proper subset P 
such that P is a non-associative seminear-ring under the operations ofN. 

Now still we have a level III and level IV definition of Smarandache NA seminear- 
rings. 

Definition 8.4.5: Let N be a NA-seminear-ring. We say N is a Smarandache NA 
seminear-ring of level III (S-NA-seminear-ring III); if N has a proper subset P where 
P is an associative seminear-ring. 

Finally we define Smarandache seminear-ring of level IV and obtain the possible and 
probable relation between the four levels of S-NA seminear-rings. 

Definition 8.4.6: Let (N, +, ■) be a NA seminear-ring we say N is a Smarandache 
NA seminear-ring of level IV (S-NA-seminear-ring of level IV) if N has a proper 
subset P such that (P, +, .) is an associative near-ring. 

Theorem 8.4.1: Let (N, +, ■) be a S-NA seminear-ring IV then (N, +, .) is a S-NA 
seminear-ring III 

Proof. Follows directly by the very definitions of level III and level IV, S-NA 
seminear-rings. 

It is left as an exercise for the reader to construct a S.NA seminear-ring of level III 
which is not a S-NA-semiring of level IV. Thus we see the class of S-NA seminear- 
rings of level IV is strictly contained in the class of S-NA seminear-rings of level III. 

Theorem 8.4.2: Let (N, +, .) be a S.NA seminear-ring IV then (N, +, .) is a S-NA 
seminear-ring II. 

Proof. Obvious from the fact the class of all associative near-rings is contained in the 
class of non-associative near-rings (as for example we have every group is a loop and 
not vice versa). 

Thus we see the class of SA seminear-ring IV is strictly contained in the class of S- 
NA seminear-ring II. It is easily seen that a S-NA seminear-ring II can in general 
never be a S-NA seminear-ring IV. 

Now we proceed on to define concepts like S-subseminear-ring S-ideal etc. 

Definition 8.4.7 : Let (N, +, ■) be a NA seminear-ring we say a proper subset S of N 
is called a Smarandache subseminear-ring I (II or III or IV) (S-subseminear-ring lor 
II or III or IV), if (S, +, .) is a S-NA seminear-ring I (II or III or IV respectively). 

From this we have the following. 
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Theorem 8.4.3: Let (N, +, .) be a NA-seminear-ring, if N has a S-NA subseminear- 
ring I (II or III or IV) then N is a S-NA seminear-ring I (II or III or IV). 

Proof Follows from the very definition and the proof is straightforward. 

Definition 8.4.8: Let (N, +, .) be a NA seminear-ring. A non-empty subset I of N is 
called a Smarandache left ideal I (S-left ideal I) in N if 

1. (I, +) is a S-subsemigroup of (N, +). 

2. n (n i + i) + nn / e I for each i e I and n, n / e N. 

If IN cl then I is called the Smarandache ideal I (S-ideal I) of N. 

Definition 8.4.9: Let (N, +, .) be a NA seminear-ring. We call a nonempty subset I of 
N to be a Smarandache left ideal II (S-left ideal II) ofNif 

1. (I, +) is a S-subsemigroup. 

2. n (ni + I) + mil £ I far all ni, n e P c N (where P is a noil-associative 
near-ring) and i € I. 

I is called a Smarandache ideal II (S-ideal II) if IP cl. 

Now we define Smarandache left ideal III and IV by replacing P in the definition by 
an associative seminear-ring or by an associative near-ring respectively. The reader is 
advised to obtain relations between S-ideals I, II, III and IV whenever they exist and 
obtain some interesting results in this direction. 

Now we give examples so that the reader is made to understand the concept in a better 
way. 

Example 8.4. 1: Let Z 6 = {0, 1, 2, ..., 5}. Define ‘x’ and V on Z 6 by; ‘x’ is the usual 
multiplication modulo 6 and V is defined by a.b = a for all a, b e Z$. Let G be a 
groupoid with 1 . The groupoid near-ring Z 6 G is a S-NA near-ring III as Z 6 <z Z 6 G. 

Theorem 8.4.4: Let N be a seminear-ring and G any groupoid with 1 the groupoid 
seminear-ring NG is a S-NA seminear-ring III. 

Proof. Obvious by the very construction; we see NcNa and N is a seminear-ring 
which is associative so NG is a S-NA seminear-ring ITT. 

Example 8.4.2: Let N be any near-ring and G a groupoid with 1. The groupoid near- 
ring NG is a S-NA seminear-ring IV clearly from the fact N c NG. 

Theorem 8.4.5: Let N be a near-ring and G any groupoid with 1. The groupoid near- 
ring is a S-NA seminear-ring IV. 

Proof: Straightforward by the very definition. 
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Now we proceed on to define Smarandache bipotent seminear-ring. 

Definition 8.4.10: Let N be a seminear-ring. We say N is Smarandache left bipotent 
II (S-left bipotent II) if Pa = Pa where P is a non-associative near-ring in N i.e. P cr 
N and (P, +, .) is a near-ring. Smarandache left bipotent III (S-left bipotent III) if Pa 
= Pa where P is an associative seminear-ring. Smarandache left bipotent IV (S-left 
bipotent IV) if Pa = Pa where P is an associative near-ring. Now we have N to be a 
Smarandache left bipotent I (S-left bipotent I) if N is a S-NA seminear-ring with Na = 
Na 2 . 

Similarly we define Smarandache s-seminear-ring in the following. 

Definition 8.4.11: Let (N, +, .) be a NA seminear-ring we say N is a Smarandache s- 
seminear-ring I (S-s-seminear-ring I) if a Na where N is a S-NA near-ring I. 

N is said to be Smarandache s-seminear-ring II (S-s-seminear-ring II), if a € Pa for 
each a e N where P is a non-associative near-ring contained in P. 

N is said to be a Smarandache s-seminear-ring III (IV) (S-s-seminear-ring III (IV)) if 
a € Pa, P is associative seminear-ring (associative near-ring). We see that ifN is a S- 
s-seminear-ring II III or IV then it is a S-seminear-ring. 

The proof of the next theorem is straightforward and left for the reader to prove. 

Theorem 8.4.6: Let N be a NA seminear-ring. If N is a Smarandache s-seminear- 
ring II, III or IV then N is a S-NA s-seminear-ring. 

Now for the seminear ring N to be S-s-seminear-ring I we need N to be S-seminear- 
ring. Hence above theorem has no relevance in case of S-NA seminear-ring I. 

Obtain interesting interrelations between S-bipotent and S-s-seminear-rings. 

Definition 8.4.12: A seminear-ring N is said to be Smarandache regular I (S- 
regular I) if for each a e N there exists a x eS (where S is a proper subset of N and S 
is a S-subseminear-ring of N) such that a = axa. 

We define Smarandache regular seminear-ring II (III or IV) (S-regular seminear-ring 
II (III or IV)) by stating for each a e N their exist x € S; S a non-associative near- 
ring (S an associative seminear-ring or S an associative near-ring) such that a = axa. 

All results related with this concept can be derived for S-seminear-rings. The 
following important conclusion is formulated as the theorem. 

Theorem 8.4.7: Let N be a NA-seminear-ring, if N is S-regular II III or IV then 
clearly N is a S-seminear-ring. 

Proof. It is straightforward and hence left for the reader to prove. 
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Definition 8.4.13: Let N be a NA seminear-ring. N is said to have Smarandache 
insertion of factors property II, III or IV (S-IFP-IIJII or IV for short) if for a, b e N 
we have a.b = 0 implies anb = 0, for all n e P; where P cr N and P is a non- 
associative seminear-ring. S-IFP-III if P is an associative seminear-ring and S-IFP- 
IV if P is an associative near-ring. 

The following theorem is left as an exercise for the reader to prove. 

Theorem 8.4.8: Let N be a NA seminear-ring if N satisfies a S-IFP II (III or IV) then 
N is a S-NA IFP seminear-ring II (III or IV). 

Definition 8.4.14: Let N and N 1 be any two S seminear -rings; we say a map 9 from 
N to N 1 is a S-seminear-ring homomorphism I: If 9 (x + y) = 9(x) + 9(y) and 9 (xy) = 
9(x). 9(y) for all x, y € N. 9 from N to N 1 is a S-seminear-ring homomorphism II if 9 
(x +y) = 9(x) + 9(y), 9 (xy) = 9(x)9(y), where 9 is a near-ring homomorphism from P 
to P 1 where P a N is a non-associative near-ring and P 1 a N 1 is a non-associative 
near-ring contained in N 1 ; 9 need not be even defined on whole of N or N 1 . 9 from N 
to N 1 is said to be S-seminear-ring homomorphism III if 9 : P —> P 1 is a seminear-ring 
homomorphism where P a N and P 1 a N 1 are associative seminear-rings properly 
contained in N and N 1 respectively. 9 need not be defined entirely on N. 9 from N to 
N 1 is a S-seminear-ring homomorphism IV if 9 : P —> P 1 is a near-ring 
homomorphism from P to P 1 where P and P 1 are proper subsets of N and N 1 
respectively and they are associative near-rings. 

Now S-isomorphism I, II, III and IV can be defined as in the case of other algebraic 
structures. The uniqueness about S-homomorphism is the map need not be defined on 
the entire seminear-ring, if it is sectionally well defined on a substructure it is enough. 
Further we see that two NA seminear-rings can be S-isomorphic even without their 
cardinality > being equal. Yet the Smarandache property always allows us for such 
identifications or to get isomorphism without being really identical. 

Thus it is enough if a substructure happens to be identical, Smarandache notions 
declare them to be Smarandache identical. 

Now we proceed on to define Smarandache N-subsemigroup. 

Definition 8.4.15: Let N be a NA seminear-ring we say A cr N, A a S-subsemigroup 
to be a Smarandache N-(right) subsemigroup I (II or III or IV) if 

1. NA <zA (AN <zA) where N is a S-seminear-ring I. 

2. A a N is said to be S-(right) N-subsemigroup II if PA <zA (AP czA) (where P 
zN, P is a NA near-ring). 

3. A <z N is said to be a S-(right) N-subsemigroup III if PA a A (AP zA) (where 
P is an associative seminear-ring). 

4. A zN is said to be a S-(right) N-subsemigroup IV if PA zA (AP zA) if P is 
an associative near-ring. 

The following theorem is direct. 
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Theorem 8.4.9: IfN is a seminear-ring having a S-right N-subsemigroup (I, II, III or 
IV) then N is a S-seminear-ring (I II III or IV) respectively. 

Proof. Left as an exercise for the reader to prove. 

At this juncture the author leaves it open for the reader to obtain interesting and 
innovative inter relative results about this concept. 

Definition 8.4.16: A non-associative seminear-ring N is said to be Smarandache 
irreducible (Smarandache simple) (S-irreducible or S-simple) if it contains only the 
trivial S-N -subsemigroups (S-ideals). 

Definition 8.4.17: A S-left ideal B of a N.A seminear-ring N is called Smarandache 
essential (S-essential) if B r K & {0} for every non-zero S-N-subsemigroup K ofN. 

Definition 8.4.18: An element x in N is said to be Smarandache singular (S- 
singular) if there exists a nonzero S-strictly essential left ideal A of N such that Ax = 
{Of 

Definition 8.4.19: An element x of a NA seminear-ring of N is said to be 
Smarandache central (S-central) if xy = yx for every y € P; P c: N and P is a non- 
associative near-ring or P is an associative seminear-ring or P is an associative near- 
ring. 

In view of this we have the following theorem: 

Theorem 8.4.10: Let N be a NA seminear-ring if x e N is S-central then N is a S- 
seminear-ring of one of the types. 

Proof: Left for the reader to prove as the result is straightforward. 

Definition 8.4.20: A nonzero NA seminear -ring N is said to be Smarandache 
subdirectly irreducible (S-subdirectly irreducible) if the in tersection of all nonzero S- 
ideals of N is non-zero. 

Throughout this section by NL we denote the loop seminear-ring of a loop L over a 
seminear-ring N, N need not be even non-associative we take N to be only an 
associative seminear-ring but we see by all means the loop seminear-ring NL happens 
to be only a non-associative seminear-ring. We take only loops to be from the new 
class of loops in L n , defined in chapter one. 

We define the generalized class of non-associative seminear-ring namely groupoid 
seminear-rings which we denote by NG; here N is a seminear-ring and G is a 
groupiod. We will discuss only the groupoids from the new class of groupoids 
mentioned in the chapter one. Before we enumerate these properties we define S- 
idempotents, S-units and S-zero divisors in NA seminear-rings. We do not demand 
the seminear-ring to be S-seminear-ring. Even if we have defined those earlier we 
recall it so that it will be used by the reader in finding S-zero divisors, S-units, S- 
idempotents etc in case of the groupoid seminear-ring NG and the loop seminear-ring 
NL. 
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Definition 8.4.21: Let N be a seminear-ring not necessarily associative. We say a, b 
e N is a Smarandache zero divisor (S-zero divisor) ifa.b = 0 and there exists x,y e N 
\ {a, b, 0}; x with 



1. ax = 0 or 

2. by = 0 or 

3. xy ^0 or 



xa = 0, 
yb = 0 and 
yx y* 0 . 



Theorem 8.4.11: If x, y € N is a S-zero divisor then it is a zero divisor. 

Proof. Direct by the very definition. 

The reader is requested to construct an example of a zero divisor in a non-associative 
near-ring N which is not a S-zero divisor. 



Example 8.4.3: Let N = {0, 1} be a near-ring and G be a groupoid given by the 
following table: 





e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a i 


a i 


e 


a 5 


a 4 


a 3 


a 2 


a 2 


a 2 


a 3 


e 


a l 


a 5 


a 4 


a 3 


a 3 


a 5 


a 4 


e 


a 2 


a l 


a 4 


a 4 


a 2 


a i 


a 5 


e 


a 3 


a 5 


a 5 


a 4 


a 3 


a 2 


a i 


e 



Does the groupoid near-ring Z 2 G have zero divisors? 

Definition 8.4.22: Let N be a non-associative near-ring. We say an element 1 ^x e 
N is said to be Smarandache unit (S-unit) in N if there exists y € N with xy = 1. There 
exists a, b e AM {x, y, 1} such that 

i. xa —y (or ax = y) or 

ii. yb = x (or by = x) and 

iii. ab = 1. 

Clearly it can be proved every S-unit is a unit and not conversely. 

Does the group seminear-ring Z 2 G have S-units? 

Now we proceed on to define Smarandache idempotents (S-idempotents). 

Definition 8.4.23: Let N be a non-associative seminear-ring. An element 0 &x e N 
is a S-idempotent ofNif 

1. x =x. 

2. There exists ay e S \ {x} such that 
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i. y 2 = x and 

ii. xy =y (yx = y) or xy = x (yx = x). 

‘or’ in the mutually exclusive sense. 

The study of the existence of S-idempotents in seminear-rings happens to be an 
interesting problem as the notion of central idempotents is used to define 
decomposition of S-seminear-rings IV. 

Theorem 8.4.12: Let N be a S-NA seminear-ring IV. IfP cr N be the near-ring and e 
€ P is an idempotent of P then we get pierce decomposition which we choose to call 
as Smarandache pierce decomposition (S-pierce decomp ostition) of N. i.e. every p e 
P cN has a decomposition of the form p = (p -pe) + pe. 

Proof. Straightforward. 

The S-pierce decomposition of a NA seminear-ring, N is defined only when N is a S- 
seminear-ring of level IV and e is a nontrivial idempotent in P, P c N; P a near-ring 
contained in N. Several results in this direction are left for the reader to develop. We 
end this section by introducing Smarandache identities like Brack, Bol, Moufang, 
WIP and alternative (left) right for the seminear-ring. We give definition for one of 
the identity, the definition for all other identities can be analogously defined in a 
similar way. We define only for Moufang identity, it is stated in a similar way for Bol, 
WIP alternative etc. 

Definition 8.4.24: Let N be a seminear-ring. We say N is a Smarandache Moufang 
seminear-ring I (S-Moufang seminear-ring I) if N is a S-seminear-ring of level I and 
N is itself a Moufang seminear-ring. 

Definition 8.4.25: Let N be a seminear-ring we say N is a Smarandache Moufang 
seminear-ring of level II (S-Moufang seminear-ring of level II) if for all x, y z € P, (P 
a N where P is a non-associative near-ring) we have (xy) (zx) = (x (yz )) x . 

We see S-Moufang seminear-ring cannot be defined in case of S-seminear-ring of 
level of III and IV in an analogous way. Thus we do not define S-Moufang seminear- 
ring III or IV. Now in a very similar way level I and II Smarandache Bol, WIP, 
alternative seminear-rings are defined. 

Example 8.4.4: Let Z 2 = {0, 1} be the near- field and G be a groupoid given by the 
following table: 





e 


go 


gl 


g2 


g3 


g4 


g5 


e 


e 


go 


gl 


g2 


g3 


g4 


g5 


go 


go 


e 


g3 


go 


g3 


go 


g3 


gi 


g2 


g5 


e 


g5 


g2 


g5 


g2 


g2 


g2 


g4 


gi 


e 


gl 


g4 


gl 


g3 


g3 


g3 


go 


g3 


e 


g3 


go 


g4 


g4 


g2 


g5 


g2 


g5 


e 


g5 


g5 


g5 


g2 


g4 


gl 


g4 


gi 


e 
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We declare l.g = g.l = g for all g e G. Is Z 2 G S-right alternative or S-left alternative? 



Example 8.4.5: Zg = {0, 1, 2, 8 } define ‘x’ multiplication modulo 9. a.b = a for all 

a, b e Z 9 {Zg, ‘x’, is a seminear-ring and G be a groupoid given by the following 
table: 





e 


go 


gl 


g2 


g3 


g4 


g5 


g6 


g7 


e 


e 


go 


gl 


g2 


g3 


g4 


g5 


g6 


g7 


go 


go 


e 


g6 


g4 


g2 


go 


g6 


g4 


g2 


gi 


gi 


g2 


e 


g6 


g4 


g2 


go 


g6 


g4 


g2 


g2 


g4 


g2 


e 


g6 


g4 


g2 


go 


g6 


g3 


g3 


g6 


g4 


g2 


e 


g6 


g4 


g2 


go 


g4 


g4 


go 


g6 


g4 


g2 


e 


g6 


g4 


g2 


g5 


g5 


g2 


go 


g6 


g4 


g2 


e 


g6 


g4 


g6 


g6 


g4 


g2 


go 


g6 


g4 


g2 


e 


g6 


g7 


g7 


g6 


g4 


g2 


go 


g6 


g4 


g2 


e 



Z 9 G is a non-associative seminear-ring. Clearly e.g; = gj.e = g; serves as the identity. 

Now Zg is a S-NA seminear-ring III. Obtain S-units, S-zero divisors; S-idempotents 
and compare them with units, zero divisors and units. 

Example 8.4.6: Let Z 8 = {0, 1, 2, ..., 7} be a seminear-ring under ‘x’ and L 5 (3) be 
a loop of order 6 . Let Z 8 L 5 (3) be the loop seminear-ring. Z 8 L 5 (3) is a NA seminear- 
ring. It is a S-seminear-ring III. Obtain S-ideals and S-subsemigroups in them. 

Problems: 



1 . Let Z 3 L 5 ( 4 ) be a NA seminear-ring. Prove Z 3 L 5 ( 3 ) is a S-seminear-ring of level 
IV. Does Z 3 L 5 (4) have S-zero divisors? 

2. Prove Z 3 L 5 ( 4 ) and Z 3 G where G is a groupoid given by the following table: 





e 


go 


gi 


g2 


e 


e 


go 


gi 


g2 


go 


go 


e 


g2 


gl 


gi 


gi 


g2 


e 


go 


g2 


g2 


gi 


go 


e 



are S- isomorphic IV? 

3. Can Z 3 G given in problem 2 be S-regular? Substantiate your claim. 

4. Let {Z 12 , x, be a seminear-ring. L 7 (5) be the loop of order 10. For the loop 
seminear-ring Zi 2 L 9 ( 5 ) Find S-ideals, S-units and S-N-subsemigroups. 

5. Is Z 2 L 9 (5) a NA seminear ring? Justify your claim. 

6 . Give an example of a S-seminear-ring III which is not a S-seminear-ring IV. 

7. Does there exist an example of a S-seminear-ring II which is not a S-seminear- 
ring III? 
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8.5 New notions on S-NA-near-rings and S-NA semi near-rings 



In this section we introduce several concepts in S-NA-near-rings and S-NA seminear- 
rings, like Smarandache quasi non-associative near-ring (seminear-ring) S-quasi N- 
subgroups, Smarandache quasi N-subsemigroups Smarandache quasi ideals etc and 
concepts like Smarandache quasi bipotent elements and several analogous properties 
done in case of near-rings. Finally study of Smarandache SNP rings of three levels are 
introduced and this section concludes with the concept of Smarandache quasi regular 
elements in non-associative near-ring. The concept of Smarandache Jacobson radical 
is also introduced and it is left for the reader to develop. 

Definition 8.5.1: Let N be a non-associative near-ring we say N is a Smarandache 
quasi non-associative near-ring (S-quasi non-associative near-ring) ifN has a proper 
subset which is a ring under the operations ofN. 

Definition 8.5.2: Let N be a non-associative seminear-ring we say N is a 
Smarandache quasi non-associative seminear-ring (S-quasi non-associative 
seminear-ring) if N has a proper subset P such that P is a semiring. 

Example 8.5.1 : Let N = Zg x Z 12 be the S-mixed direct product of a ring and a 
seminear-ring where Zg is the ring of integers modulo 8 and Z 12 is a seminear-ring 
under the operation ‘x’ and V. G be any groupoid with unit. NG is the groupoid 
seminear-ring which is a S-quasi non-associative near-ring. 

Example 8.5.2: Let N = Z° x Zg (where Z° = Z u {0} is a semiring and Zg is a 
seminear-ring) be the S-mixed direct product of a semiring and a seminear-ring. 
Clearly NG is a S-quasi seminear-ring where G is any groupoid with identity. Thus 
the concept of S-mixed direct product has helped us to construct non-trivial and non- 
abstract examples of such structures. Now for these S-quasi near-rings and S-quasi 
seminear-rings we can define in an analogous way the concept of S-quasi ideals, S- 
quasi N-subsemigroup and S-quasi N-subgroup. 

Definition 8.5.3: Let (N, +, .) be a S-quasi seminear-ring. We call a non-empty 
subset I to be a Smarandache quasi left ideal (S-quasi left ideals) in N if 

a. (I, +) is a S-semigroup. 

b. n (n + i) + nn € I for each i € I and n, n € P; P a semiring in N. 
We say I is a S-quasi ideal if IP d. 

Definition 8.5.4: Let (N, +, .) be a S-quasi near-ring. We say a non-empty subset I 
ofNto be a Smarandache quasi left ideal (S-quasi left ideal) in N if 

a. (I, +) is a subgroup. 

b. n (n + i) + nn € I for each i e I and n,n € R, R <^N and R a ring. We say 
I is a S-quasi ideal if I is a S-quasi left ideal of N and IR d. 
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Definition 8.5.5: Let N be a S-quasi near-ring (S-quasi seminear-ring). We say N is 
Smarandache quasi bipotent (S-quasi bipotent) if Pa = Pa~ where P cr N and P is a 
ring (P a N and P is a semiring) for every a in N. 

Definition 8.5.6: Let N be a S-quasi near-ring (S-quasi seminear-ring) N is said to 
be a Smarandache quasi s-near-ring (S-quasi s-near-ring) (Smarandache quasi s- 
seminear-ring, in short, S-quasi s-seminear-ring) if a € Pa for each a in N where P is 
a proper subset N which is a ring (P cr N and P is a semiring). 

Definition 8.5.7: Let N be a S-quasi near-ring (S-quasi near-ring) N is said to be 
Smarandache quasi regular (S-quasi regular) if for each a in N there exists x in P; P 
cN, P a ring (P and P a semiring) such that a = a(xa) = (ax) a. 

Definition 8.5.8: A S-quasi near-ring (Smarandache quasi seminear-ring) N is 
called Smarandache quasi irreducible (S-quasi irreducible) (Smarandache quasi 
simple) if it contains only the trivial S-quasi N-subgroups (S quasi N-subsemigroups). 

Definition 8.5.9: Let N be a S-quasi near-ring (S-quasi seminear-ring) an element x 
is said to be quasi central if xy = yx for all y € R; R a N is a ring (or R c^N and R is 
a semiring). 

Definition 8.5.10: Let N be a S-quasi near-ring (or S-quasi seminear-ring) N is said 
to be Smarandache quasi subdirectly irreducible (S-quasi subdirectly irreducible) if 
the intersection of all nonzero S-quasi ideals of N is nonzero. 

Definition 8.5.11: Let N be a S-quasi near-ring (S-quasi seminear-ring) N is said to 
have Smarandache quasi insertion of factors property (S-quasi IFP) if a, b e N, ab = 
0 implies arb = 0 where r e R, R cr N and R is a ring (or r € R, R a N, R is a 
semiring). 

Note : We can take a (nb) or (an) b in all cases it should vanish that is anb = 0. 

Now we define the concept of Smarandache quasi divisibility and Smarandache 
divisibility. 

Definition 8.5.12: Let N be a non-associative S-near-ring we say N is Smarandache 
weakly divisible (S-weakly divisble) if for all x, y e N there exists a z € P; P a N 
where P is an associative ring or P is a near-field such that xz —y or zx = y. 

Definition 8.5.13: Let N be a non-associative S-seminear-ring we say N is 
Smarandache weakly divisible (S-weakly divisible) if for all x, y e N there exists z e 
P, P cr/V where P is an associative seminear-ring such that xz =y or zx = y. 

Definition 8.5.14: Let N be a S-quasi near-ring (S-quasi seminear-ring). We say N 
is Smarandache quasi weakly divisible (S-quasi weakly divisible) if for all x, y € N 
there exists z € R; Ra ring R c^N (R a semiring R <^N) such that xz =y oryz = x. 
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Definition 8.5.15: Let N be a S-near-ring I (or S-seminear-rings). We say N is 
Smarandache strongly prime (S-strongly prime) I if for each a e N\ {0} there exists a 
finite S-semigroup F such that a(Fx) & 0 for all x e N\ {0}. 

In case N is S-seminear-ring II (III or IV) we say N is a Smarandache strong prime II 
(III or IV) (S-strong prime II (III or IV)) if for each a € N \ {0} there exists a finite S- 
semigroup F such that a Fx & 0 for all x e P 1 (Of P cr N; P is a associative 
seminear-ring / P is a associative near-ring. 

Definition 8.5.16: Let N be a non-associative right near-ring and A an S-ideal or a 
S-left ideal of N. We define three properties as follows. 



a. A is Smarandache equiprime (S-equiprime) if for any a, x, y € N such 
that a(nx) - a(ny) e A for all n e N or (an) x - (an) y e Y we have a € A 
orx-y € A. 

b. A is Smarandache strongly semiprime (S-strongly semiprime) if for each 
a finite subset F of N such that ifx, y e N and 

(af) x - (af) y e A or 
a (fix) - a(fy) € A or 
(af) x- a (fy) e. A or 
a (fix) - (af) y e A 

for allf € F then x-y € A. 

c. A is Smarandache completely equiprime (S-completely equiprime) if a € 
N 1 A and ax -ay € A imply x-y € A. 

The study of properties in S-non associative near-rings has validity when the non 
associative identity plays a role in the definition. 



Definition 8.5.17: Let S be a non-empty subset of a S-right near-ring N which is 
non-associative. Define left and right Smarandache polar subsets (S-polar subsets) of 
N by 

x( Ns ) = 0 or 
( xN )s = 0 for all s e S 

and 



SL( S ) = 



SR(S ) = 



y 



(sN)y = 0 or 
s(Ny) = 0 for all s e S 



Suppose SPl (N) is the set of S-left polar subsets of N and SPr(N) is the set of S-right 
polar subsets of N one need to test whether SPfiN) and SPr(N) are complete bounded 
lattices. 

Several of the results which are discussed in chapter 5 can verbatim be proved in case 
of non-associative near-ring. Hence to avoid repetition we have not recalled them. 
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Definition 8.5.18: Let P be a seminear pseudo ring (SNP-ring) we say P is a 
Smarandache SNP-ring I (S-SNP-ring I) if P has a proper subset T <^P such that T is 
a seminear-ring. Smarandache SNP-ring II (S-SNP-ring II) if P has a proper subset R 
c: P such that R is a near-ring. Smarandache SNP-ring III (S-SNP-ring III) if P has a 
proper W a P such (W, 69 0) is a semiring. Thus we have 3 levels ofS-SNP rings. A 
Smarandache SNP subring (S-SNP subring) is defined as a proper subset U of P such 
that (U, 0, 0) is a S-SNP-ring. 

Definition 8.5.19: Let (P, 0, 0) be a SNP-ring. A proper subset I of P is called a 
Smarandache SNP- ideal (S-SNP-ideal) if 

1. for all p, q e I, p 0 q e I. 

2. 0 £l. 

3. For all p £ I and r £ P we have p Or or r Op £ I. 

4. I is a S-SNP-ring. 

Definition 8.5.20: Let (R, 0, O) be a quasi SNP-ring. R is said to be a 
Smarandache quasi SNP-rings (S-quasi SNP-ring) if and only ifR is a S-SNP-ring. 

Definition 8.5.21: Let (R, 0, O) and (Rj, 0, O) be any two S-SNP-ring, we say a 
map (j> is a Smarandache SNP -homomorphism I (II or III) (S-SNP homomorphism I, II 
or III) if (/>: S to S/ where S cr R and Si cr If are seminear-ring (or near-ring or 
semiring) respectively and (j) is a seminear-ring homomorphism from S to Si (or near- 
ring homomorphism from S to S] or a semiring homomorphism from S to S(). (j) need 
not be defined on the entire set R or R 1 it is sufficient if it is well defined on S to Si. 

Now we proceed on to define Smarandache right quasi regular element. We just 
recall that an elemen t x £ R, R a ring is said to be right quasi regular if there exist y 
£ R such that xoy=x+y-xy = 0 and left quasi regular if there exist y 1 £ R such 
thaty 1 o x = 0 =y* + x -y x. 

Quasi regular if it is right and left quasi regular simultaneously. We say an element x 
£ R is Smarandache right quasi regular (S-right quasi regular) if there exist y and z 
£ R such that xoy = x+ y- xy = 0, xoz = x + z-xz = 0 but yoz=y + z-yz^0 
and zoy=y + z-zx^0. 

Similarly we define Smarandache left quasi regular (S-left quasi regular) and x will 
be Smarandache quasi regular (S-quasi regular) if it is simultaneously S-right quasi 
regular and S-left quasi regular. 

The study of the quasi regular concept happens to be an interesting study in case of 
near-rings and seminear-rings. We leave the reader to obtain results and define S- 
quasi regular elements in non-associative near-rings and seminear-rings; as the 
definition of S-quasi regularity does not involve any associative or non-associative 
elements. This study is a routine and the reader is expected to obtain some interesting 
results about them. 
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If we define S-non-associative ring to have a substructure which is a non-associative 
ring then we have several interesting results. 

Theorem 8.5.1: Let N be a S-near-ring having a proper subset P of N to be a 
commutative ring with unit and of characteristic 0. L any loop of finite order. Then 
the near loop ring NL has a right quasi regular element x = I a t m, (m, € L) a, e P a 
N is right quasi regular then la ^ 1. 

Proof Let y = £ P; hj, Pi e P and hj e L be the right quasi inverse of x then x + y - xy 
= 0 that is La; nij + £Pjhj - (xy) = 0. Equating the coefficients of the like terms and 
adding these coefficients we get £ oq + XPj - £ a; £ Pj = 0 or £ a; = £ Pj(£ a; - 1). 
Now if £ oq = 1 then £ cq = 0 a contradiction. Hence £ oq ^ 0. 

Example 8.5.3: Let N = R x Z m be a near-ring, where (Z m , +, .) is a right near-ring 
and R the field of reals. Clearly N is a near-ring which is a S-right near-ring III. L be a 
loop given by the following table: 




Clearly NL is a near loop ring ZL c NL is a loop ring. Take e + be ZL; (e + b) o (e + 
c) = e + b + e + c - (e + b) (e + c) = 0 so e + c is the right quasi inverse of e + b. 
Clearly e + d is a left quasi inverse of e + b. Note that e + d^e + casd and c are 
distinct elements in L. Thus we see in near loops rings the left quasi inverse and right 
quasi inverse of an element need not in general be the same. 

Theorem 8.5.2: Let N = Z 2 xZj 5 where Z 2 is the prime field of characterize two and 
Z /5 is a near-ring. Let L be any loop. NL be the near loop ring. If x e Z 2 L x {0} cc (Z 2 
xZj 5 ); L is right quasi regular then \supp x\ is an even number. 

Proof: The proof is easily obtained by simple calculations. 

Now we proceed on to define Smarandache Jacobson radical of a near loop ring. 

Definition 8.5.22: Let N = Nj XN 2 where Nj is a field of characterize zero and N 2 is 
any near-ring. NL be the near loop ring of the loop L over the near-ring N. 

We define SJ (P) to be the Smarandache Jacobson radical (S-Jacobson radical) of NL 
if P c: NL is a non-associative ring and J(P) denotes the usual Jacobson radical of the 
non-associative ring P. 

Example 8.5.4: Let N = Z x Z 18 be the mixed direct product of the ring Z and the 
near-ring Zig L any finite loop, NL the near loop ring of the loop L over the near-ring 
N. Clearly ZL c NL and ZL is a non-associative ring. If x = £ a; hj e ZL such that £ 
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a; =£ 0 then x g SJ (ZL). It is left for the reader the verify, as the conclusion derived is 
straightforward. 

Example 8 . 5 . 5 : Let L be any finite loop. N = Z9 x Z 7 be S-mixed direct product of the 
near-ring Z9 and the prime field of characterize 7 , Z 7 , N is S-near-ring. NL is the near 
loop ring of the loop L over the near-ring N. If x e S (J (Z7L)) such that x = I a t m, 
and I a,; * 0 (mod 7 ) then x g S(J (Z 7 L)). 

Using these two examples several interesting results can be generalized in case of 
loop rings. NL where N has subsets which are fields of characteristic 0 or 
characteristic p or Z. 

Problems : 



1 . Prove or disprove in general SPl (N) and SPr(N) are bounded lattices. 

2 . Prove N = Z12 x Z 7 is a S-seminear-ring. Let NL be the near loop ring and L be a 
loop given by the following table: 





e 


gl 


g2 


g3 


g4 


g5 


e 


e 


gl 


g2 


g3 


g4 


g5 


gi 


gi 


e 


g3 


g5 


g2 


g4 


g2 


g2 


g5 


e 


g4 


gl 


g3 


g3 


g3 


g4 


gi 


e 


g5 


g2 


g4 


g4 


g3 


g5 


g2 


e 


gl 


g5 


g5 


g2 


g4 


gi 


g3 


e 



a. Is NL a S-near loop ring? 

b. Is NL a S-seminear-ring II or III or IV? Substantiate your claim. 

c. Find S-ideals, S-N- subsemigroup and S-N subgroup. 

d. Does NL have S-zero divisors, S-units or S-idempotents? Justify your answer. 

3 . Let N = Z3 x Z12 where N is the mixed direct product of the field Z3 and the near- 
ring Z12. L a loop given by the following table: 




NL the near loop ring of the loop L over the near-ring N. Find SJ (Z3L). Is J (Z3L) 
= SJ (Z 3 L)? Find quasi regular elements of NL. Does NL have S-quasi regular 
elements? 

4 . Let N = Z x Z 15 be the S-mixed direct product of the ring Z and Z15 the near-ring. 
L be a loop given by the following table: 
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e 


gl 


g2 


g3 


g4 


g5 


g6 


g7 


e 


e 


gl 


g2 


g3 


g4 


g5 


g6 


g7 


gi 


gi 


e 


g5 


g2 


g6 


g3 


g7 


g4 


g2 


g2 


g5 


e 


g6 


g3 


g7 


g4 


gl 


g3 


g3 


g2 


§6 


e 


g7 


g4 


gl 


g5 


g4 


g4 


g6 


g3 


g7 


e 


gl 


g5 


g2 


g5 


g5 


g3 


g7 


g4 


gi 


e 


g2 


g6 


g6 


g6 


g7 


g4 


gl 


g5 


g2 


e 


g2 


g7 


g7 


g4 


gl 


g5 


g2 


g6 


g3 


e 



Find for the near loop ring NL 

a. S (J (ZL)). 

b. J (ZL). 

c. Find S-quasi regular elements of NL. 



5. Give an example of a S-weakly divisible near-ring. 

6. Is Z 18 G S-quasi bipotent where Z 18 is a seminear-ring and G a groupoid given by 
the following table: 





e 


a l 


a 2 


a 3 


a 4 


a 5 


e 


e 


a l 


a 2 


a 3 


a 4 


a 5 


a i 


a i 


e 


a 3 


a 5 


a 2 


a 4 


a 2 


a 2 


a 5 


e 


a 4 


a l 


a 3 


a 3 


a 3 


a 4 


a i 


e 


a 5 


a 2 


a 4 


a 4 


a 3 


a 5 


a 2 


e 


a l 


a 5 


a 5 


a 2 


a 4 


a l 


a 3 


e 



7. Give an example of a S-quasi subdirectly irreducible near-ring. 
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Chapter Nine 

FUZZY NEAR-RINGS AND 
SMARANDACHE FUZZY NEAR- 
RINGS 



This chapter has three sections. In the first section we just recall all the definitions 
about fuzzy ideals and other known fuzzy concepts in near-rings. In the second 
section we give five new types of fuzzy near-rings which are formed in an 
unconventional way. In the final section we introduce the concept of Smarandache 
fuzzy near-rings, ideals and roots. 

The concept of fuzzy subset was introduced by Zadeh L.A. [105]. Later several 
authors has developed it to fuzzy near-rings like [1, 25, 40, 46, 89, 94, 95, 98], Till 
date there are only about a dozen papers in fuzzy near-rings. Here we introduce and 
study these with reference to Smarandache fuzzy near-rings we give the basic 
definitions needed to define this concept. 



9.1 Basic notions on fuzzy near-rings 

In this section we just recall the basic known and available fuzzy notions about near- 
rings. To the best of our knowledge we have only a very few papers on fuzzy near- 
ring that too mainly dealing with fuzzy ideals. 

Definition 9.1.1: Let X be a nonempty set. A mapping p: X —> [0, 1] is called a fuzzy 
subset of X 



Definition 9.1.2: Let g and 9 be two fuzzy subsets of N. We define the product of 
these fuzzy subsets (denoted by a o 9) as follows. 

(go 9) (x) = sup {min (o( y ), Q( z ))}.(Ifx can be expressible as a product yz.) 

x = yz 

(go 9) (x) = 0, (otherwise) . 

Definition 9.1.3: Let X and Y be any nonempty > sets and f a function of X into Y. Let 
p and g be fuzzy subsets of X and Y respectively. Then f(p), the image of p, under f is 
a fuzzy subset of Y defined by 



(f(v)y) = 



\sup\i(x) if f~‘(y)*i ]> 

I of r ] =o 



and f 1 (g) the pre image of g under f is a fuzzy subset of X defined by (f 1 (g)) (x) = 
G(f(x)) for all x g X. 
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Notation : Let p and a be two fuzzy subsets of N then we write p c= a if p (x) c= a(x) 
for all x e N. 

Definition 9.1.4: Let p be a non-empty fuzzy subset of a near-ring N (that is ju(x) # 0 
for some x g N) then p is said to be a fuzzy ideal of N if it satisfies the following 
conditions: 

a. p (x + y) >min {p (x), p (y)}. 

b. p(-x) = p (x). 

c. p (x) = p (y + x-y). 

d. p (xy) > p (x) and 

e. p {x (y + i) -xy } > p (i) for all x, y, i g N. 

1. If pis a fuzzy ideal of N then p(x + y) = p (y + x) 

2. If p is a fuzzy ideal ofN then p (0) > p ( x ) for all x g N. The above two statements 

can be easily verified for if we put z = x + y, then p (x + y) = p (z) = p (-x + z + 

x) since p is a fuzzy ideal p (-x + x + y + x ) = p (y + x) (since z =x + y). 

Likewise for the second statemen t p (0) = p (x-x) >min (p (x), p (-x)} = p(x) since 
p is a fuzzy ideal (since p (-x) = p (x) by the very definition of fuzzy ideal). 

Definition 9.1.5: Let I be an ideal ofN . we define Aj : N —> [0, 1] as 

[ 1 if x = 1 
Xfx) = \ 

otherwise 

Lfx) is called the characterize function on 1. 

Theorem [25]: Let N be a near-ring and f, the characteristic function on a subset I 
of N. Then Aj is a fuzzy ideal of N if and only if I is an ideal of N. 

Definition [25]: Let p be a fuzzy subset of X Then the set pk of all t € [0, 1] is 
defined by p t = {x g N / p (x) > t} is called the level subset of t for the near-ring N. 

Definition [25]: Let N be a near-ring and p be a fuzzy ideal of N. Then the level 
subset p t of N for all t € [0, t], l < p(0) is an ideal of N if and only if pis a fuzzy ideal 
ofN. 

Definition [25]: A fuzzy ideal p of N is called fuzzy prime if for any two fuzzy ideals 
a and 9 of NaoOcp implies a cr p or 9 cr p. 

Now we use the concept of fuzziness in r- near- rings as given by [1, 72], 

Theorem [72]: If pis a fuzzy ideal of a near-ring N and a g N then p (x) > p(a) for 
all x g ( a). 

Proof. Please refer [1, 72], 
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Definition [72]: Let p and a be two fuzzy subsets of M. Then the product of fuzzy 
subset ( o o t)(x) = sup {min (a (y), z (z))j if x is expressible as a product x = yz 
where y, z € M and (go t) (x) = 0 otherwise. 

Definition [72]: A fuzzy ideal p of N is said to have fuzzy IFP if p (a n b) > p(ab) for 
all a, b, n e N. 

Definition [72]: Let pbe a fuzzy ideal ofN, p has fuzzy IFP if and only if p^ is a IFP 
ideal of N for all 0 <k < 1. 

Definition [72] : N has strong IFP if and only if every fuzzy ideal of N has fuzzy IFP. 

Theorem [72]: If pis a fuzzy IFP-ideal of N then N M = {x e N / p (x) = p(0)} is an 
IFP ideal of N. 

Proof. We have p (0) > p (x) for all x e N; write t = p (0). Now N M = p t and by 
definitions p t has IFP. Therefore is an IFP ideal of N. 

Notation : Let p be a fuzzy ideal of N. For any s e [0, 1] define p s : N — > [0, 1] by 

B (x ) = \ S ^ ^ (X) ~ S 
,U ' [P(x)if p(x)< s. 

Since p s depends on p, we also denote p s by ,jP s . 

Results: 



1 . P s (x) < s for all x e N. 

2. p s is a fuzzy ideal of N. 

3. If p (0) = t, then s > t if and only if p t = (P s ) t . 

The proof of the above 3 statements are left as an exercise for the reader to prove. 

We can still equivalently define as a definition or prove it as a theorem. 

Definition [75]: p is a fuzzy IFP ideal of N if and only if ff is a fuzzy IFP ideal for 
all s g [0, 1J. 

Result A fuzzy ideal p has IFP if and only if N(p S ) has IFP for all s e [0, 1], 

The above result is assigned as an exercise for the reader to prove. 

Definition [75]: Let p : M—> [0, 1], p is said to be a fuzzy ideal of M if it satisfies 
the following conditions: 

1. p (x + y) >min (p (x), p (y)}. 

2. p (-x) = p (x). 

3. p(x) = p(y + x -y). 
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4. p (x ay) > p (x) and 

5. p {(x a (y + z) - x ay} > p(z) for allx, y, z e M and a e F 

The following result is left as an exercise for the reader to prove. 

Theorem 9.1.1: Let p be a fuzzy subset of M. Then the level subsets p, = {x € M / 
p(x) >t}, t £ imp, are ideals of M if and only if p is a fuzzy ideal of M. 

All results true in case of fuzzy ideals of N are true in case of fuzzy ideals of M with 
some minor modifications. The following result can be proved by routine application 
of definitions. 

Theorem 9.1.2: Let M and M 1 be two F-near-rings, h : M —> M 1 be an F- 
epimorphism and p, a be fuzzy ideals of M and M 1 respectively then 

1. h (K 1 (a)) = <j. 

2. K 1 (h (pf) zd p and 

3. K 1 (h (p)) = p if p is constant on ker h. 

Definition [72] : A fuzzy ideal pofM is said to be a fuzzy prime ideal ofMifp is not 
a constan t function; and for any two fuzzy ideals a and r of M, a o T c p, implies 
either a a p or T a p. 

Using these definitions it can be proved. 

Theorem [72]: If p is a fuzzy prime ideal of M then M /( = {x e M / p (x) = p(0)} is a 
prime ideal of M. 

Proposition [72] : Let I be an ideal of M and s € [0, 1). Let pbe a fuzzy subset of M, 
defined by 



p(x) 



1 if x e / 

5 otherwise 



Then p is a fuzzy prime ideal of M if I is a prime ideal of M. 

Proof. Using the fact p is a non-constant fuzzy ideal of M we can prove the result as a 
matter of routine using the basic definitions. 

Definition [72]: Let I be an ideal of M. Then A/ is a fuzzy prime ideal of M if and 
only if I is a prime ideal of M. 

Result 1 . If p is a fuzzy prime ideal of M then p(0) = 1. 

Proof. It is left for the reader to prove. 

Result 2 \ If p is a fuzzy prime ideal of M then |Im p| = 2. 
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Problems : 



1 . Prove the following 3 conditions are equivalent 

a. N has strong IFP. 

b. Every fuzzy ideal of N has fuzzy IFP and 

c. The ideal N^p S ) has IFP for all ideals q of N and for all s e [0, 1], 

2. Prove if q is a fuzzy prime ideal of M then |Im q| = 2. 

What is the analogous result in case of a fuzzy prime ideal of a near-ring. 

3. Let q be a fuzzy ideal of N for any s e [0, 1] define p s : N — > [0, 1], 

Prove p s is a fuzzy ideal of N. 

4. Prove if N has strong IFP then every fuzzy ideal of N has fuzzy IFP. 

5. If q is a fuzzy IFP ideal of N then is it true that = {x e N / q(x) = q (0)} is an 

IFP ideal of N? 

6. If q is a fuzzy prime ideal of M then M,j = {x e M / p(x) = p(0)} is a prime ideal 
of M. Prove. 

7. Let I be an ideal of M. Prove A,i is a fuzzy prime ideal of M if and only if I is a 
prime ideal of M. 

8. Prove if q is a fuzzy prime ideal of M then p(0) = 1. 

9. Let N be a near-ring and q be a fuzzy subset of N. Then the level subset q t of N 
for all t e [0, 1], t < q(0) is an ideal of N if and only if q is a fuzzy ideal of N. 

10. Prove if q is a fuzzy IFP ideal of N then p s is a IFP fuzzy ideal for all se[0,l]. 

1 1 . Prove if q is a fuzzy ideal of a near-ring N and a e N then q (x) > q (a) for all x e 

(a). 

12. Prove if q is a fuzzy ideal of M then q (x + y) = q (y + x) for all x, y e M. 



9.2 Some special classes of fuzzy near-rings 

In this section the author solely introduces the concept of fuzzy complex near-rings, 
fuzzy near matrix ring, fuzzy polynomial near-ring, special fuzzy near-ring and fuzzy 
non-associative complex near-rings and studies them. 



All these concepts are far from the conventional way of defining them. Hence we in 
this section define these five types of fuzzy near-rings and study some of its 
interesting properties. 

Definition 9.2.1: Let P nxn denote the set of all n xn matrices with entries form [ 0 , 1 ] 
i.e. P nxn = {(afi / ay e [ 0 , 1 ]} for any two matrices A, B € P nxn define (Das follows: 



r a ll 


a 12 


•• a in i 


a 2i 


a 22 


•• a 2n 




a „ 2 ■ 


* * d nn ) 



and 
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(bn 


b I2 ■ 


•• o 


B = 


b 21 


b 22 ■ 


•• b 2n 




f „ ! 


b„2 ■ 


•• b nny 





a n + bu 


•• ai n +b h f 


A® B = 


a 2 i + b 21 


.. a 21 +b 2n 




K a nl+b nI . 


•• a , m +b nnJ 



where 



b u 



a ii+ b j if a ij + by < 1 
< 0 if a i: +b v =l 
“u +bj-l if ciy i by > 1 



Clearly (P nxn , ®) is an abelian group and 

' 0 0 
0 0 



O ' ' 

0 



0 = 



yo o ... o) 

is zero matrix which acts as the additive identity with respect to ffi 
Define O on P nxn as follows. For A, B € P nxn 





a n 


•• a In ] 




(bn ■ 


•• o 




r a u + .. 


■ • + U ln ■ 


.. a n + . 


■ ■ + U ln ' 


A OB = 


a 2i 


K 

. . . 


O 


b 2t ■ 


•• b 2n 


= 


a 21 + ■ ■ 


• + a 2 n ■ 


. . a 21 + . . 


■ • + a 2„ 




fnl ■ 


. . a t 

nn J 




\b 2n 


* * ^ nn ) 




fill + • 


■ ■ + a n„ ■ 


.. a nI + . 





where a a- by = ay for all ay € A and by € B. Clearly (P nxn , O) is a semigroup. Thus (A 
(D B) O C = A O C ®B O C. Hence (P n xn> O) is a near-ring, which we call as 
the fuzzy near matrix ring. 

Theorem 9.2.1: The fuzzy matrix near-ring is a commutative near-ring. 

Proof. Straightforward. 
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Theorem 9.2.2: The fuzzy matrix near-ring is not an abelian near-ring. 

Proof. For A, B e P nxn we have AOB^BOAin general. 

Theorem 9.2.3: In {P nxn , ©, Of we have I nxn ^ A where I nxn is the matrix with 
diagonal elements 1 and rest 0. 

Proof. Left for the reader to prove. 

Definition 9.2.2: Let {P nxn> 69 Of be a fuzzy near matrix ring we say a subset I of 
P nxn is a fuzzy left ideal of P nxn if 

1. (I, +) is a normal subgroup of P nxn . 

2. n (n 1 + i) + n r n 1 £ I for each i e I and n r , n, n e N where n r denotes the unique 
right inverse of n. 

All properties enjoyed by near-rings can be defined and will be true with appropriate 
modifications. 

Next we proceed on to define the concept of fuzzy complex near-rings. 

Definition 9.2.3: Let V = {a + ib / a, b £ [0,1]} define on V the operation called 
addition denoted by 69 as follows 

For a + ib, a i + ib i e V, a + ib © a i + ib i = a + a i + i (b + b i) where a © aj = a + 
a i if a + a i < 1 and a + cp = a + a t - 1 if a + a j > f where '+ ' is the usual addition of 
numbers. Clearly (V, ©) is a group. Define O on V by (a + ib) O (aj + ibj) = a + ib 
for all a + ib, aj + ib) £ V. (V, O) is a semigroup. It is easily verified. (V, ©, O) is a 
near-ring, which we call as the fuzzy complex near-ring. 

Further P = {a / a £ [0,1]} and C = {ib / b £[01]} are fuzzy complex subnear rings 
of (V, © Or. 

Proposition 9.2.1: V has non-trivial idempotent. 

Proof. Left for the reader to prove. 

Theorem 9.2.4: Let {V, ©, Of be a fuzzy complex near-ring. Every nontrivial fuzzy 
subgroup ofN is a fuzzy right ideal ofV. 

Proof. Obvious by the fact that if N is a fuzzy subgroup of V then NV c N. 

It is an open question. Does V have nontrivial fuzzy left ideals and ideals. The reader 
is requested to develop new and analogous notions and definitions about these 
concepts. 

Now a natural question would be can we have the concept of fuzzy non-associative 
complex near-ring; to this end we define a fuzzy non-associative complex near-ring. 
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Definition 9.2.4: Let W = {a + ib / a, b € [0, 1] called the set of fuzzy complex 
numbers}. Define on W two binary operations (Band O as follows: 

(W, (D) is a commutative loop where for a + ib, c + id e W define a + ib (B c + id = a 
~c + i ( b ~ d) where is the difference between a and b. Clearly (W, (B) is a 
commutative loop. 

Define O on W by (a + ib) O (c + id) = a + ib for all a + ib, c + id € W. (W, (B, O) 
is called the fuzzy complex non-associative near-ring. ([0, 1], (B, O) cr (IV, 69, O) is a 
fuzzy non-associative subnear-ring. 

Obtain interesting properties about these non-associative fuzzy complex near-rings. 
Now we proceed on to define fuzzy polynomial near-rings. 

Definition 9.2.5: Let R be the set of reals. The fuzzy polynomial near-ring R[x^°’ ^ ] 
consists of elements of the form p 0 + p t x r ' + p,x /2 + ... + p n x r " where po, Pi, ■ p m e R 

and yi, y2, •••> Yn e [0, 1] with /i < Y2 < ••• < Yn- Two elements p(x) = q (x) opt = q\. 
and ji = s t where p(x) = p 0 + p,x r ‘ + ... + p„x r " and q(x) = q 0 +q,x s ‘ + ... + q n x s " 
Addition is performed as in the case of usual polynomials. 

Define O on R [x^° ^ ] by p(x) O q(x) = p(x) for p(x), q(x) € R [/°’ ^ ] . Clearly {R[x^°' 
1] ], +, O' is called the fuzzy right polynomial near-ring, x = 1 by definition. 

Definition 9.2.6: Let {R [J°' ^J, +, O} be a fuzzy polynomial near-ring. For any 
polynomial p(x) R [x^ 0, lj '] define the derivative of p(x) as follows. 

If p(x) = p 0 + p,x s ‘ + ... + p n x s - 

^^- = 0 + p,x s, ~‘ + ... + s n p n x Sn ~‘ =(s 1 p 1 )x Sl ~ I +... + (s n p n )x s -~ 1 
dx 



where denotes the difference 

P(x)<eR[ x [ 0,11 ] then ^P( x ) G x to,i] j 

dx 

defined i.e. product of Sj pi € R as s, € [0, 
of the reals. 

Example 9.2.1: Let R be reals R [x^°‘ be 



between s, and 1. Clearly if 
Likewise successive derivatives are also 
1] and pi € R i.e. the usual multiplication 

i polynomial near-ring. 



p(x) = 5 - 6x ,/5 + 2x 3/8 - 15x 7/9 

dp(x) _ o _l 6x 4/5 + 2x3 x^/B _ 15x7 ^2/9 _ _^_ x 4/ 5 ^ _ ^^.2/9 ' 
dx ~ 5 8 9 5 4 3 



The observation to be made is that no polynomial other than the polynomial x 
vanishes after differentiation. 



164 




Definition 9 . 2 . 7 : Let p(x) € [r 4 0, Ij '] } the fuzzy degree of p(x) is s n where 
p(x) = p 0 + PjX s ‘ + ... + p„x s " ;Sj <s 2 ...<s n (p n & 0) deg p(x) = s n . The maximal 

degree of any polynomial p(x) can take is 1. Now it is important to note that as in the 
case polynomial rings we cannot say deg [p(x).q(x) ] = deg p(x) + deg q(x). 

But we have always in fuzzy polynomial near-ring. 

deg (p(x) q(x)) = degp(x) for 
p(x), q(x) € R [4°’ 1 ] 

as this degree for fuzzy polynomial near-rings is a fuzzy degree we shall denote them 
by f (deg (p(x)). 

Definition 9 . 2 . 8 : Let p(x) e [R [4°' ^ ]- p(x) is said to have a root a if p( a) = 0. 

Example 9.2.2 : Let p(x) = 42 - x 12 be a fuzzy polynomial in R {x^ 0, 1 ']. The root of 
p(x) is 2 for p(2) = 4~2 - 2 1/2 = 0. 

But as in case of root of polynomial of degree n has n and only n roots which is the 
fundamental theorem on algebra; we in case of fuzzy polynomial near-rings cannot 
say the number of roots in a nice mathematical terminology that is itself fuzzy. 

A study of these fuzzy polynomial near-rings is left open for any interested 
researchers. We proceed on to define fuzzy polynomial near-rings when the number 
of variables is more than one x and y. 

Definition 9 . 2 . 9 : Let R be the reals x, y be two variables we first assume xy = yx. 
Define the fuzzy polynomial near-ring. 

R [. x t°’ ^ , / 0 ’ 1] ’] by = r i x p ‘ y q ‘ / r e R; p { e [0,1] q i e [0,1]) 

Define ‘+ ’ as in the case of polynomial and ‘ ’ by p(xy) . q(x, y) = p(x, y). Clearly 
R[x [0 ’ 11 , f- 1] ] is called as a fuzzy polynomial right near-ring. 

Definition 9 . 2 . 10 : Let [R [4°’ ^ , 4°' '4 O ‘. ’} be a fuzzy polynomial near-ring in the 
variable x and y. 

A fuzzy polynomial p(x, y) is said to be homogenous of fuzzy degree t, t e [0, 1] if p(x, 
y) = a n x s, y‘‘ + ... + b n x Sp p then t t # 0, s t ^ 0 for all i = 1, 2, ..., p and s t + [ = t for i = 

1, 2, ..., p. 

Definition 9 . 2 . 11 : Let R [x^°' ^ , j/ 0, 1] (D, ‘. ’} be the fuzzy polynomial near-ring in 
the variables x and y. A symmetric fuzzy polynomial is a homogenous polynomial of 
fuzzy degree t, t e [0, 1] such that p(x, y) = p 1 x t, y Sl + ... + p„x'"y s " where li < < ■■■ 

<t n , s n < s n _i < ... < s; with tj = s,„ t 2 = s n _ h ..., t n = s / further p 1 = p n , p 2 = p n -i, ■■■ 
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For example p (x, y) = 3x i; y" /3 + 3x /3 y 12 . p (x, y) = x r + y r r e [0, 1]. 



p(x, y) = x r + y r + x s y' + yV where s + t = 1. s, t, r e [0, 1], We have like other 
polynomials we can extend the fuzzy polynomials to any number of variables say Xi, 
X 2 , X n . under the assumption X ; Xj = XjX; and denote it by R [X^ 0, Xi'- 0 ' ... 

Xn' 0 ’ 1 '] called the fuzzy polynomial near-ring in n variables. The reader is advised to 
develop new results on these fuzzy polynomial near-rings. 

We have introduced the concept of complex near-ring and the non-associative 
complex near-ring now we just define yet another new notion called fuzzy non- 
associative near-ring. 

Definition 9 . 2 . 12 : Let {W, 69 O} be the fuzzy non-associative complex near-ring. 
Let x be an indeterminate. We define the fuzzy non-associative polynomial near-ring 
as follows 

W [x] = {I Pi x / Pi € W}; we say p(x), q(x) € W[x] are equal if and only if every 
coefficient of same power ofx is equal i.e. if p(x) = po + pix + ... + p,pc" and q(x) = qo 
+ q/x + ... + qpx. p(x) = q(x) if and only if pi = qi. for i = 1, 2, ..., n. Addition is 
performed as follows p(x) 69 q(x) = po 69 qo + ... + (p n 69 qf x n where 69 is the 
operation on W. For p(x), q(x) in W[x] define p(x) O q(x) = p(x). Clearly {W (x), 69 
O} is a fuzzy non-associative complex polynomial near-ring. 

Now take Z° = Z + u {0}. Let p: Z° —>W be defined by p(0) = 0, p(x) = — for 0 ^x € 

x 

Z. 

Clearly p(z) is a fuzzy non-associative subnear-ring of W. Thus p is a fuzzy non- 
associative subnear-ring. Let G = Z° xZf . Define a map po : G —> W[x] by 

p(0, 0) = 0. 

p(x, y) — — + — ,x^0,y^0. 
x y 

P(x, 0) = 

x 

p(0,y) = -■ 
y 

Then the map p is a fuzzy non-associative complex subnear-ring of G. 

Several interesting research in this direction is thrown open for the reader. 

Now we proceed on to define a special class of fuzzy near-ring. 

Definition 9 . 2 . 13 : Let P = [0, 1] the interval from 0 to 1. Define 69 and O on P as 
follows. For a, b e P define a®b = a+ bifa + b<l,ci(Bb = Oifa + b = l and a 
69 b = a + b - I if a + b > 1 . Thus 69 acts as modulo 1. Define O on a, b e P = [0, 1] 
by a Ob = a; clearly (a Ob) Oc = aOc + bOc = a(Db. Clearly (P, 69j is a group 
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and (P, O) is a semigroup. Hence (P, 69 O) is a right near-ring. We call {P, 69 Of 
the special fuzzy right near-ring. 

Definition 9.2.14: Let (P, 69 O) be a fuzzy near-ring. Pq = {p e P / p. 0 = Of is 
called the fuzzy zero symmetric part and P c = {n € P / n.O = n} is called the fuzzy 
constan t part. 

Theorem 9.2.5: The special fuzzy right near-ring {P, 69 Of has no fuzzy invertible 
elements. 

Proof. Left for the reader to prove. 

Let S = {r/p, 0 / 1 < r < p} is a fuzzy subnear-ring or to be more specific if S = {0, %, 
!4, %}; S is a fuzzy subnear-ring. 

Definition 9.2.15: A fuzzy subnear-ring N of P is called fuzzy invariant if NP c: N 
and PN c: N we call a fuzzy subnear-ring N of P to be a fuzzy right invariant if NP a 

N. 

The following theorem is left as an exercise to the reader. 

Theorem 9.2.6: Every fuzzy subnear-ring N of P is fuzzy right invariant. 

Definition 9.2.16: The set P = {0, 1} with two binary operations © and O is called 
fuzzy right seminear-ring if {P, 69/ and {P, Of are right seminear-ring. 

All results can be easily extended in case of fuzzy seminear-ring. 

Example 9.2.3: Let {P, ©, O} be the fuzzy semi-near-ring. Define ©asp©qifp + q 
< 1 and p © q = 0 if p + q> 1. Then (P, ©) is a semigroup. Define O as p O q = p for 
all p, q e P. Clearly {P, ©, O} is a special fuzzy senri-near-ring. 

Problems : 



1 . Give an example of a fuzzy matrix near-ring M^. Study all properties analogous 
to near-ring in them. 

2. Construct a finite fuzzy matrix near-ring M 2 X 2 by choosing only a finite number of 
elements from [0, 1]; study its properties. 

3. Does [x^° !| ] have a polynomials which has no roots? Justify your answer at least 
with examples. 

4. Is it possible to construct a finite fuzzy complex near-ring? Justify or substantiate 
your answer. 
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5. Construct a finite fuzzy seminear-ring using [0, 1] and study all analogous 
properties enjoyed by them like fuzzy ideals, normal semigroups, invariant 
elements. 



9.3 Smarandache fuzzy near-rings 

In this section we just introduce the notion of Smarandache fuzzy near-rings in a very 
unconventional way. We further introduce the Smarandache concepts to the fuzzy 
near-rings introduced in section 9.2 Finally we define Smarandache roots for 
Smarandache polynomial near-ring and leave a vast stretch of research for the reader. 

Definition 9.3.1: Let N be a near-ring, let fj.be a non-empty fuzzy subset of a near- 
ring. If pis a fuzzy ideal of the near-ring N then we call N a Smarandache fuzzy near- 
ring (S-fuzzy near-ring) related to p and denote it by N . 

Every fuzzy subset of a near-ring need not in general give a S-fuzzy near-ring. Also 
we can define S-fuzzy near-ring in any way one likes. We call this definition as the S- 
fuzzy near-ring of level I. 

Definition 9.3.2: The characteristic function A on a near-ring is a S-fuzzy near-ring 
related to A. This S-fuzzy near-ring is unique and we call this as the Smarandache 
fuzzy characteristic near-ring (S-fuzzy characteristic near-ring). 

Theorem 9.3.1: Every near-ring N has a S-fuzzy characteristic (function) near-ring. 

Proof. Straightforward. 

Theorem 9.3.2: Let N be a near-ring. N a S-fuzzy near-ring related to p (p a fuzzy 
ideal ofN) then the level subsets p , , t € [0, t], t < p (0) are S-fuzzy near-rings. 

Proof. Left for the reader to prove. 

Definition 9.3.3: A S-fuzzy near-ring associated with p is said to have Smarandache 
fuzzy IFP (S-fuzzy IFP) if and only if p (a n b) > p (ab) for all a, b, n € N. 

Definition 9.3.4: Let N be a S-fuzzy near-ring associated with p. pN has fuzzy IFP if 
and only if pk is a S-fuzzy near-ring for all 1 < p < 1 . 

Definition 9.3.5: N is a Smarandache strong fuzzy IFP (S-strong fuzzy IFP) if and 
only if every S-fuzzy near-ring is a S-fuzzy IFP near-ring. 

DEFINITION 9.3.6: N is S-fuzzy IFP near-ring if and only if (f is a S-fuzzy IFP near- 

ring for alls € [0, 1] where 



p \sif p(x)>s 

\ p( X) if p( x) < s. 
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Definition 9.3.7: A S-fuzzy near-ring N is said to be Smarandache fuzzy prime (S- 
fuzzy prime) if p is not a constant function and for any a N r N S-fuzzy near-rings ao 
T c p implies either a a p or T cr p. 

The author has only introduced just the concept of S-fuzzy near-ring. It is left for the 
reader to do research in this direction and develop the concept of S-fuzzy near-ring as 
such notion is very new and has a lot of scope for any innovative researcher. 

Now we proceed on to define a new type of S-fuzzy near-rings using the concepts 
defined in section 9.2. 

Definition 9.3.8: Let {P nxn , 69 0)1 be a fuzzy near matrix ring we call { P nX m O) 

a Smarandache fuzzy matrix near-ring (S-fuzzy matrix near-ring) if P has a subset S, 
S c P such that {S, 69, O} is a near-field. 

Definition 9.3.9: The fuzzy complex near-ring {V, 69 O} is called a Smarandache 
fuzzy complex near-ring (S-fuzzy complex near-ring) if V has a proper subset R such 
that {R, 69, O} is a near-field. 

Definition 9.3.10: Let {W, 69 Oj be a non-associative fuzzy complex near-ring, we 
say {W, 69, O} is a Smarandache non-associative fuzzy complex near-ring (S-non- 
associative fuzzy complex near-ring) if {W, 69, O} has a non-associative fuzzy 
complex near division ring. 

Definition 9.3.11: Let R [x^ 0, ^ ] be the fuzzy polynomial near-ring. We say R 
[ x f°- Pj j s a Smarandache fuzzy polynomial near-ring (S-fuzzy polynomial near-ring) 
ifR [x ^° Ij 7 has a proper subset T which is a near-field. 

Definition 9.3.12: Let R [x^ 0, ^ ] be a S-fuzzy polynomial near-ring we say a 
polynomial fix) in T, T a near-field, has a Smarandache root (S-root) if f(a) = 0 for 
some a g T. 

Thus we see sometimes a polynomial which has roots may not in general have 
Smarandache roots. 

It is left for the reader to construct examples and counter examples to prove the above 
statements. 



Problems : 



1 . 

2 . 



3. 



Prove p s is a S-fuzzy near-ring. 
Prove where 



p(x) = 



1 if xe^N 
s otherwise 



is a S-fuzzy prime near-ring. 

Is P = {a / a e [0 1]} a fuzzy complex near- field? 
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4. Can P nxn have a subset which is a near-field? Justify your answer. 

5. Can {W, ©, O} have nontrivial division near-rings? 

6. Find subsets in R[x '- 0 ' 1 '] which are near-fields. 

7. Find or give examples of polynomials in Rfx'- 0, 1 '] which has roots but no S-roots. 
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Chapter Ten 

SUGGESTED PROBLEMS 



This chapter suggests 145 problems on near-rings, seminear-rings, S-near-rings and S- 
seminear-rings and their generalizations. The problems mainly are connected with 
group near-rings, semigroup near-rings, group seminear-rings and semigroup 
seminear-rings and their Smarandache analogues which can always be formulated 
once the concepts are mastered. The main motivation is that the study of this type is 
very meagre or absent. But this study is significant as group-rings and semigroup 
rings are very widely studied. The reader should try to study these concepts so that 
one can get several examples of both commutative and non-commutative near-rings 
and seminear-rings using varied types of groups and semigroups. 

Thus this study will lead to a multifold research on the four concepts of semigroup 
near-rings, group near-rings, group seminear-rings and semigroup seminear-rings and 
mainly their Smarandache analogue. 

The study of non-associative near-rings and seminear-rings leads to the concept of 
studying famous identities like Moufang, Bol, Brack, WIP etc. Here also the existence 
of a class of non-associative near-ring or seminear-ring from the natural integers or in 
a natural way in unknown to the author. We can get classes of non-associative 
seminear-rings using loops and groupoids. By using the natural class of loops and 
groupoids described in Chapter I the researcher will certainly get classes of both non- 
associative near-rings and seminear-rings. 

Finally the study of S-near-rings, S-seminear-rings both associative and non- 
associative is very recent (2002). Thus this book gives a list of definitions about S- 
seminear-rings. The book does not completely deal with all analogous properties in 
case of Smarandache notions. Several Smarandache problems are given for the 
researchers to solve. The set of suggested problems in this book is an added feature. 



1 . Obtain necessary and sufficient condition for left (right) quotient near-ring N to be 
a S-quotient near-ring. 

2. Classify those near-rings N which fulfills left (right) ore condition also fulfills S- 
left (right) one condition. 

3. Classify those class of near-ring F x which are free and are also S-free. 

4. Obtain a necessary and sufficient condition on the near-ring N so that 

i. All ideals are S-ideals or 

ii. The internal direct sum is the same as S-internal direct sum. 

iii. Prove 1 <=> 2. 

5. Characterize those near-rings N which cannot contain ideals I such that 
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i. I is not a S-direct summand. 

ii. I is not a S-strong direct summand. 

iii. I is always a S-direct summand. 

6. Let P(I) be the prime radical; find the necessary and sufficient condition on the 
near-rings so that P(I) = S (P (I)). 

7. Find a necessary and sufficient condition on the ideal I of a near-ring N so that its 
prime radical is a S-prime radical. 

8. Find conditions on the near-ring N so that every idempotent in N is an S- 
idempotent. 

9. For what loops L will the near loop ring NL have proper subsets which are 

i. Near-fields. 

ii. Near domains. 

10. Find a necessary and sufficient condition for a near-ring to be a Marot near-ring. 

11. Classify all near loop rings which are Marot near loop rings. (By putting 
conditions on the near-ring N and on the loop L). 

12. Define a nice class of Lields and define Smarandache Lields. 

13. Let N be a loop near-ring and L a loop having n elements of order 2. Can the loop- 
loop near-ring have divisors of zero? 

14. N a near-ring and L a loop. When will the near loop ring have nontrivial divisors 
of zero? 

15. Give examples of loop-loop near-rings which are 

i. S-loop near-ring. 

ii. Bipotent-loop near-ring. 

1 6. Characterize near loop rings which are S-near loop-rings. 

17. Characterize those loop-loop near-ring NL which are bipotent loop near-ring. 

18. Characterize those near-rings which are strongly subcommutative. 

19. Obtain a new class of near domains. 

20. Characterize those loops L so that the loop near domains, NL has atleast a subset 
P cr NL such that P is a near domain. 

21. Let Z p be a near-ring and L a finite loop, |L| = n. Find conditions on order of L and 
on p so that the near loop ring Z p L has 
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i. Nontrivial divisors of zero. 

ii. Nontrivial idempotents. 

iii. Nontrivial nilpotents. 

22. Obtain a necessary and sufficient conditions on Z p and the loop L so that the S- 
near loop ring NL has the mod p envelope; L* to be a loop. 

* 

23. Let Z 2 = {0, 1} and L be a loop of even order. Z 2 L be the near loop ring. Can L 
be a loop? Justify your claim. 

24. Find conditions on the near-ring N and on the loop L so that 

i. NL is a Bol near-ring. 

ii. NL is a Brack near-ring. 

iii. NL is a Mougang near-ring. 

iv. NL is an Alternative near-ring. 

25. Let L be a any loop and N a near-ring. Find conditions on NL the near loop ring to 
have quasi regular elements. 

26. Does there exist a near loop ring for which every element other than 1 and 0 are 
quasi regular? Study this problem for S-near loop rings. 

27. Let Z m be the near-ring and L n (m) e L n be a loop. Can Z m L n (m) have quasi 
regular elements? If so find all quasi regular elements of Z n L n (m). 

28. Give a class of S-seminear-rings. 

29. Does their exist a seminear-ring in which the same subset P of N happens to be a 
S-hyper subsenrinear-ring as well as S-dual hyper subseminear-ring? 

30. Let Z n = {0, 1, 2, ..., n-1} be the set of integers modulo n; 

n = p^'pj” 2 ... p t a ‘ where pi, p 2 , . .., p t are primes t > 1. 

Define two binary operations ‘x’ and ‘ 0 ’ on Z n ; ‘x’ is the usual multiplication 
modulo n. ‘o’ is defined as a 0 b = a for all b,ae Z n . Let A = {1, q h q 2 , ..., q r } 
where qi, q 2 , q 3 , . . ., q r are all odd primes different from p l5 p 2 , . . ., p t and q 1? . . ., q n 
G Z n . 

Prove (A, x) is always a group under ‘x’. 

[Solution to this problem would result in a class of S-seminear-rings for every 
positive n, n a composite integers], 

31. Find finite S-pseudo seminear-ring. 

32. Does there exist infinite near-ring constructed using reals or integers, which are 
not S-pseudo senrinear-rings? 
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33. Characterize those S-seminear-rings N so that the SjN subgroups happen to be 
SiN subgroup related to all subgroups (P, .) of (N, .). 

34. Define SiDN-subgroups; characterize those S-seminear-ring for which the S | DN 
subgroups happen to be a SiDN subgroups for all subgroups (P, +) of (N, +). 

35. Can modular lattices have sublattices that are seminear-rings. 

36. Find necessary and sufficient conditions on the seminear-ring N and on the group 
G so that the group seminear-ring has 

i. S-zero divisors. 

ii. S-semi-idempotents. 

iii. S-idempotents. 

iv. S-units. 

37. Study the problem (36) in case of semigroup seminear-rings. 

38. Find conditions for a S-semigroup seminear-ring to be a S-seminear-ring. 

39. Find a necessary and sufficient condition on the NA seminear-ring N so that the 
two definitions. 

i. S-NA seminear-ring I and 

ii. S-NA seminear-ring I type A are equivalent. 

40. Find a necessary and sufficient conditions on the S-NA-seminear-ring so that the 
two definitions. 

i. S-NA seminear-ring I and 

ii. S-NA seminear-ring I of type B are equivalent. 

41. Find a new class of non-associative near-rings and seminear-rings other than using 
loops over near-rings (near loop rings) and loops over seminear-rings. 

42. Find a necessary and sufficient condition for a non-associative near-ring to be 

i. Power associative. 

ii. Diassociative. 

43. Study the same problem in case of non-associative seminear-rings. 

44. Find a necessary and sufficient conditions for a S-NA seminear-ring (and S-NA 
near-ring) to be 

i. S-power associative. 

ii. S-diassociative. 
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45. Does there exists a NA near-ring N which is a Brack near-ring i.e. it satisfies the 
two identities 

i. [x(yx)]z = x(y(xz)). 

ii. (xy) _ = x" 1 y" for all x,y,ze L. 

[Hint: If we take Z 2 = (0, 1) to be a near-ring and L a Brack loop will we have ZoL to 
be a non-associative near-ring which is a S-Brack near-ring but Z 2 L is need not be a 
Brack near-ring. Apart from this we are not in a position to construct any non- 
associative near-rings which are Brack near-rings]. 

46. Study of full ideals in the composition ring of polynomials over integers in case of 
polynomials near-rings. Z[x] remains unknown obtain some interesting results 
about ideals in Z[x]. 

47. Develop interesting properties on matrix near-rings. 

48. Let Z° = Z + u {0}.{Z°, +, .} is a seminear-ring where ‘+’ is the usual *+’ and is 

defined by a.b = a for all a, b e Z°. Take G any groupoid from the new class of 

groupoids. Study all properties like existence of S-zero divisors, S-idempotents 
the identities they satisfy etc., for the groupoid seminear-ring Z°G. 

49. Let G be a groupoid form the new class of groupoids given in chapter 1 . (So order 
of G is finite say m). Let Z m be the seminear-ring m a composite number. Obtain 
conditions on m and n and make a study about the properties enjoyed by Z m G 
when 

i. (m, n) = 1 . 

ii. m = n. 

iii. (m, n) = p, pa prime. 

iv. (m, n) = n, n a prime. 

v. (m, n) = 1 and m = p l and n = q l where p and q are primes. 

50. Give an example of a S-weak Bol seminear-ring which is never a S-strong Bol 
seminear-ring. 

5 1 . What groupoids we will have the groupoid seminear-ring to be 

i. S-Bol seminear-ring. 

ii. S-Moufang seminear-ring. 

iii. S-P-seminear-ring. 

iv. S-alternative seminear-ring; 

study in case of weak and strong structures. 

52. Let (Z 12 , x, .) be a seminear-ring and G be a groupoid given by the following 
table: 
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Study the groupoid near-ring Z 12 G in the context of problem 51. 

53. Does {V, ©, ©} have fuzzy left ideal? (or two sided fuzzy ideal). (By notation 
ideals of V will be called only as fuzzy ideals). 

54. Is V a fuzzy simple near-ring? 

55. Does (V, ©, ©) have prime ideals? 

56. Does the fuzzy non-associative near-ring have fuzzy ideals? 

57. Does (W, ©, ©) the complex non-associative near-ring have invariant fuzzy 
subnear-rings? 

58. Is (W, ©,©) a fuzzy principal ideal domain? 

59. Obtain some interesting properties about S-fuzzy near-ring. 

60. Given G is a finite group and N a near-ring when will the group near-ring be 
artirian? 

61. Whether these conditions on G are also necessary for the group near-ring to be 
Noetherian. (This problem in case of group rings is a classical one and complete 
answer however is not known, whether the conditions on G are also necessary for 
the group ring to be Noetherian). 

62. Let N be a near-ring built using Z or Q or R and G any group. Find conditions on 
G and N so that the group near-ring ZG 

i. is the subdirect product of prime near-rings. 

ii. Intersection of all prime ideals of ZG is 0. 

63. When will the group near-ring Z p G have no non-zero nil ideals? 
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64. Let N be a near-ring built using Z or Q or R and G any group, when will the group 
near-ring ZG (QG or RG) have non-zero nil ideals? 

65. Define a concept in near-rings analogous to semisimple rings. 

66. When are group near-rings semiprime? 

67. Obtain a necessary and sufficient condition for a group near-ring to have zero 
divisors (S-zero divisors). 

68. Obtain a necessary and sufficient condition for a group near-ring to be regular (S- 
regular). 

69. Let NG and NiH be any two group near-rings when are they isomorphic (S- 
isomorphic). That is like isomorphism problem for group rings when are two 
group near-rings isomorphic? 

70. Let G be a group and N a near-ring. Obtain necessary and sufficient condition for 
the group near-ring NG to be a p-near-ring (S-p-near-ring). 

71. If S is a commutative semigroup with divisors of zero and elements of finite order 
and N a near- field. Can the semigroup near-ring NS be a Marot semigroup near- 
ring (S-Marot semigroup near-ring)? 

72. Characterize those semigroup near-rings NS which are p-near-rings. 

73. Let Z 2 = (0, 1) be the near-field. S any semigroup obtain a necessary and sufficient 
condition on the semigroup S so that the semigroup near-ring Z 2 S has always a 
mod p envelop S* to be a S-senrigroup. 

74. Study the same problem i.e. problem (73) when Z 2 is replaced by Z p , p an odd 
prime. 

75. Let NS and N 1 S 1 be any two semigroup near-rings. Obtain necessary and 
sufficient condition so that these two near-rings are isomorphic and S-isomorphic. 

76. Characterize those semigroup near-rings NS which have 

i. Units and S-units. 

ii. Zero divisors and S-zero divisors. 

iii. Idempotents and S-idempotents. 

77. Obtain necessary and sufficient for the group near-ring Z p G so that 

i. G = G*. 

ii. G* is a group. 

iii. G* is only a semigroup. 



177 




78. Let G = (g / g p = 1), p a prime and Z m = {0, 1, 2, m-1} m a prime. Find G* for 

the group near-ring Z m G. Find G* when m = p when will G* be a group? 

79. Study the group near-ring Z S G, when s is not a prime what is the structure of G* if 
|G| = s. will G* ever be a group. 

80. Find necessary and sufficient condition for the group near-ring Z p G to have G* = 
G. 



81. Obtain a necessary and sufficient condition for the group near-ring NG to be a S- 
near-ring satisfying some polynomial identities. 

82. Characterize those group near-rings NG (semigroup near-rings NS) to be a chain 
near-ring. 

83. Find conditions on the group and on the loop near-ring N so that NG has 

i. S-zero divisors. 

ii. Non-trivial S-ideals. 

iii. Satisfies chain conditions. 



84. Let Z n be a seminear-ring. L n (m) e L n be the new class of loops. Study for the 
loop seminear-ring Z n L n (m) for varying m (n non-prime) to have 



i. S-units. 

ii. S-idempotents. 

iii. S-zero divisors and units and idempotents and zero divisors. 



85. Z n L n (m) given in problem 84 is a S-seminear-ring III. Find S-ideals III, S-N- 
subsemigroups. Is Z n L n (m) S-regular? Obtain any other interesting results on these 
classes of S-seminear-rings III? 



86. Obtain a necessary and sufficient condition for the S-seminear-ring III , Z n L n (m), 
defined in problem 84 to be a S-seminear-ring IV. 

87. Let G be a groupoid from the new class of groupoids built using Z n . {Z n , 'x', be 
a near-ring. For the groupoid near-ring Z n G study the properties mentioned in 
problems 84 and 85. 

88. Let L be any finite loop and N a S-near-ring. Obtain a necessary and sufficient 
condition for the near loop ring NL to have SJ(NL) = J(NL). 

89. Does there exist a near-ring N in which every right quasi regular element is S- 
right quasi regular? 

90. Characterize those near-rings which has quasi regular elements but no S-quasi 
regular elements. 
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91. Let N = Zn x Z p (where Z n is the near-ring and Z p is a field of characteristic p, (n, 
p) = 1 , n not a prime) be the S-near-ring. Which of the near loop rings NL n (m) has 
SJ(NL n (m)) = J(NL n (m)); where L n (m) e L n ? 

92. Characterize those group near-rings which are only S-near rings and not S-group 
near-rings. 

93. Characterize those group near-rings NG which are such that NG has a S-subnear- 
ring if and only if NG is a S-group near-ring. 

94. Let N be a near-field and G a torsion free abelian group. Does the group near-ring 
NG have zero divisors? (This problem is solved in case of group rings). 

95. Let G be a torsion free non-abelian group and N a near-field. Can the group near- 
ring NG have zero divisors? (This problem even for group rings is still unsettled). 

96. Let H be a torsion free abelian subgroup of a group G and N a near-field. NH is a 
group near-ring contained in the group near-ring NG. If a e NH c NG; a =£ 0. 
Can a be a zero divisor in NG? (Hint: This question has been settled in the case of 
group rings; when a is not a zero divisor). 

97. Let N be a near-ring and G a finite group. 

i. Obtain a necessary and sufficient condition for the near-ring NG to 
have S-artinian condition? 

ii. Obtain a necessary and sufficient condition for the S-semigroup near- 
ring NG to satisfy S-artinian condition. 

98. Let N be a near-field and G any group. When will the group near-ring NG be S- 
semiprime? 

99. Let N be a S-near-ring so that the group near-ring NG is a S-group near-ring. 
Obtain a necessary and sufficient condition for the group near-ring NG to be S- 
semiprime. 

100. Let N be a near- field of the form Z p , p a prime. G be any group with no elements 
of order p. Can the group near-ring NG have non-zero nil ideals? 

101. If we replace the near-ring N = Z p by S-p-near-rings and G any group with no 
elements of order p. Can the group near-ring have non-zero nil ideals or non-zero 
S-nil ideals? 

102. Let N be a near- field, Z p or a S-p-near-ring and G a finite group. Will the 
following conditions be equivalent? 

i. NG is S-semiprime and 

ii. A(G) has no elements of order p. 
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103. Let N be a near-ring and G any group. When does the group near-ring NG satisfy 
standard polynomial identity? 

104. Define the concept of S-near-ring satisfying standard polynomial identities. 

105. Obtain a necessary and sufficient condition for a S-group near-ring to have zero 
divisors and S-zero divisors. 

(We know in case of group ring KG if K is a field of characteristic zero and 
G a finite group or a group having elements of finite order then the group 
ring KG has zero divisors.) 

106. Let N be a near-ring and G a group. Let NG be the S-group near-ring. Obtain a 
necessary and sufficient condition for NG to have non-trivial idempotents and S- 
idempotents. 

107. Let N = Z p be the near-field. Z p G be the group near-ring of a locally finite group 
G over Z p . Will Z p G be regular? Can Z p G be S-regular? 

108. Obtain a necessary and sufficient condition on the group near-ring NG so that NG 
is S-regular. NG is S-group near-ring and regular. 

109. Obtain conditions on the near-ring N and on the S-semigroup S so that the 
semigroup near-ring NS has 

i. non-trivial zero divisors and S-zero divisors. 

ii. idempotents and S-idempotents. 

110. Let NS be a S-semigroup near-ring. Obtain a necessary and sufficient condition 
for NS to be S-regular and NS to be regular. 

111. Let N be a near-field. S a S-semigroup. Can the semigroup near-ring NS have 
non-zero nil ideals? 

112. Let NS be a S-semigroup near-ring. Obtain necessary and sufficient condition for 
NS to be semiprime, S-senriprime. 

113. Characterize those S-near-rings N which has N-uniform ideal. 

114. Obtain a necessary and sufficient condition for a near-ring to be a S-Marot near- 
ring. 

115. Obtain a necessary condition for a planar near-ring to be S-planar. 

116. Find sufficient conditions for a near-ring to be a S-a near-ring. 

117. Obtain a necessary and sufficient condition so that every a-near ring is a S-a- 
near-ring. 

118. Find conditions on a near-ring so that it has a S-uniform ideal of G. 
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119. Find a necessary and sufficient condition on a S-near-ring N to be S-normal. 

120. Find a condition on the near-ring N so that all uniform ideals of G are S-uniform 
ideals of G. 

121. Characterize those S-composition near-ring. 

122. Obtain a necessary and sufficient condition so that every normal near-ring is S- 
normal and vice versa. 

123. Obtain a necessary and sufficient condition for a F-near-ring to be a S-F-near-ring 
and conversely. 

124. Let G be a finite S-semigroup of order n and Z be the near-ring. Does ZG have 

i. S-essential ideals. 

ii. S-quasi ideals. 

iii. S-central elements. 

iv. S-regular elements. 

v. S-principal ideals. 

125. For the S-S-semigroup automaton level I and II derive some inter-relations or a set 
of S-S-semigroup automaton level I and II with no inter-relation entirely acting in 
a discrete way. 

126. Using S-mixed direct product find an example of 

i. S-left distributive near-ring. 

ii. S-strong IFP near-ring. 

iii. S-affine near-ring. 

iv. S-medial near-ring. 

127. Obtain condition for a near-ring N to be a S-n-ideal near-ring. 

128. Characterize those near-rings which are S-LSD near-rings. 

129. Characterize those group near-rings which are only S-near-rings and not S-group 
near-rings. 

130. Characterize those S-group near-rings which satisfy S-ACCL and S-ACCN. 

131. When are S-group near-rings (seminear-rings) S-artinian? 

132. Characterize those group near-rings (seminear-rings) which are 

i. S-commutative. 

ii. S-weakly commutative. 

iii. S-cyclic. 

iv. S-weakly cyclic. 
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133. Obtain necessary and sufficient condition so that a seminear-ring is a S-strict 
seminear-ring. 

134. Characterize those seminear-rings which are S-pseudo seminear-rings. 

135. Characterize those semigroup (group) near-rings which are S-simple. 

136. Find a class of S-reliable near-rings. 

137. Characterize 

i. S-planar near-rings. 

ii. S-left infra near-rings. 

iii. S-strongly semiprime near-rings. 

iv. S-completely equiprime near-rings. 

v. S-integral near-rings. 

138. Give a class of S-NA-near-rings which are S-planar. 

139. Find groupoid near-rings Z n G which has S-quasi subnear-rings. 

140. Let N = Z p L n (m) be the near loop ring of the new class of loops L n (m) e L n over 
the near-field Z p . 

i. Is Z p L n (m) a S-s-near loop ring? 

ii. Is N a S-Moufang loop near-ring? 

iii. Is N S-strictly duo? 

141 . Find a class of near-rings which are S-quasi near-rings. 

142. Find the S-Jacobson radical for Z p L n (m); L n (m) e L n . 

143. When is SJ (Z p L n (m)) = J(Z p L n (m))? 

144. Find a class of S-bipotent seminear-ring. 

145. Find those S-group near-rings and S-semigroup seminear-rings which satisfy 
standard polynomial identities. 



182 




BIBLIOGRAPHY 



1. Abou-Zaid, Salah, On fuzzy subnear-rings and ideals. Fuzzy Sets and 
Systems, 44 , 139-146(1991)/ 

2. Ahsan, Javed and Liu, Zhongkui, Strongly idempotent seminear-rings and 
their prime ideal spaces, Proc. of Conf. on Near-rings and Near- fields and K- 
loops, Hamburg, July 30 - August 6, 1995, (G. Saad and M. Thomsen, eds.) 
151-166(1997). 

3. Barnes, W. E., On the F-rings of Nobusawa, Pacific J. Math., 18, 411-422 
(1966). 

4. Benini, Anna., Near-rings whose one-sided non nil ideals are GP -near -fields, 
Near-rings and Near-fields: Proc. of a Conference held at Math. 
Forschungsinstitut, Oberwolfach, November 5 - 11, 1989, (G. Betsch, et al., 
eds.), 21-33 (1995). 

5. Benini, Anna and Morini F., On the construction of a class of weakly 
divisible near-rings, Riv. Mat. Univ. Parma, 6, 1-11 (1999). 

6. Benini, Anna and Morini F., Weakly divisible near-rings on the group of 
integers (mod p" ), Riv. Math. Univ. Parma, 6, 103-1 1 1 (1999). 

7. Benini, Anna and Pellegrini, Silvia, Weakly divisible near rings, Discrete 
Math., 208 - 209 , 45-59 (1998). 

8. Birkenmeier, Gary and Heatherly, Henry E., Left self-distributive near- 
ring, J. Austral. Math. Soc. 49, 273-296 (1990). 

9. Booth, G. L., A note on F-near-rings, Stud. Sci. Math. Hungar., 23, 471-475 
(1988). 

10. Booth, G. L., Equiprime infra-near-rings, Indian J. Pure Appl. Math 22, 561- 
566 (1991). 



11. Booth, G. L., Radicals of F- near rings, Publ. Math. Debrecen, 37, 223-230 
(1990). 

12. Booth, G. L. and Groenewald, Nico J., Equiprime F-near-rings, 
Quaestiones Math. 14 , 41 1-417 (1991). 

13. Booth, G. L. and Groenewald, Nico J., Equiprime left ideals and equiprime 
N-groups of a near-ring, Contrib. Gen. Alg., 8, 25-38 (1992). 



183 




14. Booth, G. L. and Groenewald, Nico J., On strongly prime near-rings, 
Indian J. Math., 40 , 113-121 (1998). 

15. Booth, G. L. and Veldsman, Stefan, Special radicals of near ring modules, 
Quaestiones Math, 15 , 127-137 (1992). 

16. Bruck, R. H., A survey of binary systems, Springer-Verlag, (1958). 

17. Castillo J., The Smarandache Semigroup, International Conference on 
Combinatorial Methods in Mathematics, II Meeting of the project 'Algebra, 
Geometria e Combinatoria', Faculdade de Ciencias da Universidade do Porto, 
Portugal, 9-11 July 1998. 

18. Clay, James R., Circular planar near-rings with application, Proc. Kaist 
Math., Workshop Korea, 149-177 (1992). 

19. Clay, James R. and Fong, Yuen, On syntactic near-rings of even dihedral 
groups, Results Math. 23, 23-44 (1993). 

20. Dasic, Vucic and Peric, Veselin, Near-rings with a minimal defect of 
distributivity. Math. Montisnigri, 7, 1-11 (1996). 

21. Deng, Ai Ping, Ideals and derivations in prime near-rings, Math. Appl. 13 , 
98-101 (2000). 

22. Deng, Qing, Yeniguil, M. Serif, and Argac. Nurcan, On the commutativity 
of near-rings with derivations. Math. Proc. R. Ir. Acad. 98A, 217-222 (1998). 

23. Dheena, P. and Rajeswari, C., Weakly regular near-rings, Indian J. Pure 
Appl. Math., 28, 1207-1213 (1997). 

24. Dubrovin, I.N., Chain rings, Rad. Math., 5, 97-106 (1989). 

25. Dutta, T.K and Biswas, B.K., Fuzzy ideal of a near-ring , Bull. Cal. Math. 
Soc., 89,447-450(1997). 

26. Dutta, T.K and Biswas, B.K., On fuzzy congruence of a near-ring module, 
Fuzzy Sets and Systems, 12 , 343-348 (2000). 

27. Fong, Yuen, Huang, F.K. and Ke, Wen-Fong, Syntactic near-rings 
associated with group semi-automata, Pure Math. Appl. 2, 187-204 (1992). 

28. Fong, Yuen, Pilz, Gunter, Oswald, Alan and Smith, Kirby C., Near-ring 
Newsletter, National Cheng Kung Univ., 18 (1996). 



184 




29. Fong, Yuen, Pilz, Gunter, Oswald, Alan and Smith, Kirby C., Near-ring 
Newsletter, National Cheng Kung Univ., 20 (1998). 

30. Fuchs, Peter R., A decoding method for planar near-ring codes, Riv. Mat univ 
Parma, 17, 325-331 (1992). 

31. Graves, James A. and Malone, Joseph J., Embedding near-domains, Bull. 
Austral. Math. Soc., 9, 33-42 (1973). 

32. Gray, Mary W., A radical approach to algebra, Addison-Wesley, (1970). 

33. Gutierrez, Jaime G. and Ruiz De Velasco, Carlos, Ideals in near-rings Z[x] 
of polynomials , in Proceedings of the XIVth Spanish-Portugese Conference on 
Mathematics, Vol. I-III, Univ. La Laguna, 63-67 (1990). 

34. Heatherly, Henry E. and Olivier, Horace, H-integral near-rings, Math. 
Pannonica, 3 , 43-50 (1992). 

35. Higman, G., The units of group rings, Proc. London Math. Soc., 46 , 231-248 
(1940). 

36. Hong, Sug Min, Jun, Young Bae and Kim, Hee Sik, Fuzzy ideals in near- 
rings, Bull. Korean Math. Soc., 35 , 455-464 (1998). 

37. Jat, J.L. and Choudhary, S. C., On strict weakly regular near-ring, Math. 
Student, 46 , 175-182 (1978). 

38. Jat, J.L. and Choudhary, S. C., Left bipotent near-ring, Proc. Edin. Math. 
Soc. 22, 9-10(1979). 

39. Johnson, P.L., The modular group, Proc. Amer. Math. Soc., 68, 19-22 (1978). 

40. Jun, Young Bae and Sapanci M., Fuzzy ideals in gamma near-ring, Turk. J. 
Math. 22,449-459(1998). 

41. Kaarli, Kalle, On ideal transitivity in near-rings, Contrib. Gen. Alg., 8, 81- 
89 (1992). 

42. Karzel Helmut J., From near-rings and near-fields to K-loops, Proc. of Conf. 
on Near-rings and Near-fields and K-loops, Hamburg, July 30 - August 6, 
1995, (G. Saad and M. Thomsen, eds.) 1-20, Kluwer Acad. Publishers, 
Netherlands, (1997). 

43. Kautschitsch, Hermann, Near-ring construction by quotients of power series 
composition rings, 95-101, Math Forschungsinst, Oberwolfach, Schwarzwald, 
(1995). 



185 




44. Kim, Eun Sup, Kim, Hee Sik, Lee, Dong-Soo and Park, Young Soo, Some 
structures of seminear-rings, Pure Math. Appl., 9, 341-350 (1998). 

45. Kim, Kyung Ho, Abnormalization of anti-fuzzy R-subgroups in near-rings , Far 
East J. Math. Sci., 1, 629-637 (1999). 

46. Kim, Kyung Ho and Jun, Young Bae, On fuzzy R-subgroups of near-rings, J. 
Fuzzy Math., 8, 549-558 (2000). 

47. Kyuno, Shoji and Veldsman, Stefan, A lattice isomorphism between sets of 
ideals of the near-rings in a near-ring Morita context, Comm. Algebra, 23, 
629-651 (1995). 

48. Lidl, Rudolf and Pilz, Gunter, Applied Abstract Algebra, Springer Verlag, 
(1984). 

49. Lyons, Carter G. and Peterson, Gary. L., Semi-direct products of I-E- 
groups, Proc. Amer. Math. Soc., 123, 2353-2356 (1995). 

50. Malone, Joseph J. and Mason, Gordon, ZS-metacyclic groups and their 
endomorphism near-rings, Monatsh Math., 118, 249-265 (1994). 

51. Mason, Gordon, Polarities for near-rings, Quaestiones Math., 21, 135-147 
(1998). 

52. Matsuda, R., On Marot rings, Proc. Japan Acad., 60, 134-138 (1984). 

53. Meldrum, John D. P., Matrix near-rings, Contrib. Gen. Alg., 8, 189-204 
(1992). 

54. Meldrum, John D. P. and Meger, Johannes Hendrik, Word ideals in group 
near-rings, Algebra Colloq., 5, 409-416 (1998). 

55. Miron, Radu and Stefanescu, Mirela, Near-rings and geometry, Contrib. 
Gen. Alg., 8, 211-222(1991). 

56. Nobusawa, N., On a generalization of the ring theory, Osaka J. of Math., 1, 
81-89 (1964). 

57. Padilla, Raul, Smarandache algebraic structures. Bull. Pure Appl. Sci., 17E, 
119-121 (1998). 

58. Passman D. S., Infinite group rings, Marcel Dekker, (1971). 

59. Passman D. S., The algebraic structure of group rings, Wiley Interscience, 
(1977). 



186 




60. Petersen, Quentin N. and Veldsman, Stefan, Composition near-rings, Proc. 
of Conf. on Near-rings and Near-fields and K-loops, Hamburg, July 30 - 
August 6, 1995, (G. Saad and M. Thomsen, eds.) 357-372, Kluwer Acad. 
Publishers, Netherlands, (1997). 

61. Pilz, Gunter, Near-rings, North Holland Pub. Co, (1977). 

62. Ramakotaiah, Davuluri, Radicals for near-rings, Math Z., 97, 45-56 (1967). 

63. Ramakotaiah, Davuluri and Prabhakara Rao K.B., Loop-half groupoid 
near-ring, Arch. Math., 47, 401-407 (1986). 

64. Ramakotaiah, Davuluri and Santha Kumari, C., On loop near-ring. Bull. 
Austral. Math. Soc., 19, 417-435 (1978). 

65. Reddy, Yenumula Venkatesvara and Satyanarayana, Bhavanari, A note on 
N-groups, Indian J. Pure Appl. Math., 19, 842-845 (1988). 

66. Reddy, Yenumula Venkatesvara and Satyanarayana, Bhavanari, Finite 
spanning dimension in N-groups, The Math. Student, 56, 75-80 (1988). 

67. Satyanarayana, Bhavanari, Contributions to near-ring theory, Ph.D thesis, 
Nagarjuna Univ., (1984). 

68. Scott, Stuart D., Transformation near-rings generated by a unit of order- 
three, Algebra Colloq., 4, 371-392 (1997). 

69. Scott, Stuart D., N-solubility and N-nilpotency in tame N-groups, Algebra 
Colloq., 5, 425-448 (1998). 

70. Smarandache, Florentin, Special algebraic structures, in Collected Papers 
(Vol. 3), Abaddaba, Oradea, 78-81 (2000). 

71. Stefanescu, Mirela, Structure theorems for infra near-rings, Contrib. Gen. 
Alg., 8, 295-307 (1992). 

72. Syamprasad, Kuncham, Contributions to near-ring theory II, Ph.D. thesis, 
Nagarjuna Univ., (2000). 

73. Syskin, Sergei. A, On annihilators in endomorphism near-rings, Comm. 
Algebra, 22, 5709-5714 (1994). 

74. Tharmaratinam V., Matrix d. g. near-rings, Proc. Edin. Math. Soc., 41, 
433-446(1998). 



187 




75. Uma. B., On loop near-rings and left bipotent loop near-rings, M.Phil Diss., 
Annamalai Univ., (1989). 

76. Van Der Walt, Andries P. J., Matrix near rings contained in 2-primitive 
near ring with minimal subgroups, J. Algebra, 148, 296-304 (1992). 

77. Van Rooyeen, G. W. S., On subcommutative rings, Proc. Japan Acad. 63, 
268-271 (1987). 

78. Vasantha Kandasamy, W. B., Near loop rings of Moufang loops, Extracta 
Math., 5, 121-123 (1990). 

79. Vasantha Kandasamy, W. B., Idempotents in group seminear-ring, IPB 
Bull. Sci., 53, 13-17(1991). 

80. Vasantha Kandasamy, W. B., On strongly subcommutative near-rings, 
Saitama Math J., 9, 7-8 (1991). 

81. Vasantha Kandasamy, W. B., A note on group near-rings which are p- 
near-rings, Acta Ciencia Indica Math., 18, 175-176 (1992). 

82. Vasantha Kandasamy, W. B., Loops over near-rings (Near loop rings), J. 
Shanghai Univ. Sci. Tech., 15, 41-43 (1992). 

83. Vasantha Kandasamy, W. B., On near loop rings which are Marot near 
loop rings, Zeszyty Nauk. Politech. Rzeszowskiej Mat. Fiz., 14, 55-58 (1992). 

84. Vasantha Kandasamy, W. B., Zero divisors in group seminear-rings, Riazi, 
J. Karachi Math. Soc., 14, 25-28 (1992). 

85. Vasantha Kandasamy, W. B., A new type of product on lattices (near- 
semilattices) , Vikrarn Math. J., 13, 23-27 (1993). 

86. Vasantha Kandasamy, W. B., Integral loop seminear rings, Zeszyty Nauk. 
Politech. Rzeszowskiej Mat. Fiz., 14, 99-103 (1993). 

87. Vasantha Kandasamy, W. B., n-ideal near-rings, J. Math. Res. Expo., 14, 
167-168 (1994). 

88. Vasantha Kandasamy, W. B., Zero divisors in semi-loop near-rings, 
Zeszyty Nauk. Politech. Rzeszowskiej Mat. Fiz., 15, 79-82 (1994). 

89. Vasantha Kandasamy, W. B., Complex polynomial near-rings, Analele 
Stin. Ale. Univ., 4, 29-3 1 (1995). 



188 




90. Vasantha Kandasamy, W. B., The units of semigroup seminear-rings, 
Opscula Math., 15, 1 13-1 14 (1995). 

91. Vasantha Kandasamy, W. B., Zero divisors in loop-loop near-ring, J. Inst. 
Math. Comp. Sci, 8, 139-143 (1995). 

92. Vasantha Kandasamy, W. B., Idempotents and semi-idempotents in near- 
rings, J. Sichuan Univ., 33, 330-332 (1996). 

93. Vasantha Kandasamy, W. B., Idempotents in loop seminear-rings, Ganit, J. 
Bangladesh Math. Soc., 16, 35-39 (1996). 

94. Vasantha Kandasamy, W. B., On fuzzy complex near-rings. Math. Ed., 31, 
90-91 (1997). 

95. Vasantha Kandasamy, W. B., On fuzzy near-matrix rings. Math. Ed., 32, 
169-171 (1998). 

96. Vasantha Kandasamy, W. B., A note on f-group near-rings without non- 
zero nilpotents, Acta Ciencia Indica Math., 34, 335-338 (2000). 

97. Vasantha Kandasamy, W. B., Smarandache groupoids, (2002). 
http://www.gallup.unm.edu/~smarandache/Groupoids.pdf 

98. Vasantha Kandasamy, W. B., Smarandache groupoids, American Research 
Press, Rehoboth, (2002). 

http://www.gallup.unm.edu/~smarandache/Vasantha-Book2.pdf 

99. Vasantha Kandasamy, W. B., Smarandache near-rings, (2002). 
http://www.gallup.unm.edu/~smarandache/NearRings.pdf 

100. Vasantha Kandasamy, W. B., Smarandache semirings and semifields, 
Smarandache Notions Journal, 13, 88-91(2002). 
http://www.gallup.unm.edu/~smarandache/SemiRings.pdf 

101. Vasantha Kandasamy, W. B., Smarandache semirings, semifields and 
semivector spaces, (2002). 

http://www.gallup.unm.edu/~smarandache/Groupoids.pdf 

102. Veldsman, Stefan, Special radicals and matrix near-rings, J. Austral. Math. 
Soc., 52, 356-367 (1992). 

103. Vukovic, Veljko, Some relations in a local (non-associative) near-ring, Facta 
Universitasis (Ni), Ser. Math. Inform., 7, 7-16, (1992). 



189 



104. The Near-ring online search form: 
http://verdi.algebra.uni-hnz.ac.at/Nearrings/searchform.html ; 
Complete downloadable database: 
http://verdi.algebra.uni-linz.ac.at/Nearrings/nrbibl.pdf 

105. Zadeh, L.A., Fuzzy Sets, Information and Control, 8, 338-353 (1965). 



190 



INDEX 



A 

Abelian group, 7, 14, 20, 34, 59, 62, 85, 162, 179 

Abelian near-ring, 20, 23, 163 

Affine near-ring, 31, 59 

Algebraic lattice, 16 

Alternating group, 8 

Alternative loop, 1 1 

Alternative, 1 1 

Annihilator, 22, 31, 60, 185 

Anti-symmetric, 16 

Artinian, 36, 179, 181 

Ascending Chain Condition (ACC), 24, 85 

Associator, 12 

Automaton, definition of, 1 1 1 

Automorphism, 8, 42, 59, 93 

B 

BIBD, 5, 59, 93, 111, 123-124 
Bipotent 

left bipotent near-ring, 43-4, 185 
left, 43, 54 

loop near-ring, 41 , 43, 1 35, 1 72 
Biregular, 25-26 
Bol groupoid, 55 
Bol identity, 57 
Bol loop, 11, 52 
Bol near-ring, 52, 173 
Bol seminear-ring, 55-58 
Boolean algebra, 18 
Boolean near-ring, 35, 38, 49, 52 
Bruck loop, 11, 138, 175 
Bruck near-ring, 53, 145, 181, 183 

C 

Centralizer, 25, 42 
Chain conditions 

Ascending chain condition, see ACC 
Descending chain condition (DCC), 24, 85 
Chain lattice, 18 
Chain seminear-ring, 107-108 
Clay near-ring, 123 
Common ideal, 107-110 
Commuting, 58 
Complement, 18, 63, 133 
Complemented lattice, 18 
Complete bounded lattices, 58, 152 
Completely equiprime, 60 



Composition near-ring, 61, 187 
Conjugate, 84, 90 
Cyclic group, 8, 59, 89 

D 

Defect, 61, 184 
Derivative, 164 

Descending chain condition (DCC) see Chain 

condition 

Diamond lattice, 17 
Direct product, 19, 22, 26, 59, 67 
Direct sum, 22, 24, 59,71,73, 171 
Direct summand, 24 
Discs, 112 

Distributive equations, 17 
Distributive lattice, 17-18,91,110 
Distributively generated near-ring, 20 
Division near-ring, 30-31, 170 
Dual hyper subseminear-ring, 99-100, 173 

E 

Endomorphism, 31, 42, 59, 93, 133, 186, 187 

Epimorphism, 8, 34, 93, 160 

Equiprime, 31-32, 60, 183 

Equivalence class, 16, 59 

Equivalence relation, 16, 59 

Error correcting codes, 59, 93, 111, 123-124 

Error detecting codes, 123 

Essential, 45, 60, 63,93, 127, 136 

F 

F-near-ring, 60, 94, 181 
Fong, 5, 184-185 
FSD, 63 
Fuzzy 

complex near-ring, 161, 163-169, 189 
constant part, 167 
ideal, 157-161, 168, 176, 184 
invertible, 167 

near matrix ring, 161-163, 169 
near-ring, 6, 157-170 

non associative complex near-ring, 161, 163- 

166,176 

polynomial near-ring, 161, 164-166 
right seminear-ring, 167 
subnear-ring, 167, 176, 183 
zero symmetric part, 167 



191 




special fuzzy near-ring, 161 
special fuzzy right near-ring, 167 
subset, 157-161, 168 

G 

Goldie dimension, 61, 95 
Group 

abelian, see Abelian group 

alternating, see Alternating group 

automorphism, see Automorphism 

conjugate, see Conjugate 

cyclic, see Cyclic group 

epimorphism, see Epimorphism 

homomorphism, definition of, 8 

l-E-group, 59 

infinite, definition of, 7-8 

isomorphism, definition of, 7-8 

non-abelian, definition of, 7-8 

non-commutative, definition of, 7-8 

normal subgroup, 8, 21, 23, 31, 34, 61, 69-70, 

84,87,105,163 

order, definition of, 7-8 
permutation group, definition of, 8 
subgroup, definition of, 7-8 
torsion free abelian, 62, 85, 179 
torsion free non-abelian, 179 
Groupoid 

Bol, see Bol groupoid 
finite, definition of, 9 
finite order, definition of , 9 
free groupoid, 10, 114-115, 117 
new class of groupoids, definition of, 9 
Group near-ring, 5, 13, 29, 35-37, 40, 47, 62-63, 
67, 68, 77,83-87,171,177-178,180 
Group ring, 35-36, 40-41, 45, 51, 83-87, 107, 

171, 176, 177, 179-180, 185-186 
Group seminear-ring, 29, 83, 87-89, 106-108, 

129, 141, 147, 171, 174, 188 
Groupoid near-ring, 6, 29, 41, 54, 79, 126, 132, 
143, 147, 176, 178, 182, 187 
Groupoid seminear-ring, 6, 54-58, 79, 128-130, 
140-143, 146, 150, 175 

H 

Half groupoid, 41-42, 132-133, 187 
H-integral near-ring, 185 
Hollow, 63 

Homomorphism, 8, 19, 21, 23, 34, 40, 42, 60, 65- 
69, 72, 82, 90-91, 97, 100, 104, 106, 117, 122, 
128, 130, 134, 145, 153 



I 

Ideal 

common , see common ideal 
equiprime, see equiprime 
maximal, 22, 25 
minimal, 22, 30-31 
minimal quasi reflexive ideal, 31 
prime, definition of, 24 
principal, 25-26, 61, 75, 76, 94,176 
quasi, 31 

quasi reflexive, 30-31 
semiprime, 24 

strictly essential, definition of, 45 
strictly prime, definition of, 126, 129 
uniform ideal, definition of, 61 
Idempotent law, 16 
IFP-loop near-ring, 30 
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Minimal defect, 61, 184 
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Moufang near-ring, 52 
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Near-domain, 46, 48-49, 172 

Near-field, 20, 22, 35, 38-39, 44-47, 52-53, 59, 

62, 67-70, 78, 80, 84-87, 93-95, 124, 134, 137- 
138, 148, 154, 169, 170, 172, 177, 179, 180-187 
Near-ring 

T-epimorphism, 34, 82, 160 
F-homomorphism, 34, 82 
T-near-ring, definition of, 33 
abelian, see Abelian near-ring 
bipotent loop near-ring, see Bipotent loop near- 
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biregular, see Biregular 



Bol identity, see Bol identity 

Bol, see Bol near-ring 

Bol seminear-ring, see Bol seminear-ring 

Boolean, see Boolean near-ring 

Bruck, see Bruck near-ring 

commutative, 20, 30-31, 38-39, 46, 62, 162 

completely equiprime, see Completely 

equiprime 

composition near-ring, see Composition near- 
ring 

direct product, see Direct product 
direct sum, see Direct sum 
distributively generated, see Distributively 

generated near-ring 
equiprime, see Equiprime 
essential, see Essential 
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gp-near-ring, 59 

group near-ring, see Group near-ring 
group seminear-ring, see Group seminear-ring 
groupoid semi near-ring, see Groupoid 
seminear-ring 

homomorphism, see Homomorphism 

IFP near-ring, see IFP near-ring 

IFP-loop near-ring, see IFP-loop near-ring 

INR, see Infra near-ring 

invariant, see Invariant 

involution near-ring, see Involution near-ring 

left near-ring, definition of, 19 

left loop-half groupoid, 41 

loop Boolean near-ring, see Loop Boolean 

near-ring 

loop near-ring, see Loop near-ring 
loop-loop near-ring, see Loop-loop near-ring 
Marot near loop ring, see Marot near loop ring 
Marot near-ring, see Marot near-ring 
Marot semigroup near-ring, see Marot 

semigroup near-ring 
modular group near-ring, see Modular group 

near-ring 

Moufang near-ring, see Moufang near-ring 
Moufang seminear-ring, see Moufang 
seminear-ring 

near loop ring, 35, 41, 45-47, 50-54, 132, 137- 
140,154-159,172,182,188 
near matrix ring, 27-28 
near polynomial ring, 26, 27 
n-ideal near-ring, 32-33, 35, 188 
non-associative near-ring, definition of, 45 
normal near-ring, 61, 96, 181 
normal subnear-ring, 61-63, 69 
ore condition, 22, 61 
planar, 59, 123-124, 180,185 
p-near-ring, 30, 37-38, 62 
quasi regular, 25, 53-54, 156, 173, 178 
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reliable, 59 

right near-ring, definition of, 19 
right alternative near-ring, 52 
right loop half groupoid, 132-133 
right quasi reflexive, 30, 107-109 
right zero symmetric, 60 
s-loop near-ring, 44, 54 
semigroup near-ring, 5, 13, 29, 37-40, 62, 67, 
83-86, 171, 177, 179-180 
semigroup seminear-ring, 5, 29, 83, 88-89, 92, 
107-108,110,117,174,189 

simple, 21, 35, 44 
strictly invariant, 62 
strong Bol seminear-ring, 57-58 
strong IFP,29, 159, 161 
strongly subcommutative, 30-31, 107, 172, 188 
subdirectly irreducible, 45 
subnear-ring, 21-22, 24, 30, 40, 47, 49, 53, 59- 
70, 73, 78, 81, 84, 87, 92, 122, 126, 166-167 
subseminear-ring, 57, 89, 99, 126 
syntactic, 50, 66, 111, 119, 184 
weak Bol seminear-ring, 57 
weakly divisible, 58, 66, 183 
weak-weakly regular near-ring, 61 
WIP-near-ring, 52 
Nearsemi lattice, 64-65 
Next state function, 111, 113 
N-group, 19,21,24, 46,59-61,63,68,86, 183 
NOBUSAWA, 33, 183, 186 
Noetherian, 176 

Non-associative seminear-ring, 54-58, 79, 125- 
132, 139-142, 145-150 

Non-field, 20 
Non-ring, 20 

Normal subgroup, see Group 
Normal subsemigroup, 62, 82, 126 
N-subgroup, 21, 46, 63, 69 
N-subloop, 42-45 
N-subsemigroup, 126-127 

O 

Ore condition, see Near-ring 
Orthogonal idempotent, 25, 75 
Orthogonal Latin square, 123 
Output table, 112 

P 

p-near-ring, see Near-ring 
Parity check automaton, 1 12 
Partial order, 16 
Pentagon lattice, see Lattice 
Permutation group, see Group 
PlLZ, G., 5, 19, 184-187 



Planar near-ring, see Near-ring 
Poset, see Partial order 
Pre image, 157 
Prime ideal, see Ideal 
Principal ideal, see Ideal 
Pseudo distributivity, 36 

Q 

Quasi central, 151 
Quasi ideal, see Ideal 
Quasi inverse 
left, 154 
right, 154 

Quasi near semilattice, 64 
Quasi reflexive, see Ideal 
Quasi regular, see Ideal 
Quasi SNP-ring, 66, 153 
Quotient near-ring, 22 

R 

Reflexive relation, 16 
Relation 

anti-symmetric, see Anti-symmetric relation 
equivalence, see Equivalence relation 
reflexive, see Reflexive relation 
symmetric, 16 
transitive, 16 
Reliable, see Near-ring 
Right alternative near-ring, see Near-ring 
Right annihilator, 31 

Right ideal, 13, 21, 30, 32-34, 44, 69, 82, 109 

Right loop half-groupoid, see Near-ring 

Right near-ring, see Near-ring 

Right N-subloop, 42-44, 134 

Right permutable, 31 

Right quasi reflexive, see Near-ring 

Right self-distributive, 31 

Right S-module, 31 

Right zero symmetric, see Near-ring 

S 

Semi-automaton, definition of, 1 1 1 
Semi-field, 14-15,80, 93,189 
Semigroup, definitions of 
commutative, 13-14 
free semigroup, 13-14 
idempotent, 13-14 
identity, 13-14 
invertible element, 13-14 
non-commutative, 13-14 
order, 13-14 

Semigroup near-ring, see Near-ring 
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Semigroup seminear-ring, see Near-ring 
Semi-idempotent, 40, 106, 109, 189 
Semiring, definitions of 
commutative, 14-15 
non-commutative, 14-15 
polynomial semiring, 14-15 
strict, 14-15 
subsemiring, 14-15 
Simple near-ring, see Near-ring 
Sl-seminear-ring, 107 
SNP-ring, 65-66, 153 
State graph, 111-112, 119-120, 122 
Strongly idempotent, 107, 183 
Strongly subcommutative, see Near-ring 
Subdirect product, 19, 22, 26, 176 
Subgroup, definition of, see Group 
Subgroupoid, 10 
Sublattice, see Lattice 
Subloop, see Loop 
Subnear-ring, see Near-ring 
Subnormal subgroup, 31 
Subsemigroup, 13, 22, 56, 61-62, 71, 98-100, 
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Subseminear-ring, see Near-ring 
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Symmetric relation, see Relation 
Syntactic near-ring, see Near-ring 
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Transition table, 112 
Transitive relation, see Relation 
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Uniform, 61 
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W 

Weak Bol seminear-ring, see Near-ring 
Weak weakly regular, see Near-ring 
Weakly divisible, see Near-ring 
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Loop, see Loop 
Near-ring, see Near-ring 
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S-left bipotent II, 105, 144 
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S-mixed direct product III, 78 
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S-modular, 75-76 
S-Moufang near-ring, 138 
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S-Moufang seminear-ring, 140, 148 
S-Moufang seminear-ring II, 148 
S-NA-near-ring, 79, 125, 131, 139-140, 150, 182 
S-NA seminear-ring homomorphism, 128, 130 
S-NA-seminear-ring, 79, 125, 127-131, 139, 174 
S-NA seminear-ring I of type A, 130-131 
S-NA seminear-ring I of type B, 130-131 
S-NA seminear-ring II, 129-131, 142, 145 
S-NA seminear-ring III, 142, 145 
S-NA seminear-ring IV, 142, 145 
S-NA-IFP seminear-ring, 131 
S-NA-IFP seminear-ring, II, III, IV, 145 
S-NA-WIP near-ring, 140 
S-NA-WIP seminear-ring, 140 
S-nearloop ring, 137-138, 155, 173, 182 
S-near-ring, 5, 67-72, 77, 81, 84-87, 92-99, 122, 
125, 132-134, 137, 140, 151-152, 154, 171, 178, 

180-181 

S-near-ring II, 78-79 

S-near-ring of left (right) quotients, 71 

S-N-group, 68 

S-ideal of S(N) P , 70 

S-n-ideal near-ring, 80, 82-83, 181 

S-nil ideal, 74, 179 

S-nilpotent, 74, 109 

S-non-associative fuzzy complex near-ring, 169 

S-non-singular, 136 

S-normal element, 95, 96 

S-normal ring, 95 

S-normal sequence, 73-74 

S-normal subnear-ring, 95 

S-normal subsemigroup, 82, 95 

S-normal subseminear-ring, 89, 99-100 

S-N-simple, 70 

S-N-subgroup, 69-70, 92-93, 95, 101, 104 
S-N-subgroup II, 104 

S-N-subsemigroup, 85, 95-96, 127, 132, 146, 
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149, 178 

S-p-near-ring, 80, 177, 179 
S-partially ordered, 81 
S-pierce decomposition, 148 
S-planar near-ring, 5, 6, 93, 111, 124, 182 
S-polar subset, 152 

S-power associative near-ring, 139, 174 

S-prime ideal, 73, 76, 86, 110 

S-prime radical, 74, 76, 172 

S-principal ideal, 75, 94, 181 

S-pseudo ideal, 92 

S-pseudo NA-seminear-ring, 142 

S-pseudo seminear-ring, 91-92, 104, 173, 182 

S-pseudo seminear-ring homomorphism, 91, 104 

S-pseudo simple, 99 

S-pseudo simple seminear-ring, 92, 100 

S-pseudo subseminear-ring, 91-92 

S-quasi bipotent, 151, 156 

S-quasi ideal, 80, 150-151, 181 

S-quasi IFP, 151 

S-quasi irreducible, 151 

S-quasi left ideal, 150 

S-quasi N-subgroup, 150-151 

S-quasi N-subsemigroup, 150 

S-quasi near-ring, 79-80, 150-151, 182 

S-quasi non-associative near-ring, 150 

S-quasi non-associative seminear-ring, 150 

S-quasi regular, 75, 151 ,153, 155-156, 178 

S-quasi s-near-ring, 151 

S-quasi s-seminear-ring, 151 

S-quasi SNP, 153 

S-quasi seminear-ring, 77, 79-80, 150-151 

S-quasi subdirectly irreducible, 151, 156 

S-quasi subnear-ring, 69-70, 79, 182 

S-quasi weakly divisible, 151 

S-quotient near-ring, 72, 171 

S-quotient seminear-ring, 99 

S-regular, 86-87, 136, 144, 177-178, 180-181 

S-regular II, 105, 144 

S-regular III, IV, 144 

S-regular seminear-ring II, III, IV, 144 

S-reliable, 93, 182 

S-right alternative near-ring, 140 

S-right loop half groupoid near-ring, 132-133 

S-right loop near-ring, 133 

S-right N-subsemigroup I, II, III, IV, 146 

S-right permutable, 81 

S-right quasi reflexive, 80 

S-right R-module, 81 

S-right self distributive, 81 

S-right zero symmetric near-ring, 93 

S-ring, 81 

S-roots, 170 

S-S semigroup automaton, 121 
S-S semigroup automaton II, 122 



S-S semigroup semiautomaton, 111, 119-122 
S-S semigroup semiautomaton II, 122 
S-semiautomaton, 111-114 
S-semigroup, 14, 70-74, 83-85, 89-92, 96-97, 
101-107, 113, 124, 126-127, 137, 139-144, 158- 

160, 185, 188 

S-semigroup seminear-ring, 88-89, 108-109, 174, 

182 

S-seminear-ring, 77-78, 80, 84, 88-89, 97, 101, 
103, 105-106, 108-110, 125-130, 139-145, 152, 
155, 171, 173-174, 178 
S-seminear-ring homomorphism, 90,100, 145 
S-seminear-ring homomorphism II, 91, 145 
S-seminear-ring homomorphism III, IV, 145 
S-seminear-ring II, 78-79, 90-91, 102, 104-106, 
108,129,144,155,178 
S-seminear-ring III, 144, 149, 178 
S-seminear-ring IV, 144, 149, 178 
S-semiprime, 74, 86-87, 109-110, 179-180 
S-semiring, definition of, 15 
S-simple, 70, 136, 146, 182 
S-simple II, 105 
S-simple seminear-ring, 98 
S-singular, 106, 146 
S-s-loop near-ring, 135-136 
S-small, 95-96 

S-SNP homomorphism I, II, III, 153 

S-SNP subring, 153 

S-SNP-ideal, 153 

S-SNP-ringl, II, III, 153 

S-s-seminear-ring, 101, 105, 144 

S-s-seminear-ring II, 105 

S-s-seminear-ring III, IV, 144 

S-strict seminear-ring, 90, 182 

S-strictly duo, 105-106, 136, 182 

S-strictly essential, 105-106, 136, 146 

S-strictly invariant, 95 

S-strictly prime, 105, 136 

S-strong direct summand, 73-74, 172 

S-strong fuzzy IFP near-ring, 168 

S-strong IFP near-ring, 80, 181 

S-strong prime II, III or IV, 152 

S-strongly prime, 152 

S-strongly semiprime, 94, 152, 182 

S-strongly subcommutative, 80 

S-subdirect product, 71 

S-subdirectly irreducible, 106, 137, 146 

S-subloop near-ring, 134 

S-subnear-ring, 68, 70-71, 73, 77, 78, 81-82, 84, 

87,93-96,179 

S-subsemi-automaton, 114 
S-subsemigroup, 14, 69, 71-72, 89, 95-96, 98- 

100,121,127,143,145,149 
S-subseminear-ring, 89, 97-98, 100, 127, 129, 
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S-subseminear-ring II, 142 
S-subseminear-ring III, 142 
S-subseminear-ring IV, 142 
S-subsemiring, 15 
S-supplement, 96 
S-syntactic near-ring, 122 
S-uniform, 95, 180-181 

S-weakly commutative seminear-ring, 89, 92, 100 

S-weakly commutative seminear-ring II, 90 

S-weakly cyclic seminear-ring, 89-90, 92 

S-weakly divisible, 151 

S-WIP near-ring, 140 

S-zero symmetric, 134 

S-zero symmetric T-near-ring, 82 
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Definition: 



Generally, in any human field, a Smarandache Structure on a set A means a 
weak structure W on A such that there exists a proper subset BcA which is 
embedded with a stronger structure S. 

These types of structures occur in our everyday's life, that's why we study them 
in this book. 

Thus, as a particular case: 

A Near-Ring is a non-empty set N together with two binary operations '+' and '.' 
such that (N, +) is a group (not necessarily abelian), (N, .) is a semigroup. For all 
a, b, c e N we have (a + b) . c = a . c + b . c. 

A Near-Field is a non-empty set P together with two binary operations '+' and '.' 
such that (P, +) is a group (not necessarily abelian), (P \ {0}, .) is a group. For all 
a, b, c e P we have (a + b) . c = a . c + b . c. 

A Smarandache Near-ring is a near-ring N which has a proper subset PcN, 
where P is a near-field (with respect to the same binary operations on N). 
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